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Preface

The International Conference “Foundations of Software Science and Computa-
tion Structures” (FOSSACS) is a constituent of the “Joint European Conferences
on Theory and Practice of Software” (ETAPS). The present volume contains the
contributions to FOSSACS’99, the second conference in this series, which took
place in Amsterdam.

As formulated in the call for papers, FOSSACS focusses on “papers which offer
progress in foundational research with a clear significance for software science.
A central issue is theories and methods which support the specification, trans-
formation, verification, and analysis of programs and software systems.” The
articles in this volume represent a wide spectrum of approaches to this general
aim. In many papers, one finds the study of new concepts and methods which
are motivated by recent trends (or problems) in the practical use of software and
information technology.

The volume contains 18 contributed papers, preceded by three invited papers.
The first, by M. Abadi, accompanies his “unifying invited lecture” addressed to
the whole ETAPS audience. The second, by J. Esparza and J. Knoop, contains
an application of the results presented by J. Esparza in his invited lecture to
FOSSACS’99. The third summarizes an invited tutorial by D. Sangiorgi pre-
sented to ETAPS’99.

The selection of the contributed papers was in the hands of a programme com-
mittee consisting of R. di Cosmo (Paris), E.A. Emerson (Austin, TX), J. Engel-
friet (Leiden), H. Ganzinger (Saarbrücken), D. Kozen (Ithaca, NY), B. Jonsson
(Uppsala), A. Jung (Birmingham), M. Nielsen (Aarhus), T. Nipkow (Munich),
D. Niwiński (Warsaw), C. Palamidessi (University Park, PA), A. Petit (Cachan),
C. Stirling (Edinburgh), and W. Thomas (Aachen, chair). From 40 submis-
sions, 18 were selected in a procedure which consisted of an e-mail discussion
and a physical meeting in Aachen. Four members were present at this meeting
(H. Ganzinger, B. Jonsson, A. Petit, W. Thomas); the others were contacted
by e-mail in individual cases and provided with intermediate summaries of the
discussion. I would like to thank all members of the programme committee and
all subreferees for their diligent work and efficient cooperation. Special thanks
go to Marianne Kuckertz and Jesper G. Henriksen for their excellent support
regarding secretarial work and the electronic infrastructure and communication.

Aachen, January 1999 Wolfgang Thomas
FOSSACS’99 Programme Committee Chair
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Foreword

ETAPS’99 is the second instance of the European Joint Conferences on Theory
and Practice of Software. ETAPS is an annual federated conference that was
established in 1998 by combining a number of existing and new conferences.
This year it comprises five conferences (FOSSACS, FASE, ESOP, CC, TACAS),
four satellite workshops (CMCS, AS, WAGA, CoFI), seven invited lectures, two
invited tutorials, and six contributed tutorials.

The events that comprise ETAPS address various aspects of the system de-
velopment process, including specification, design, implementation, analysis and
improvement. The languages, methodologies and tools which support these ac-
tivities are all well within its scope. Different blends of theory and practice are
represented, with an inclination towards theory with a practical motivation on
one hand and soundly-based practice on the other. Many of the issues involved
in software design apply to systems in general, including hardware systems, and
the emphasis on software is not intended to be exclusive.

ETAPS is a loose confederation in which each event retains its own identity,
with a separate programme committee and independent proceedings. Its format
is open-ended, allowing it to grow and evolve as time goes by. Contributed talks
and system demonstrations are in synchronized parallel sessions, with invited
lectures in plenary sessions. Two of the invited lectures are reserved for “unify-
ing” talks on topics of interest to the whole range of ETAPS attendees. As an
experiment, ETAPS’99 also includes two invited tutorials on topics of special
interest. The aim of cramming all this activity into a single one-week meeting
is to create a strong magnet for academic and industrial researchers working on
topics within its scope, giving them the opportunity to learn about research in
related areas, and thereby to foster new and existing links between work in areas
that have hitherto been addressed in separate meetings.

ETAPS’99 has been organized by Jan Bergstra of CWI and the University of
Amsterdam together with Frans Snijders of CWI. Overall planning for ETAPS’99
was the responsibility of the ETAPS Steering Committee, whose current mem-
bership is:

André Arnold (Bordeaux), Egidio Astesiano (Genoa), Jan Bergstra (Am-
sterdam), Ed Brinksma (Enschede), Rance Cleaveland (Stony
Brook), Pierpaolo Degano (Pisa), Hartmut Ehrig (Berlin), José Fiadeiro
(Lisbon), Jean-Pierre Finance (Nancy), Marie-Claude Gaudel (Paris),
Susanne Graf (Grenoble), Stefan Jähnichen (Berlin), Paul Klint (Ams-
terdam), Kai Koskimies (Tampere), Tom Maibaum (London), Ugo
Montanari (Pisa), Hanne Riis Nielson (Aarhus), Fernando Orejas
(Barcelona), Don Sannella (Edinburgh), Gert Smolka (Saarbrücken),
Doaitse Swierstra (Utrecht), Wolfgang Thomas (Aachen), Jerzy Tiuryn
(Warsaw), David Watt (Glasgow)



VI Foreword

ETAPS’98 has received generous sponsorship from:

KPN Research
Philips Research
The EU programme “Training and Mobility of Researchers”
CWI
The University of Amsterdam
The European Association for Programming Languages and Systems
The European Association for Theoretical Computer Science

I would like to express my sincere gratitude to all of these people and orga-
nizations, the programme committee members of the ETAPS conferences, the
organizers of the satellite events, the speakers themselves, and finally Springer-
Verlag for agreeing to publish the ETAPS proceedings.

Edinburgh, January 1999 Donald Sannella
ETAPS Steering Committee Chairman
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Security Protocols and Specifications

Mart́ın Abadi
ma@pa.dec.com

Systems Research Center
Compaq

Abstract. Specifications for security protocols range from informal nar-
rations of message flows to formal assertions of protocol properties. This
paper (intended to accompany a lecture at ETAPS ’99) discusses those
specifications and suggests some gaps and some opportunities for further
work. Some of them pertain to the traditional core of the field; others
appear when we examine the context in which protocols operate.

1 Introduction

The method of “security by obscurity” dictates that potential attackers to a
system should be kept from knowing not only passwords and cryptographic keys
but also basic information about how the system works, such as the specifica-
tions of cryptographic algorithms, communication protocols, and access-control
mechanisms. It has long been argued that “security by obscurity” is usually
inferior to open design [55, 28]. Of course, the value of writing and publishing
specifications is greater when the specifications are clear, complete, and at an
appropriate level of abstraction.

Current specifications of security mechanisms and properties vary greatly in
quality, scope, purpose, and vocabulary. Some specifications are informal nar-
rations that mix natural language and ad hoc notations. For example, the doc-
uments that describe the functioning of security protocols such as SSL [27],
SSH [63], and IKE [32] often have this style. Other specifications are precise
mathematical statements, sometimes expressed in formal calculi. These specifi-
cations have played a particularly significant role in cryptography and crypto-
graphic protocols, but also appear in other areas, for example in information-flow
analysis (e.g., [28, 22, 43, 48]).

Many of these specifications serve as the basis for reasoning, with various
degrees of rigor and effectiveness, during system design, implementation, and
analysis. In recent years, there has been much progress in the development of
techniques for stating and proving properties about small but critical security
components. For example, a substantial and successful body of work treats the
core messages of security protocols and the underlying cryptographic functions.
In this area, theory has been relevant to practice, even in cases where the theory
is simplistic or incomplete. There seems to have been less progress in treating
more complex systems [56], even those parts in the vicinity of familiar security

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 1-13, 1999. 
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mechanisms. For example, we still have only a limited understanding of many of
the interfaces, prologues, and epilogues of practical security protocols.

In this paper, we discuss specifications in the field of security, focusing on
protocol specifications. We examine specifications of several sorts:

– In section 2, we consider specifications that concern the step-by-step be-
havior of a protocol. Such specifications can be largely independent of any
assumptions or intended effects of the protocol.

– In section 3, we consider properties of protocols, in particular authentic-
ity and secrecy properties, but also more exotic properties. We emphasize
secrecy properties.

– In section 4, we view protocols in context by discussing their boundaries.
These boundaries include programming interfaces, protocol negotiation, and
error handling.

This paper is an informal, partial overview, and does not advocate any particular
methods for specification and verification. Occasionally, however, the spi calcu-
lus [6] serves in explanations of formal points. In addition, the paper suggests
some gaps and some opportunities for further work. The subject of this paper
seems to be reaching maturity, but also expanding. There is still much scope for
applying known techniques to important protocols, for developing simpler tech-
niques, for exploring the foundations of those techniques, and also for studying
protocols in context, as parts of systems.

2 Protocol narrations

The most common specifications are mere narrations of protocol executions.
These narrations focus on the “bits on the wire”: they say what data the various
participants in a protocol should send in order to communicate. They are some-
times simple, high-level descriptions of sequences of messages, sometimes more
detailed documents that permit the construction of interoperable implementa-
tions.

Following Needham and Schroeder [52], we may write a typical pair of mes-
sages of a protocol thus:

Message 1 A → B : {NA}KAB

Message 2 B → A : {NA, NB}KAB

Here A and B represent principals (users or computers). In Message 1, A sends
to B an encrypted message, with key KAB and cleartext NA. In Message 2,
B responds with a similar message, including NB in the cleartext. The braces
represent the encryption operation, in this case using a symmetric cryptosystem
such as DES [48]. The subscripts on KAB, NA, and NB are merely hints. It may
be understood that A and B both know the key KAB in advance and that A
and B freshly generate NA and NB respectively, so NA and NB serve as nonces.

As Bob Morris has pointed out [7], the notation “Message n X → Y : M”
needs to be interpreted with care, because security protocols are not intended
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to operate in benign environments. The network between X and Y may be
unreliable and even hostile; X and Y themselves may not deserve total trust.
So we may interpret “Message n X → Y : M” only as “the protocol designer
intended that X send M as the nth message in the protocol, and for it to
be received by Y ”. One may want additional properties of this message, for
example that only Y receive it or that Y should know that this message is part
of a particular protocol execution; however, such properties cannot be taken for
granted.

A sequence of messages is not a complete description of a protocol; it must
be complemented with explanations of other forms. Protocol narrations often
give some but not all of these explanations.

– As done above, a specification should say which pieces of data are known to
principals in advance and which are freshly generated.

– A specification should also say how principals check the messages that they
receive. For example, after receipt of Message 2, principal A may be expected
to check that it is encrypted under KAB and that the first component of its
cleartext is the nonce NA sent in Message 1. If this check fails, A may ignore
the message or report an error. (Section 4 discusses errors further.) Checks
are an essential part of protocols. For example, the absence of a check in
the CCITT X.509 protocol [18] allowed an attack [16]; other attacks arise
when principals assume that the messages that they receive have particular
forms [9].

– The emission of Message n+1 follows the reception of Message n only in
the simplest protocols. In general, a protocol may allow multiple messages
belonging to the same session to be in flight simultaneously. The constraints
on the order of messages in SSL have often been misunderstood [60]. Other
complex protocols may be similarly confusing.

– As a convention, it is generally assumed that many protocol executions may
happen simultaneously, and that the same principal may participate in sev-
eral such executions, possibly playing different roles in each of them. This
convention has exceptions, however. For example, some protocols may re-
strict concurrency in order to thwart attacks that exploit messages from
two simultaneous executions. In addition, some roles are often reserved for
fixed principals—for example, the name S may be used for a fixed authen-
tication server. A complete specification should not rely on unclear, implicit
conventions about concurrency and roles.

These limitations are widely recognized. They have been addressed in approaches
based on process calculi (e.g., [41, 6, 47, 38, 57]) and other formal descriptions of
processes (e.g., [53, 58]). The process calculi include established process calculi,
such as CSP, and others specifically tailored for security protocols. Here we
sketch how protocols are described in the spi calculus [6]; descriptions in other
process calculi would have similar features.

The spi calculus is an extension of the pi calculus [50] with primitives for
cryptographic operations. Spi-calculus processes can represent principals and
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sets of principals. For example, the process:

(νKAB)(PA | PB)

may represent a system consisting of two principals, playing the roles of A and
B as described above, in a single execution of the protocol. The construct ν is
the standard restriction binder of the pi calculus; here it binds a key KAB, which
will occur in PA and PB. The construct | is the standard parallel-composition
operation of the pi calculus. Finally, PA and PB are two processes. The process
PB may be:

c(x).case x of {y}KAB
in (νNB)c〈{y, NB}KAB

〉
Informally, the components of this process have the following meanings:

– c is the name of a channel, which we use to represent the network on which
the principals communicate.

– c(x) awaits a message on c. When a message is received, the bound variable
x is instantiated to this message. The expected message in this example is
{NA}KAB

.
– case x of {y}KAB

in (νNB)c〈{y, NB}KAB
〉 attempts to decrypt x using

the key KAB. If x is a term of the form {M}KAB
, then the bound vari-

able y is instantiated to the contents M , and the remainder of the process
((νNB)c〈{y, NB}KAB

〉) is executed.
– (νNB) generates NB .
– c〈{y, NB}KAB

〉 sends {M, NB}KAB
on c, where M is the term to which y

has been instantiated.

The syntax of the spi calculus distinguishes names (such as c, KAB, and NB)
from variables (x and y), and processes (active entities) from terms (data that
can be sent in messages). We refer to previous papers for the details of this
syntax. We also omit a definition of PA; it is similar in style to that of PB.

Since the spi calculus is essentially a programming language, it is a matter of
programming to specify the generation of data, checks on messages, concurrency,
and replication. For these purposes, we can usually employ standard constructs
from the pi calculus, but we may also add constructs when those seem inadequate
(for example, for representing number-theoretic checks). In particular, we can
use the ν construct for expressing the generation of keys, nonces, and other data.
For example, the name NB bound with ν in PB represents the piece of data that
B generates. On the other hand, the free names of PB (namely c and KAB)
represent the data that B has before the protocol execution.

Thus, specifications in the spi calculus and other formal notations do not
suffer from some of the ambiguities common in informal protocol narrations.
Moreover, precise specifications need not be hard to construct: in recent work,
Lowe, Millen, and others have studied how to turn sequences of messages into
formal specifications [47]. To date, however, formal specifications do not seem to
have played a significant role for protocol implementations. Their main use has
been for reasoning about the properties of protocols; those properties are the
subject of the next section.
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3 Protocol properties

Although the execution of a protocol may consist in sending bits on wires, the
bits have intended meanings and goals. These meanings and goals are not always
explicit or evident in protocol narrations (cf. [7]).

There is no universal interpretation for protocols. Two usual objectives are to
guarantee authenticity and secrecy of communications: only the intended prin-
cipals can send and receive certain pieces of data. Other objectives include for-
ward secrecy [24], non-repudiation, and availability. Some objectives contradict
others. For example, some protocols aim to guarantee anonymity rather than au-
thenticity, or plausible deniability [54] rather than non-repudiation. Moreover,
many definitions have been proposed even for such basic concepts as authenticity
(e.g., [11, 30, 42, 3]).

Nevertheless, there are some common themes in the treatment of protocol
properties.

– The participants in security protocols do not operate in a closed world, but
in communication with other principals. Some of those principals may be
hostile, and even the participants may not be fully trusted. Thus, interaction
with an uncertain environment is crucial.

– Security properties are relative to the resources of attackers. Moreover, it
is common to attempt to guarantee some properties even if the attackers
can accomplish some unlikely feats. For example, although precautions may
be taken to avoid the compromise of session keys, an attacker might obtain
one of those keys. A good protocol design will minimize the effect of such
events. In particular, certificates for keys should expire [23]; and when one
key is expiring, it should not be used for encrypting the new key that will
replace it.

– It is common to separate essential security properties from other properties
such as functional correctness and performance. For example, one may wish
to establish that messages between a client and a server are authentic, even
if one cannot prove that the server’s responses contain the result of applying
a certain function to the client’s requests.

Protocol properties have been expressed and proved in a variety of frame-
works. Some of these frameworks are simple and specialized [16], others powerful
and general. A frequent, effective approach consists in formulating properties as
predicates on the behaviors (sequences of states or events) of the system con-
sisting of a protocol and its environment (e.g., [62, 11, 31, 41, 51, 53, 14, 57]). For
example, in the simple dialogue between A and B shown in section 2, the au-
thenticity of the second message may be expressed thus:

If A receives a message encrypted under KAB, and the message contains
a pair NA, NB where NA is a nonce that A generated, then B has sent
the message sometime after the generation of NA.

Once properly formalized, this statement is either true or false for any particular
behavior. Such predicates on behaviors have been studied extensively in the
literature on concurrency (e.g., [8, 36]).
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A richer view of authenticity also takes into account concepts such as author-
ity and delegation [29, 37]. Those concepts appear, for example, when we weaken
the authenticity statement by allowing B to delegate the task of communicating
with A and the necessary authority for this task. However, it is still unclear how
to integrate those concepts with predicates on behaviors.

Furthermore, some security properties—such as noninterference—are not
predicates on behaviors [44, 45]. For instance, suppose that we wish to require
that a protocol preserve the secrecy of one of its parameters, x. The protocol
should not leak any information about x—in other words, the value of x should
not interfere with the behavior of the protocol that the environment can ob-
serve. The parameter x may denote the identity of one of the participants or the
sensitive data that is sent encrypted after a key exchange. In general, we cannot
express this secrecy property as a predicate on behaviors. On the other hand,
representing the protocol as a process P (x), we may express the secrecy prop-
erty by saying that P (M) and P (N) are equivalent (or indistinguishable), for all
possible values M and N for x (cf. [59, 33]). Here we say that two processes P1

and P2 are equivalent when no third process Q can distinguish running in par-
allel with P1 from running in parallel in P2. This notion of process equivalence
(testing equivalence) has been applied to several classes of processes and with
several concepts of distinguishability, sometimes allowing complexity-theoretic
arguments (e.g., [21, 15, 6, 38]). Now focusing on the spi calculus, we obtain one
definition of secrecy:

Definition 1 (One definition of secrecy). Suppose that the process P (x) has
at most x as free variable. Then P preserves the secrecy of x if P (M) and P (N)
are equivalent for all terms M and N without free variables.

For example, the process (νK)c〈{x}K〉, which sends x encrypted under a fresh
key K on a channel c, preserves the secrecy of x. Previous papers on the spi
calculus [6, 1] contain more substantial examples to which this concept of secrecy
applies.

Approaches based on predicates on behaviors rely on a rather different defi-
nition of secrecy, which can be traced back to the influential work of Dolev and
Yao [26] and other early work in this area [35, 49, 46]. According to that defini-
tion, a process preserves the secrecy of a piece of data M if the process never
sends M in clear on the network, or anything that would permit the computation
of M , even in interaction with an attacker.

Next we show one instantiation of this general definition, again resorting to
the spi calculus. For this purpose, we introduce the following notation from the
operational semantics of the spi calculus; throughout, P and Q are processes, M
is a term, m, m1, . . . , mk are names, and x is a variable.

– P
τ−→ Q means that P becomes Q in one silent step (a τ step).

– P
m−→ (x)Q means that, in one step, P is ready to receive an input x on m

and then to become Q.
– P

m−→ (νm1, . . . , mk)〈M〉Q means that, in one step, P is ready to create the
new names m1, . . . , mk, to send M on m, and then to become Q.
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We represent the state of knowledge of the environment of a process by a set
of terms S with no free variables (intuitively, a set of terms that the environment
has). Given a set S, we define C(S) to be the set of all terms computable from
S, with the properties that S ⊆ C(S) and C(C(S)) = C(S); thus, C is a closure
operator. The main rules for computing C(S) concern encryption and decryption:

– if M ∈ C(S) and N ∈ C(S) then {M}N ∈ C(S);
– if {M}N ∈ C(S) and N ∈ C(S) then M ∈ C(S).

Straightforward rules concern terms of other forms, for example pairs:

– if M ∈ C(S) and N ∈ C(S) then (M, N) ∈ C(S);
– if (M, N) ∈ C(S) then M ∈ C(S) and N ∈ C(S).

Given a set of terms S0 and a process P0, we let R be the least relation such
that:

– R(P0, S0).
– If R(P, S) and P

τ−→ Q then R(Q, S).
– If R(P, S) and P

m−→ (x)Q and m ∈ C(S) and M ∈ C(S) then R(Q[M/x], S).

– If R(P, S) and P
m−→ (νm1, . . . , mk)〈M〉Q and m ∈ C(S) and m1, . . . , mk

do not occur in S then R(Q, S ∪ {M}).

Intuitively, R(P, S) means that, if the environment starts interacting with pro-
cess P0 knowing S0, then the environment may know S (and all terms computable
from it, C(S)) when P0 evolves to P . The environment may know some names
initially, but it does not create more names along the way. The first clause in
this definition sets the initial state of the interaction. The second one is for silent
steps. The third one deals with a message from the environment to the process;
the environment must know the message’s channel name m and contents M .
The fourth one deals with a message in the opposite direction; assuming that
the environment knows the message’s channel name m, it learns the message’s
contents M ; some new names m1, . . . , mk may occur in M .

We arrive at the following alternative view of secrecy:

Definition 2 (Another definition of secrecy). Suppose that S is a set of
terms with no free variables, and P a process with no free variables. Suppose that
the free names of M are not bound in P or any process into which P evolves.
Let R be the relation associated with P and S. Then P may reveal M from S if
there exist P ′ and S′ such that R(P ′, S′) and M ∈ C(S′); and P preserves the
secrecy of M from S otherwise.

We do not have much experience with this definition of secrecy for the spi cal-
culus. It is a somewhat speculative translation of definitions proposed in other
settings.

By presenting both definitions of secrecy in the same framework, we are in a
position to compare them and understand them better. We can immediately see
that, unfortunately, neither definition of secrecy implies the other: the first one
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concerns a process with a free variable x, while the second one concerns a pro-
cess plus a set of terms with no free variables. There are also deeper differences
between them: in particular, the first definition rules out implicit information
flows [22], while the second one does not. We leave for further work explain-
ing when one definition is appropriate and when the other, and finding useful
relations between them.

Both of these definitions of secrecy rely on a simple, abstract representation
of cryptographic functions. More detailed accounts of cryptography may include
complexity-theoretic assumptions about those functions (e.g., [43]). Another,
challenging subject for further work is bridging the gap between those treat-
ments of cryptography. For instance, we may wonder whether the complexity-
theoretic assumptions justify our definitions of secrecy. Analogous questions arise
for definitions of authenticity.

4 Protocol boundaries

Often the specification of a protocol and its verification focus on the core of
the protocol and neglect its boundaries. However, these boundaries are far from
trivial; making them explicit and analyzing them is an important part of under-
standing the protocol in context. These boundaries include:

(1) interfaces and rules for proper use of the protocol,
(2) interfaces and assumptions for auxiliary functions and participants, such as

cryptographic algorithms and network services,
(3) traversals of machine and network boundaries,
(4) preliminary protocol negotiations,
(5) error handling.

We discuss these points in more detail next.

(1) Whereas narrations may say what data the various principals in a protocol
should send, they seldom explain how the principals may generate and use
that data. On the other hand, the good functioning of the protocol may
require that some pieces of data be unrelated (for example, a cleartext and
the key used to encrypt it). Other pieces of data (typically session keys, but
sometimes also nonces) may need to remain secret for some period of time.
Furthermore, as a result of an execution of the protocol, the participants
may obtain some data with useful properties. For instance, the protocol may
yield a key that can be used for signing application messages. Application
program interfaces (or even programming languages) should allow applica-
tions to exploit those useful properties, with clear, modular semantics, and
without revealing tricky low-level cryptographic details (e.g., [12, 40, 39, 61,
2, 5, 10]).

(2) Some protocols rely on fixed suites of cryptosystems. In other cases, as-
sumptions about the properties of cryptographic operations are needed. For
example, in the messages of section 2, it may be important to say whether B
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can tell that A encrypted NA using KAB. This property may hold because
of redundancy in NA or in the encryption function, and would not hold if
any message of the appropriate size is the result of encrypting some valid
nonce with KAB. It may also be important to say that B is not capable of
making {NA, NB}KAB

from {NA}KAB
and NB without KAB. This property

is a form of non-malleability [25]. In recent years, the literature on protocols
has shown an increasing awareness of subtle cryptographic issues; it may be
time for some principled simplification.
Similarly, protocols often rely on network time servers, trusted third parties,
and other auxiliary participants. Detailed assumptions about these servers
are sometimes absent from protocol narrations, but they are essential in
reasoning about protocols.

(3) Protocol messages commonly go across network interfaces, firewalls with
tunnels, and administrative frontiers (e.g., [12, 61, 20, 19, 4]). In some con-
texts (e.g., [17]), even the protocol participants may be mobile. These traver-
sals often require message translations (for example, marshaling and rewrit-
ing of URLs). They are subject to filtering and auditing. Furthermore, they
may trigger auxiliary protocols. Some of these traversals seem to be a grow-
ing concern in protocol design.

(4) Systems often include multiple protocols, each of them with multiple ver-
sions and options. Interactions between protocols can lead to flaws; they can
be avoided by distinguishing the messages that correspond to each proto-
col (e.g., [7, 34]). Before executing a protocol (in a particular version, with
particular options) the participants sometimes agree to do so by a process
of negotiation in which they may consider alternatives. The alternatives can
vary in their levels of security and efficiency. In protocols such as SSL, this
process of negotiation is rather elaborate and error-prone [60]. Despite clear
narrations, it offers unclear guarantees.

(5) As discussed in section 2, protocol specifications often do not explain how
principals react when they perceive errors. Yet proper handling of errors
can be crucial to system security. For example, in describing attacks on
protocols based on RSA’s PKCS #1 standard [13], Bleichenbacher reported
that the SSL documentation does not clearly specify error conditions and
the resulting alert messages, and that SSL implementations vary in their
handling of errors. He concluded that even sending out an error message may
sometimes be risky and that the timing of the checks within the protocol is
crucial.

The intrinsic properties of a protocol, such as the secrecy of session keys,
are worthy of study. However, these intrinsic properties should eventually be
translated into properties meaningful for the clients of the protocol. These clients
may want security, but they may not be aware of internal protocol details (such
as session keys) and may not distinguish the protocol from the sophisticated
mechanisms that support it and complement it. Therefore, specification and
reasoning should concern not only the core of the protocol in isolation but also
its boundaries, viewing the protocol as part of a system.
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Abstract. We show that recent progress in extending the automata-
theoretic approach to model-checking beyond the class of �nite-state
processes �nds a natural application in the area of interprocedural data-

ow analysis.
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1 Introduction

Recent work [15, 24] has shown that model-checking algorithms for abstract
classes of in�nite-state systems, like context-free processes [1, 5] and pushdown
processes [6], �nd a natural application in the area of data-
ow analysis (DFA)
for programming languages with procedures [16], usually called interprocedural
DFA. A large variety of DFA problems, whose solution is required by optimis-
ing compilers in order to apply performance improving transformations, can be
solved by means of a unique model-checking technique.

The techniques of [5, 6] are based on what could be called the �xpoint ap-
proach to model-checking [24], in which the set of states satisfying a temporal
property is de�ned and computed as a �xpoint in an adequate lattice. Some
years ago, Vardi and Wolper presented in a seminal paper [25] an alternative
automata-theoretic approach in which|loosely speaking|veri�cation problems
are reduced to the emptyness problem for di�erent classes of automata. This
approach has had considerable success for �nite-state systems, and constitutes
the theoretical basis of veri�cation algorithms implemented in tools like SPIN
[13], PROD [26], or PEP [27]. Recently, the approach has also been extended to
context-free processes and pushdown processes [4, 10], and to other in�nite-state
classes able to model parallelism [18].

The goal of this paper is to show that the techniques derived from these
recent developments can also be applied to DFA. We provide solutions for the
interprocedural versions of a number of important DFA problems, starting with
the class of so-called bitvector problems. On the one hand, the structural simplic-
ity of these problems allows us a gentle way of introducing our approach. On the
other hand, these problems are quite important as they are the prerequisite of
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numerous optimisations like partially redundant expression elimination, partially
redundant assignment elimination, partially dead code elimination, and strength
reduction [23], which are widely used in practice. In detail, we investigate:

(a) the four problems of Hecht's taxonomy of bitvector problems [12],
(b) the computation of faint variables, and
(c) the problems of (a) for parallel languages.

In contrast to (a), for which there exist several solutions in the literature, (b)
and (c) have|to the best of our knowledge|not been considered yet in an
interprocedural setting; solutions for the intraprocedural case can be found in
[11, 14] for (b), and in [17] for (c).

The paper is organised as follows. Section 2 contains an informal introduction
to DFA, recalls the DFA problems mentioned above, and in particular presents
the 
ow graph model. Section 3 gives 
ow graphs a structured operational se-
mantics. Sections 4, 5, and 6 present the solutions to the problems (a), (b) and
(c) above, respectively, and Section 7 contains our conclusions.

2 Data-
ow Analysis

Intuitively, data-
ow analysis (DFA) is concerned with deciding run-time proper-
ties of programs without actually executing them, i.e., at compile time. Basically,
the properties considered can be split into two major groups (cf. [12]). Proper-
ties whose validity at a program point depends on the program's history, i.e.,
on the program paths reaching it, and properties whose validity depends on the
program's future, i.e., on the su�xes of program paths passing it. Both groups
can further be split into the subgroups of universally and existentially quanti�ed
properties, i.e., whose validity depends on all or on some paths, respectively.

Background. Using the standard machinery of DFA (cf. [12]), the validity of
a property at a program point n is deduced from a data-
ow fact computed
for n. This fact re
ects the meaning of the program at n with respect to an
abstract, simpler version of the \full" program semantics, which is tailored for
the property under consideration. The theory of abstract interpretation provides
here the formal foundation (cf. [7{9, 19]). In this approach the data-
ow facts
are given by elements of an appropriate lattice, and the abstract semantics of
statements by transformations on this lattice. The meet-over-all-paths (MOP )
semantics de�nes then the reference solution, i.e., the data-
ow fact desired for a
program point n: It is the \meet" (intersection) of all data-
ow facts contributed
by all program paths reaching n. TheMOP -semantics is conceptually quite close
to the program property of interest, but since there can be in�nitely many pro-
gram paths reaching a program point it does not directly lead to algorithms for
the computation of data-
ow facts. Therefore, in the traditional DFA-setting the
MOP -semantics is approximated by the so-called maximal-�xed-point (MFP ) se-
mantics. It is de�ned as the greatest solution of a system of equations imposing
consistency constraints on an annotation of the program points with data-
ow
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facts. The MFP -semantics coincides with its MOP -counterpart when the func-
tions specifying the abstract semantics of statements are distributive, a result
known as the Coincidence Theorem.

Note that the MOP -semantics is de�ned in terms of possible program ex-
ecutions. From the point of view of temporal logic this means in a pathwise,
hence linear time fashion. In contrast, the computation of the MFP -semantics
proceeds by consistency checks taking the immediate neighbours of a program
point simultanenously into account. From the point of view of temporal logic
this means in a tree-like, hence branching time fashion. Thus, in the traditional
DFA-setting there is a gap between the reference semantics de�ning the data-
ow
facts of the program annotation desired (theMOP -semantics), and the semantics
the computation of the program annotation with data-
ow facts relies on (the
MFP -semantics). An important feature of the automata-theoretic approach to
DFA we are going to present here is the absence of a similar separation of con-
cerns providing in this respect a more natural and conceptually simpler access
to DFA.

Flow graphs. In DFA programs are commonly represented by systems of 
ow
graphs, where every 
ow graph represents a procedure of the underlying pro-
gram. Flow graphs are directed graphs, whose nodes and edges represent the
statements and the intraprocedural control 
ow of the procedure represented.
Usually, control 
ow is nondeterministically interpreted in order to avoid unde-
cidabilities. As illustrated in Figure 1(a) and (b), which show the 
ow graph
and the 
ow graph system representing a single procedure and a program with
procedures, we consider edge-labelled 
ow graphs, i.e., the edges represent both
the statements and the control 
ow, while nodes represent program points. We
assume that statements are assignments of the form v := t including the empty
statement, call statements of the form call �(t1; : : : ; tn), or output operations of
the form out(t), where v is a variable, � a procedure identi�er, and t; t1; : : : ; tn
are terms.

Bitvector properties and faint variables. Bitvector properties correspond to struc-
turally particularly simple DFA-problems, which, simultaneously, are most im-
portant in practice because of the broad variety of optimisations based on them
(cf. Section 1). Their most prominent representatives, the availability and very
busyness of terms, the reachability of program points by de�nitions, and the
liveness of variables, span the complete space of the taxonomy recalled above as
was shown by Hecht [12]. Intuitively, a term t is available at a program point n,
if on all program paths reaching n term t is computed without that any of its
operands is assigned a new value afterwards. Thus, availability is a universally
quanti�ed history-dependent property. Very busyness is its dual counterpart.
A term t is very busy at a program point n, if it is computed on all program
paths passing n and reaching the end node before any of its operands is assigned
a new value after leaving n. Hence, very busyness is a universally quanti�ed
future-dependent property. For illustration consider Figure 1(a), in which the
program points where a+ b is very busy are greyly highlighted.
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0end

Π 1Π 1

Π 1Π 0 ; VAR c,x,y

0start 1start

1end

end

a)

a := ...

x := a+b

z := a+b

f := f+1

b)

x := a+b

y := c+b

VBE
VBE

(c+b)
(a+b)

c := ...

a := ...

z := a+b
x := a+b

y := a+b

z := a+b

; VAR a,b

call call

start

Fig. 1. Flow graphs and 
ow graph systems.

Reaching de�nitions (for convenience referred to as reachability later) and live
variables are existentially quanti�ed history- and future-dependent properties.
Intuitively, a program point n is reached by the de�nition of a particular edge
e if there is a program path across e reaching n which after passing e is free of
de�nitions of the left-hand side variable of the de�nition of e. A variable v is live
at a program point n, if on some program path passing n there is a reference
to v, which after leaving n is not preceded by a rede�nition of v. Conversely, a
variable is dead at a program point, if it is not live at it.

This latter property is well-suited in order to illustrate how bitvector proper-
ties can be used for optimisation. Every assignment whose left-hand side variable
is dead is \useless," and can be eliminated because there is no program contin-
uation on which its left-hand side variable is referenced without a preceding
rede�nition of it. This is known as dead-code elimination.

Like the bitvector problems recalled above, DFA-problems are often con-
cerned with sets of program items like terms, variables, or de�nitions. Charac-
teristic for bitvector problems, however, is that they are \separable (decompos-
able):" The validity of a bitvector property for a speci�c item is independent of
that of any other item. This leads to particularly simple formulations of bitvector
problems on sets of items (and implementations in terms of bitvectors).

Faintness is an example of a program property which lacks the decompos-
ability property. Intuitively, faintness generalizes the notion of dead variables.
A variable f is faint at a program point if on all program continuations any
right-hand side occurrence of f is preceded by a modi�cation of f , or occurs
in an assignment whose left-hand side variable is faint, too. A simple example
of a faint but not dead variable is the variable f in the assignment f := f + 1,
assuming that the assignment occurs in a loop without any other occurrence
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of f elsewhere in the program (cf. Figure 1(a)). Assignments to faint variables
can be eliminated as useless like those to dead ones. Whereas deadness, how-
ever, is a bitvector property, faintness is not. It is not separable preventing the
computation of faintness for a variable in isolation.

DFA in the interprocedural and parallel setting. DFA is particularly challenging
in the presence of recursive procedures|because of the existence of potentially
in�nitely many copies of local variables of recursive procedures at run-time|and
parallel statements|because of the phenomena of interference and synchronisa-
tion. In the following we illustrate this by means of the programs of Figure 1(b),
2, and 3 using very busyness of the terms a+ b and c+ b as example.

In the example of Figure 1(b), the term c + b is very busy at the program
point preceding the recursive call of �1 in procedure �1, while a+ b is not. The
di�erence lies in the fact that in the case of a + b a global operand is modi�ed
within the recursive call, while it is a local one in the case of c + b. Thus, very
busyness of c+ b is not a�ected because the assignment c := : : : modi�es a new
incarnation of c. In fact, after returning from the procedure call, the incarnation
of c which has been valid when calling �1 is valid again, and, of course, it has
not been modi�ed. In contrast, the modi�cation of a a�ects a global variable,
and hence, the modi�cation survives the return from the call. Thus, computing
a+ b after the recursive call will yield a di�erent value than computing it before
this call. Similar phenomena can be observed for the other bitvector problems.
This is illustrated in Figure 2 and Table 1, which summarizes for speci�c pairs
of program points and program items the availability, reachability and liveness
information. In the framework of [16] these obstacles of interprocedural DFA are
overcome by mimicking the behaviour of the run-time stack by a corresponding
DFA-stack, and additionally, by keeping track if modi�cations of operands a�ect
a global or a local variable. So-called return functions, which are additionally
introduced in this setting enlarging the speci�cation of an abstract semantics,
extract this information from the DFA-informations valid at call time and valid
immediately before returning from the called procedure, which allows a proper

0end

start0

end1

Π2

Π2

Π1

Π1

Π1 Π2

Π
0

v := ...

a := ...

21

22

23

24

c := a+w

w := b+v

c := a+u

20

29

25

26

27

28

end

start

; VAR u,v,w

2

2

call

y := ...

10

11

12

13

14

19

15

16

17

18

start

; VAR a,b,c,d ; VAR x,y,z

1

c := a+x

z := b+y

7

6 8

5

2

3

4

a := b+c

9

1

a := ...βd := a+b

α

γ

call call

call

z := a+x

Fig. 2. The sequential interprocedural setting.
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Program Availability Reaching De�nitions
Point a+ b b+ c a+ x b+ y � : a := � : d := 
 : z :=

5 tt tt | | tt tt |
6 � � | | � tt |
17 tt � tt tt tt tt tt
18 � � � tt � tt tt

Program Liveness
Point b c v w

7 tt � | |
8 � � | |
25 tt � tt �
26 tt � tt �

Table 1. Values of some bitvector problems.

treatment of programs with both local and global variables. In this paper we
present a di�erent approach to this problem.

Consider now Figure 3, and imagine that the three procedures shown in
(a) are embedded either into a sequential (b) or parallel (c) program context,
respectively. The pattern of very busy program points is di�erent because of the
e�ects of interference and synchronisation. While in (b) the term a + b is very
busy at nodes 1, 7, and 8, in (c) it is very busy at nodes 1 and 10. DFA of
programs with explicit parallelism have attracted so far little attention, possibly
because naive adaptations of the sequential techniques typically fail [21], and
the costs of rigorous straightforward adaptations are prohibitive because of the
number of interleavings expressing the possible executions of a parallel program.
Though for an intraprocedural setting it could recently be shown that bitvector
problems are an exception, which can be solved as easily and as e�ciently as their
sequential counterparts [17], a corresponding result for a setting with procedures
has not yet been presented.

Conventions. Without loss of generality we make the following assumptions on

ow graphs, which allow us a simpler notation during the presentation of the
automata-theoretic approach. Flow graphs have a unique start node and end
node without incoming and outgoing edges, respectively. Each node of a 
ow
graph lies on a path connecting its start node and end node. The main procedure
of a program cannot be called by any procedure of the program. Procedures are
not statically nested. Edges leaving (approaching) a node with more than one
successor (predecessor) are labelled by the empty statement. And, �nally, the
left-hand-side variable of an assignment does not occur in its right-hand-side
term.

a) b) c)
3

Π1call Π2 3

Π ; VAR a,b,x,y Π

Π

; VAR a,b,x,y
0

1 Π2 Π

Π
0

,

2

Π 3

Π

,

1

y := a+b

x := a+b

a := ...

2

1

3

4

5

6

7

8

9

Π

call call

10

11

pcall

10

11

Fig. 3. The parallel interprocedural setting.
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3 A Structured Operational Semantics for Flow Graph

Systems

In this section we give 
ow graph systems a formal semantics very much in
the style of the operational semantics of process algebras (see for instance [3]).
Intuitively, we interpret a node of a 
ow graph as an agent that can execute some
actions, namely the labels of the edges leaving it. The execution of an action
transforms an agent into a new one. The actions that an agent can execute
and the result of their execution are determined by transition rules. So, for

instance, for a 
ow graph edge of the form n
v := 3
����! n0, interpreted as \the

agent n can execute the action v := 3, and become the agent n0," we introduce

the rule N
v := 3
����! N 0 (uppercase letters are used to avoid confusion). In order

to model procedure calls we introduce a sequential composition operator on
agents with the following intended meaning: The sequential composition of N1

and N2, denoted by the concatenation N1 � N2, is the agent that behaves like
N1 until it terminates, and then behaves like N2. It is now natural to assign

to an edge n
call �i(T )
�������! n0, where T is a vector (t1; : : : ; tk) of terms, the rule

N
�(T )
���! START i �N

0 (the name of the action is shortened for readability)1.

Let us now formally de�ne the semantics. We associate to a 
ow graph system
a triple (Con ; Act;�), called a process system2, where Con is a set of agent
constants, Act is a set of actions, and � � Con+ � Act � Con� is a set
of transition rules. An agent over Con is a sequential composition of agent
constants, seen as an element of Con�. In particular, the empty sequence � is
an agent. The set � induces a reachability relation

a
�!� Con� � Con� for each

a 2 Act, de�ned as the smallest relation satisfying the following inference rules:

{ if (P1; a; P2) 2 �, then P1
a
�! P2;

{ if P1
a
�! P 0

1 then P1 � P2
a
�! P 0

1 � P2 for every P2 2 Con�.

The second rule captures the essence of sequential composition: Only the �rst
constant of a sequence can perform an action. Since the left-hand side of a rule
cannot be empty, the agent � cannot execute any action, and so it corresponds
to the terminated agent.

In the sequel we overload the
a
�! symbol and write P1

a
�! P2 instead of

(P1; a; P2) 2 �.

We associate to a 
ow graph system the process system (Con ; Act;�) where
Con is the set of program nodes plus a special agent constant START, Act is the
set of edge labels plus special actions � , start , end , and end i for each procedure
�i, and � contains the rules shown in Table 2. Observe that the left-hand sides
of the rules of � have length 1, and that all terminating executions of the 
ow
graph system begin with the action start0 and end with end0.

1 Recall that start i is the start node of the 
ow graph �i.
2 Process systems are very close the Basic Process Algebra of [2] or the context-free
processes of [5]. We use another name due to small syntactic di�erences.
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Flow graph Process rule

n �! n0 N
�
�! N 0

n
v := t
����! n0 N

v := t
����! N 0

n
out(t)
���! n0 N

out(t)
���! N 0

n
call �i(T )
������! n0 N

�i(T )
����! START i �N

0

start node start0 START
start0���! START 0

end nodes end i END i
endi���! �

Table 2. Rules of the process system.

4 Interprocedural Bitvector Problems

In this section we provide solutions to the basic four bitvector problems using
a language-theoretic formalism. We show how to compute the set of program
points satisfying the existentially quanti�ed properties. For universally quanti-
�ed properties we �rst compute the set of points satisfying the negation of the
property, which is existentially quanti�ed, and then take the complement with
respect to the set of all program points.

We �rst consider the case in which all variables are global, and subsequently
move to the general case with both local and global variables.

4.1 Global Variables

We introduce some notations:

{ Def v denotes the set of actions of the form v := t;
{ Ref v denotes the set of actions of the form u := t such that v appears in t;
{ Compt denotes the set of actions of the form v := t 0 such that t0 contains t
as subterm;

{ Mod t denotes the set of actions of the form v := t 0 such that v appears in t.3

Let us start by formalising the liveness problem. A global variable v is live
at a program point n if there exists a sequence START

�1�! P1
�2�! P2 satisfying

the following constraints:

1. P1 = N � P 0

1 (so �1 corresponds to a program path ending at the program
point n);

2. �2 2 (Act � Def v)
�Ref v (so in �2 the variable v is referenced before it is

de�ned).

The other problems (or their negations) can be formalised following the same
pattern. In fact, in the case of very busyness and availability what we directly
compute in our approach, as mentioned above, is the set of program points
at which v is not very busy or t is not available, respectively. Table 3 lists
the constraints on P1; �2; P2 that must be satis�ed in each case (there are no
constraints on �1).

3 Notice that, due to the conventions at the end of Section 2, the sets Compt and
Mod t are disjoint.
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Property P1 �2 P2

v is live at n N � P 0

1 LI v = (Act �Def v)
�Ref v Con�

m
v := t
����! m0 reaches n M � P 0

1 REv = (v := t)(Act �Def v)
� N � P 0

2

t is not very busy at n N � P 0

1 NVBt = (Act � Compt)
�(Modt + end0) Con

�

t is not available at n Con� NAt = (start 0 +Mod t)(Act �Compt)
� N � P 0

2

Table 3. Constraints on P1, �2, and P2.

Solving the Problems. Given a process system (Con ; Act;�), we make the
following straightforward but crucial observation: A set of agents is just a lan-
guage over the alphabet Con , and so it makes sense to speak of a regular set of
agents. Automata can be used to �nitely represent in�nite regular sets of agents.

This observation has been exploited by Finkel, Williams and Wolper in [10]
and by Bouajjani, Maler and the �rst author in [4] to develop e�cient algorithms
for reachability problems in process systems. We present some of the results of
[10, 4], and apply them to the bitvector problems for 
ow graph systems.

Let L 2 Con� and C 2 Act� be regular languages. We call C a constraint,
and de�ne

post�[C](L) = fP 2 Con� j P 0 �
�! P for some P 0 2 L and some � 2 Cg

In words, post�[C](L) is the set of agents that can be reached from L by means
of sequences satisfying the constraint C. Analogously, we de�ne

pre�[C](L) = fP 2 Con� j P
�
�! P 0 for some P 0 2 L and some � 2 Cg

So pre�[C](L) is the set of agents from which it is possible to reach an agent in
L by means of a sequence in C. We abbreviate post�[Act�](L) and pre�[Act�](L)
to post�(L) and pre�(L), respectively. We have the following result:

Theorem 1 ([10, 4]). Let (Con ; Act;�) be a process system such that each rule

P1
a
�! P2 satis�es jP1j � 2, and let L � Con� and C � Act� be regular sets.

Then pre�[C](L) and post�[C](L) are regular sets of agents. Moreover, automata
accepting these sets can be computed in O(n� �n

2
L �nC) time, where n� is the size

of �, and nL; nC are the sizes of two automata accepting L and C, respectively.

Let us use this result to compute the set of program points at which the
variable v is live. This is by de�nition the set of program points n for which there
is a sequence START

�1�! P1
�2�! P2 satisfying P1 = N �P 0

1 and �2 2 LIv . Observe
that pre�[LIv](Con

�) is the set of agents from which a sequence �2 2 LIv can
be executed. Notice however that not all these agents are necessarily reachable
from START . Since the set of agents reachable from START is post�(START ),
we compute an automaton accepting

pre�[LIv ](Con
�) \ post�(START )

Now, in order to know if v is live at n it su�ces to check if this automaton
accepts some word starting by N .
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Problem Set of agents

liveness pre�[LI v](Con
�) \ post�(START )

reachability post�[REv](post
�(START ) \M � Con�)

very busyness pre�[NVBt](Con
�) \ post�(START )

availability post�[Act�NAt](START )

Table 4. Agents corresponding to the four bitvector problems.

Table 4 shows the sets of agents that have to be computed to solve all four
bitvector problems. For the complexity, notice that the number of states of the
automata for L and C depends only on the bitvector problem, and not on the
process system. So the liveness and reaching de�nition problems for a given
variable v and the very busyness and availability problems for a given term t
can be solved in O(n�) time.

4.2 Local and Global Variables

The reader has possibly noticed that we have not exploited all the power of
Theorem 1 so far. While the theorem holds for rules with a left-hand side of
length 1 or 2, we have only applied it to rules with left-hand sides of length 1.
We use now full power in order to solve the bitvector problems in a setting with
global and local variables.

A local variable v is live at a program point n if and only if there exists a

sequence START
�1�! N � P

�2d��! N 0 � P for some agent P such that

(1) d 2 Ref v ,
(2) all the agents reached along the execution of �2d are of the form P 0 �P , and

(3) for every transition P1 � P
a
�! P2 � P of �2, if a 2 Def v, then jP1j � 2.

Here, condition (2) guarantees that the incarnation of v referenced by d and the
incarnation of N �P are the same. Condition (3) guarantees that this incarnation
is not modi�ed along the execution of �2.

We now apply a general strategy of our automata approach, which will be
used again in the next section: Instead of checking conditions (1) to (3) on
the simple process system coresponding to the 
ow graph, we check a simpler
condition on a more complicated process system. Intuitively, this new system
behaves like the old one, but at any procedure call in a computation (or at
the beginning of the program) it can nondeterministically decide to push a new
variable M onto the stack|used to Mark the procedure call|and enter a new
mode of operation, called the local mode. In local mode the process distinguishes
between actions occurring at the current procedure call (the marked call in the
sequel), and actions occurring outside it, i.e., actions occurring after encountering
further procedure calls before �nishing the marked call, or actions occurring after
�nishing the marked call.

We extend the process system with new agents, actions, and rules. The addi-
tional new agents areM (theMarker) and O (used to signal that we are Outside
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the marked call). There is also a new action am for each old action a, plus extra
actions mark ; return; exit .4 In the new process system am can only occur at the
marked call, and a only at other levels. For each old rule we add one or more
new ones as shown in Table 5. Notice that once the marker is introduced, all

Old rule New additional rule(s)

N
a
�! N 0 M �N

am��!M �N 0 (am in the marked call)

O �N
a
�! O �N 0 (a outside the marked call)

START
start
���! START 0 START

mark
���!M � START 0

N
�i(T )
����! START i �N

0 N
�i(T )
����!M � START i �N

0 (marking the current call)

M �N
�i(T )
����! O � START i �M �N 0 (entering a deeper level)

O �N
�i(T )
����! O � START i �N

0

N
endi���! � M �N

exit
��! O (end of the marked call)

O �N
endi���! O

O �M
return
����!M (return to the marked call)

Table 5. Rules of the extended process system.

reachable agents have either M or O in front, and that once the marked call
terminates no agent ever has M in front again.

Given a local variable v, we de�ne Rel Def v = fam j a 2 Defvg and
Rel Ref v = fam j a 2 Refvg, where Rel stands for \relevant." If an agent moves
into local mode at a procedure call in which a local variable v is incarnated, then
Rel Def v and Rel Ref v are the actions concerning this same incarnation of v.

If we let Ext Act be the extended set of actions of the new process system,
then a local variable v is live at a program point n if and only if there exists a
sequence START

�1�! P1
�2�! P2 satisfying the following constraints:

{ P1 =M �N � P 0

1, and
{ �2 2 (Ext Act �Rel Def v)

�Rel Ref v .

So the constraint on �2 when the program has both local and global variables is
obtained from the constraint for global variables by substituting Ext Act for Act ,
Rel Def v for Def v, and Rel Ref v for Ref v . The reaching de�nitions problem can
be solved analogously.

For the very busyness and the availability problems we have to take into
account that the term t may contain local and global variables. Let LocId(t) and
GlobId (t) be the set of local and global variables that appear in t. We de�ne

Rel Mod t =
[

v2GlobId(t)

Def v [
[

v2LocId(t)

Rel Def v

Rel Compt = fam j a 2 Comptg

A term is not very busy at a program point n if and only if there exists a sequence
START

�1�! P1
�2�! P2 satisfying the following constraints:

4 These actions are not strictly necessary, they are only included for clarity.
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{ P1 =M �N � P 0

1, and
{ �2 2 (Ext Act �Rel Compt)

�(Rel Mod t + end0 ).

Since the number of transition rules of the new process system increases only
by a constant factor, the algorithm still runs in O(n�) time.

5 Interprocedural Faint Variables

Recall that a variable v is faint at a program point n if on every program path
from n every right-hand side occurrence of v is either preceded by a modi�cation
of v or is in an assignment whose left-hand side variable is faint as well. We
show how to compute the set of program points at which a variable is faint in an
interprocedural setting with global and local variables. This requires to split the
set of references of a variable into the subset of references occurring in an output
statement, and its complement set. To this end we introduce the notation:

{ RefOutv denotes the set of actions of the form out(t), such that v appears
in t.

Faintness is a universal property, i.e., one that holds only if all program paths
from a point n satisfy some condition. We formalise its negation, which is an
existential property. A variable v is not faint at a program point n if there exists
a sequence START

�1�! P1
�2�! P2 satisfying the following constraints:

{ P1 = N � P 0

1 (so �1 corresponds to a program path ending at the program
point n), and

{ v is not faint at P1
�2�! P2.

It remains to de�ne the set of paths at which v is not faint. In comparison to
the related bitvector property of deadness, the only new di�culty is to deal
adequately with the recursive nature of the de�nition of faintness. The set is
recursively de�ned as the smallest set of �nite paths P1

a1�! P2
a2�! P3 � � �Pn,

where P1 = N � P 0

1, such that

(1) a1 2 RefOutv , or

(2) v is global, a1 =2 Def v and v is not faint at P2
a2�! P3 � � �Pn, or

(3) v is local for N , a1 is an assignment not in Def v, and v is not faint at

P2
a2�! P3 � � �Pn, or

(4) a1 � u := t, where v appears in t, and u is not faint at P2
a2�! P3 � � �Pn.

Notice the di�erence between (2) and (3). If v is local and a1 is a call action,
then after the execution of a1 the new program point is out of the scope of v,
and so v is faint at P1

a1�! P2
a2�! P3 � � �Pn.

5 If v is global, then we remain within
the scope of v, and so we do not know yet whether v is faint or not.

5 With our de�nition v may be faint at N � P 0

1
a1�! P2

a2�! P3 : : : Pn but not faint at

some other path N � P 00

1

a0

1�! P 0

2

a0

2�! P 0

3 � � �P
0

n0 , and so not faint at N .
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As we did in the last section, we do not check the complicated property \v
is faint at n" on a simple process system, but a simpler property on a more
complicated process system obtained by adding new agents and rules (although
this time no actions) to the old one. Intuitively, the new process system behaves
like the old one, but at any point in a computation it can nondeterministically
decide to push a program variable v into the stack|represented by an agent
constant V|and enter a faint mode of operation. From this moment on, the
system updates this variable according to the de�nition of non-faintness. The
(updated) variable stays in the stack as long as the path executed by the system
can be possibly extended to a path at which the variable is not faint. So the
variable is removed from the stack only when the process system knows that (a)
v is not faint for the path executed so far, or (b) v is faint at all paths extending
the path executed so far. In case (a) the process system pushes a new agent ?
into the stack, and in case (b) it pushes an agent >.

Formally, the extended process system is obtained by adding the two agents
> and ?, and new rules as shown in Table 6.

Old rule New additional rule(s)

N
a
�! N 0 N

a
�! V �N 0 for each variable v

(the faint mode can be entered anytime)

V �N
a
�! ? if a 2 RefOutv

(condition (1), ? signals that v is not faint)

V �N
a
�! V �N 0 if v global and a =2 Def v

(condition (2))

V �N
a
�! U �N 0 if a � u := t and v appears in t

(condition (4))

N
�i(T )
����! START i �N

0 V �N
�i(T )
����! V � START i �N

0 if v global
(condition (2))

V �N
�i(T )
����! START i � V �N 0 if v local at n

(out of the scope of v)

N
endi���! � V �N

endi���! V if v global
(condition (2))

V �N
endi���! > if v local at n

(condition (3), this incarnation of v can no longer be de�ned
or referenced)

Table 6. Rules of the extended process system.

In order to obtain the set of program points at which the variable v is faint, we
compute the set of agentsN for which there is a sequence START

�1�! P1
�2�! P2

satisfying P1 = V �N � P 0

1 and P2 = ? � P 0

2. It su�ces to compute an automaton
for

(pre�(? � Con�) \ V � Con�) \ post�(START )
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6 Interprocedural Bitvector Problems with Parallelism

In 
ow graph systems with parallelism, which we call in the sequel parallel 
ow

graph systems, we allow edge-labels of the form n
pcall �i1

(T1);::: ;�i
k
(Tk)

����������������! n0. The
procedures �i1 ; : : : ; �ik are called in parallel; if and when they all terminate,
execution is continued at n0. Notice that parallel calls can be nested, and so
the number of procedures running in parallel is unbounded. Notice also that

ow graphs without parallelism are the special case in which k = 1 for all pcall
instructions.

We show that the four bitvector problems can be solved for parallel 
ow
graph systems in polynomial time when all variables are global. For this it will
su�ce to apply a beautiful extension of Theorem 1 recently proved by Lugiez
and Schnoebelen in [18].

In order to model parallel 
ow graph systems by process systems we need to
extend these to parallel process systems (also called process rewrite systems in
[20]). An agent of a parallel process system is a tree whose root and internal nodes
are labelled with either � or k, representing sequential and parallel composition,
and whose leaves are labelled with agent variables. So, for instance, the intended
meaning of the tree (XkY ) �Z is that X and Y are �rst executed in parallel, and
if and when they terminate Z is executed. The empty tree 
, which satis�es


 � P = P � 
 = 
kP = Pk
 = P

plays now the rôle of the terminated process. We denote the set of agents by
T (Con) (trees over Con). Rules are now elements of (T (Con) n f
g) � Act �

T (Con). A set � of rules induces a reachability relation
a
�!� T (Con) � T (Con)

for each a 2 Act, de�ned as the smallest relation satisfying the following inference
rules:

{ if (P1; a; P2) 2 �, then P1
a
�! P2;

{ if P1
a
�! P 0

1 then P1 � P2
a
�! P 0

1 � P2 for every P2 2 T (Con);

{ if P1
a
�! P 0

1 then P1kP2
a
�! P 0

1kP2 and P2kP1
a
�! P2kP

0

1 for every P2 2 T (Con).

We make free use of the fact that parallel composition is associative and commu-
tative with respect to any reasonable behavioural equivalence between agents,
such as bisimulation equivalence [22].

We associate to a parallel 
ow graph system the process system (Con ; Act;�)
as in the sequential case, the only di�erence being the rule corresponding to
parallel calls, which is shown in Table 7. Observe that the left-hand side of all

Parallel 
ow graph Process rule

n
pcall �i1

(T1);::: ;�i
k
(Tk)

����������������! n0 N
�1(T1);::: ;�k(Tk)������������! (START i1k : : : kSTART ik) �N

0

Table 7. Rules of the parallel process system

rules consists of just one variable. Parallel process systems with this property
are closely related to the PA-algebra studied in [18].
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The four bitvector problems are de�ned almost as in the non-parallel case.
The only di�erence is that in the parallel setting a program path can begin or
end at many nodes due to the existence of parallel computation threads. In the
non-parallel case, the agents corresponding to \being at node n" are those of
the form N � P . In the parallel case, they are the agents (trees) satisfying the
following property: there is a leaf N which does not belong to the right subtree
of any node labelled by �. We call the set of these agents At n.

Solving the Problems. An agent is no longer a word, but a tree|and so a set
of agents is now a tree language. Tree automata can be used to �nitely represent
in�nite regular sets of agents. We brie
y introduce the tree automata we need.
They are tuples (Q;A; �; F ) where:

{ Q is a �nite set of states and F � Q is a set of �nal states.
{ A is a �nite alphabet containing the set Con and two binary in�x operators
� and k. The automaton accepts terms over this alphabet, which we just call
trees.

{ � is a �nite set of transition rules of the formN ! q, q1 �q2 ! q, or q1kq2 ! q.
The rules de�ne a rewrite relation on terms over A [Q.

The automaton accepts the trees that can be rewritten into a �nal state using
the transition rules. As an example, we present a tree automaton accepting the
set At n. It has two states fq1; q2g, with q1 as �nal state, rules N ! q1 and
N 0 ! q2 for every program point n0 6= n, and rules

qi � qj !

�
q1 if i = 1
q2 otherwise

qikqj !

�
q1 if i = 1 or j = 1
q2 otherwise

for i; j 2 f1; 2g.
The question arises whether Theorem 1 can be extended to the tree case,

i.e., the case in which Con� is replaced by T (Con). The answer is unfortunately
negative. For instance, it is not di�cult to see that the problem of deciding
whether post�[C](L) is nonempty is undecidable even for the special case in

which each rule P1
a
�! P2 satis�es P1 2 Con and L contains only one agent [18].

However, Lugiez and Schnoebelen show in [18] that it is possible to save part of
the theorem. In particular, they prove the following result:

Theorem 2 ([18]). Let (Con ; Act;�) be a parallel process system such that

each rule P1
a
�! P2 satis�es P1 2 Con, let L 2 T (Con) be a regular set of agents,

and let A � Act. Then pre�[A](L), post�[A](L), pre�[A�](L), and post�[A�](L)
are regular sets of agents, and tree automata accepting them can be e�ectively
computed in polynomial time.

In order to check if the variable v is live at a program point n, we have to
decide if there is a sequence START

�1�! P1
�2�! P2 satisfying P1 2 Atn and

�2 2 LIv. Fortunately, LIv is the concatenation of two languages of the form
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A and A� for which Theorem 2 holds, namely (Act � Def v)
� and Ref v . So it

su�ces to compute a tree automaton accepting

pre�[(Act �Def v)
�](pre�[Ref v ](T (Con))) \ post�(START ) \ Atn

and check if it is empty. The other three bitvector problems are solved anal-
ogously. If we now wish to extend this result to the case with both local and
global variables, we can proceed as in Section 4.2. However, the process system
so obtained contains rules whose left-hand side is a sequential composition of
two agents. Since Theorem 2 has only been proved for the case P1 2 Con , we
cannot directly apply it. The question whether the bitvector problems can also
be e�ciently computed for local and global variables is still open.

7 Conclusions

We have shown that recent progress in extending the automata-theoretic ap-
proach to classes of processes with an in�nite state space �nds interesting ap-
plications in interprocedural data-
ow analysis. Even though research in this
area is at its very beginning, it is already possible to envisage some advantages
of automata techniques. First of all, data-
ow problems are expressed in terms
of the possible executions of a program, and so it is very natural to formalise
them in language terms; from the point of view of temporal logic, data-
ow
problems correspond to linear-time properties, and so the automata-theoretic
approach, which is particularly suitable for linear-time logics, seems to be very
adequate. Secondly, the approach pro�ts from the very well studied area of au-
tomata theory. For instance, Lugiez and Schnoebelen obtained their results [18]
by generalising constructions of [4, 10] for word automata to tree automata, and
we could immediately apply them to bitvector problems in the interprocedural
parallel case.
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The purpose of these notes is to discuss some examples of the importance
of types for reasoning about concurrent systems, and to list some relevant ref-
erences. The list is surely not meant to be exhaustive, as the area is broad and
very active. The examples are presented in the �-calculus [29], a paradigmatical
process calculus for message-passing concurrency. We will not describe the proof
techniques based on types with which the equalities in the examples are actually
proved; for this, the interested reader can follow the references.
Acknowledgements. I would like to thank Benjamin Pierce, for our collaborations
and the numerous discussions on the topic of these notes.

The �-calculus. As the �-calculus, so the �-calculus language consists of a
small set of primitive constructs. In the �-calculus, they are constructs for build-
ing functions. In the �-calculus, they are constructs for building processes, no-
tably: composition P j Q to run two processes in parallel; restriction �x P to
localise the scope of name x to process P (name is a synonymous for channels);
input x(y).P to receive a name z at x and then to continue as Pfz=yg; output
xhyi.P to emit name y at x and then to continue as P ; replication !P to express
processes with an in�nite behaviour (!P stands for a countable in�nite number
of copies of P in parallel); the inactive process 0. In the pure (i.e., untyped)
calculus, all values transmitted are names.

We will �nd it convenient to present some of the examples on the polyadic
�-calculus, an extension of the pure calculus in which tuples of names may be
transmitted. A polyadic input process x(y1; : : : ; yn).P waits for an n-uple of
names z1; : : : ; zn at x and then continues as Pfz1; : : : ; zn=y1; : : : ; yng (that is, P
with the yi's replaced by the zi's); a polyadic ouput process xhy1; : : : ; yni.P emits
names y1; : : : ; yn at x and then continues as P . We will abbreviate processes of
the form xhy1; : : : ; yni.0 as xhy1; : : : ; yni.

The most important predecessor of the �-calculus is CCS. The main novelty
of the �-calculus over CCS is that names themselves may be communicated. This
gives �-calculus a much greater expressiveness. We can encode, for instance: data
values, the �-calculus, higher-order process calculi (i.e., calculi where terms of the
language can be exchanged) [27, 28, 42], which indicates that the �-calculus can
be a model of languages incorporating functional and concurrent features, and
that it may be a foundation for the design of new programming languages; the
spatial dependencies among processes [39], which indicates that the �-calculus
can be a model of languages for distributed computing; (some) object-oriented
languages [21, 52, 22, 20].

Types. A type system is, roughly, a mechanism for classifying the expressions
of a program. Type systems are useful for several reasons: to perform optimisa-

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 31-40, 1999. 
c Springer-Verlag Berlin Heidelberg 1999
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tions in compilers; to detect simple kinds of programming errors at compilation
time; to aid the structure and design of systems; to extract behavioral informa-
tion that can be used for reasoning about programs. In sequential programming
languages, type systems are widely used and generally well-understood. In con-
current programming languages, by contrast, the tradition of type systems is
much less established.

In the �-calculus world, types have quickly emerged as an important part of
its theory and of its applications, and as one of the most important di�erences
with respect to CCS-like languages. The types that have been proposed for the
�-calculus are often inspired by well-known type systems of sequential languages,
especially �-calculi. Also type systems speci�c to processes have been (and are
being) investigated, for instance for preventing certain forms of interferences
among processes or certain forms of deadlocks.

One of the main reasons for which types are important for reasoning on �-
calculus processes is the following. Although well-developed, the theory of the
pure �-calculus is often insu�cient to prove �expected� properties of processes.
This because a �-calculus programmer normally uses names according to some
precise logical discipline (the same happens for the �-calculus, which is hardly-
ever used untyped since each variable has usually an `intended' functionality).
This discipline on names does not appear anywhere in the terms of the pure
calculus, and therefore cannot be taken into account in proofs. Types can bring
this structure back into light. Below we illustrate this point with two examples
that have to do with encapsulation.

Encapsulation. Desirable features in both sequential and concurrent languages
are facilities for encapsulation, that is for constraining the access to components
such as data and resources. The need of encapsulation has led to the deveolpment
of abstract data types and is a key feature of objects in object-oriented languages.

In CCS, encapsulation is given by the restriction operator. Restricting a
channel x on a process P , written (using �-calculus notation) �x P , guarantees
that interactions along x between subcomponents of P occur without interference
from outside. For instance, suppose we have two 1-place bu�ers, Buf1 and Buf2,
the �rst of which receives values along a channel x and resends them along y,
whereas the second receives at y and resends at z. They can be composed into
a 2-place bu�er which receives at x and resends at z thus: �y (Buf1 j Buf2).
Here, the restriction ensures us that actions at y from Buf1 and Buf2 are not
stolen by processes in the external environment. With the formal de�nitions of
Buf1 and Buf2 at hand, one can indeed prove that the system �y (Buf1 j Buf2)
is behaviourally equivalent to a 2-place bu�er.

The restriction operator provides quite a satisfactory level of protection in
CCS, where the visibility of channels in processes is �xed. By contrast, restriction
alone is often not satisfactory in the �-calculus, where the visibility of channels
may change dynamically. Here are two examples.

Example 1 (A printer with mobile ownership [34]). Consider the situation in
which several client processes cooperate in the use of a shared resource such as

32 Davide Sangiorgi



a printer. Data are sent for printing by the client processes along a channel p.
Clients may also communicate channel p so that new clients can get access to
the printer. Suppose that initially there are two clients

C1 = phj1i. phj2i : : :

C2 = bhpi

and therefore, writing P for the printer process, the initial system is

�p (P j C1 j C2).

One might wish to prove that C1's print jobs represented by j1 and j2 are even-
tually received and processed in that order by the printer, possibly under some
fairness condition on the printer scheduling policy. Unfortunately this is false: a
misbehaving new client C3 which has obtained p from C2 can disrupt the pro-
tocol expected by P and C1 just by reading print requests from p and throwing
them away:

C3 = p(j). p(j0).0.

2

Example 2 (A boolean package implementation [35]). For an even more dramatic
example, consider a �-calculus representation of a simple boolean package:

BoolPack1 = (�t; f; if )
�

getBoolht; f; ifi
j !t(x; y).xhi
j !f(x; y). yhi

j !if(b; x; y). bhx; yi
�

The package provides implementation of the true and false values and of an
if-true function. In the �-calculus, a boolean value is implemented as a process
located at a certain name; above the name is t for the value true and f for the
value false. This process receives two return channels, above called x and y,
and produces an answer at the �rst or at the second depending on whether
the value true or false is implemented. The if-true function is located at
if, where it receives three arguments: the location b of a boolean value and
two return channels x and y; the function interacts with the boolean located
at b and, depending on whether this is true or false, an answer at x or y is
produced. Both the boolean values and the if-true function are replicated so
that they may be used more than once. Other functionalities, like and, or and
not functions, can be added to the package in a similar way.

A client can use the package by reading at getBool the channels t; f and if.
After this, what remains of the package is

!t(x; y).xhi
j !f(x; y). yhi

j !if(b; x; y). bhx; yi
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But now the implementation of the package is completely uncovered! A misbe-
having client has free access to the internal representation of the components. It
may interfere with these components, by attempting to read from t; f or if. It
may also send at if a tuple of names the �rst of which is not the location of a
boolean value. If multiple processes get to know the access channels t; f and if

(which may happen because these channel may be communicated), then a client
has no guarantee about the correctness of the answers obtained from querying
the package. 2

Using types to obtain encapsulation. In the two examples, the protection
of a resource fails if the access to the resource is transmitted, because no as-
sumptions on the use of that access by a recipient can be made. Simple and
powerful encapsulation barriers against the mobility of names can be created
using type concepts familiar from the literature of typed �-calculi. We discuss
the two examples above.

The misbehaving printer client C3 of Example 1 can be prevented by sepa-
rating between the input and the output capabilities of a channel. It su�ces to
assign the input capability on channel p to the printer and the output capability
to the initial clients C1 and C2. In this way, new clients which receive p from
existing clients will only receive the output capability on p. The misbehaving C3
is thus ruled out as ill-typed, as it uses p in input. This idea of �directionality in
channels� was introduced in [34] and formalised by means of type constructs, the
i/o types. They give rise to a natural subtyping relation, similar to those used for
reference types in imperative languages like Forsythe (cf: Reynolds [38]). In the
case of the �-calculus encodings of the �-calculus [27], this subtyping validates
the standard subtyping rules for function types [42]. This subtyping is also im-
portant when modeling object-oriented languages, whose type systems usually
incorporate some powerful form of subtyping.

A common concept in typed �-calculi is polymorphism. It is rather straight-
forward to add it onto a �-calculus type system by allowing channels to carry
a tuple of both types and values. Forms of polymorphic type systems for the
�-calculus are presented in [12, 50, 48, 47, 35, 11]. Polymorphic types can be used
in Example 2 of the boolean package BoolPack1 to hide the implementation
details of the package components, in a way similar to Mitchell and Plotkin's
representation of abstract data types in the �-calculus [30]. We can make channel
getBool polymorphic by abstracting away the type of the boolean channels t
and f . This forces a well-typed observer to use t and f only as arguments of the
if-true function. Indeed, using polymorphism this way the package BoolPack1
is undistinguishable from the package

BoolPack2 = (�t; f; if )
�

getBoolht; f; ifi
j !t(x; y). yhi
j !f(x; y).xhi

j !if(b; x; y). bhy; xi
�
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The latter has a di�erent internal representations of the boolean values (a value
true responds on the second of the two return channels, rather than on the �rst,
and similarly for the value false) and of the if-true function. By �undistin-
guishable�, we mean that no well-typed observer can tell the di�erence between
the two packages by interacting with them.

The packages BoolPack1 and BoolPack2 are not behavioural equivalent in
the standard theories of behavioural equivalences for process calculi. Trace equiv-
alence is considered the coarsest behavioural equivalence; the packages are not
trace equivalent because they have several di�erent traces of actions, e.g.,

getBoolsht; f; ifiif(t; x; y). thx; yi

is a trace of BoolPack1 but not of BoolPack2.
Similarly, suppose we have, as in some versions of the �-calculus, a mismatch

construct [x 6= y]P that behaves as P if names x and y are di�erent, as 0 if
they are equal. With polymorphism we can make BoolPack1 equivalent to the
package BoolPack3 obtained from BoolPack1 by replacing the line implementing
the conditional test with:

if(b; x; y). (bhx; yi j [b 6= t][b 6= f ] BAD).

where BAD can be any process. The new package is equivalent to BoolPack1

because the value received at if for b is always either t or f . This example shows
that a client of the boolean package is not authorized to make up new values of
the same type as the boolean channels t and f , since the client knows nothing
about this type. Again, the equivalence betweeb BoolPack1 and BoolPack3 is
not valid in the standard theories of behavioural equivalences for process calculi.

Types for reasoning. Types are important for reasoning on �-calculus pro-
cesses. First, types reduce the number of legal contexts in which a given process
may be tested. The consequence is that more behavioural equalities between pro-
cesses are true than in the untyped calculus. Examples of this have been given
above. The equalities considered in these examples fail in the untyped �-calculus,
even with respect to the very coarse notion of trace equivalence. That is, there
are contexts of the untyped �-calculus that are able to detect the di�erence be-
tween the processes of the equalities. By imposing type systems, these contexts
are ruled out as ill-typed. On the remaining legal contexts the processes being
compared are undistinguishable. Useful algebraic laws, such as laws for copy-
ing or distributing resources whose e�ect is to localise computation or laws for
enhancing the parallelism in a process, can thus become valid.

Secondly, types facilitate the reasoning, by allowing the use of some proof
techniques or simplifying their application. For instance type system for linearity,
con�uence, and receptiveness (see below) guarantee that certain communications
are not preemptive. This is a partial con�uence property, in the presence of which
only parts of process behaviours need to be explored. Types can also allow more
e�cient implementations of communications between channels, or optimisations
in compilers such as tail-call optimisation.
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Another situation where types are useful is in limiting the explosion of the
number of the derivatives of a process. To see why this can be a problem, consider
a process a(x).P . In the untyped �-calculus, its behaviour is determined by the
set of all derivatives Pfb=xg, where b ranges over the free names of P plus a fresh
one. In case of a cascade of inputs, this gives rise to state explosion, which at
present is a serious obstacle to the development of tools for mechanical analysis
of processes. The number of legal derivatives of processes can be reduced using
types. For instance, in the example of the boolean package BoolPack1, having
polymorphic types we know that the only possible names that can be received
for the parameter b of the if-true function are t and f .

Types in �-calculi: some references. In the �-calculus, where functions are
the unit of interaction, the key type construct is arrow type. In the �-calculus
names are the unit of interaction and therefore the key type construct is the
channel (or name) type ] T . A type assignment a : ] T means that a can be used
as a channel to carry values of type T . As names can carry names, T itself can be
a channel type. If we add a set of basic types, such as integer or boolean types, we
obtain the analogous of simply-typed �-calculus, which we may therefore call the
simply-typed �-calculus. Type constructs familiar from sequential languages, such
as those for products, unions, records, variants, recursive types, polymorphism,
subtyping, linearity, can be adapted to the �-calculus [12, 50, 51, 18, 48, 47, 24,
19, 32, 11, 35, 3].

If we have recursive types, then we may avoid basic types as initial elements
for de�ning types. The calculus with channel, product and recursive types is the
polyadic �-calculus, mentioned at the beginning of these notes. Its type system
is, essentially, Milner's sorting systems [27], historically the �rst form of type
system for the �-calculus (in the sorting system type equality is syntactic, i.e.,
`by-name'; more �exible notions of type equality are adopted in later systems).

The following type systems are development of those above but go beyond
traditional type systems for sequential languages. Sewell [43] and Hennessy and
Riely [17, 16] extend the i/o type system with richer sets of capabilities for dis-
tributed versions of the �-calculus (also [9] extends i/o types, on a Linda-based
distributed language). Ste�en and Nestmann [45] use types to obtain con�uent
processes. Receptive types [40] guarantee that the input end of a name is �func-
tional�, in the sense that it is always available (hence messages sent along that
names can be immediately processed) and with the same continuation. Yoshida
[53], Boudol [7] and Kobayashi and Sumii [23, 46], Ravara and Vasconcelos [37]
put forward type systems that prevent certain forms of deadlocks. Abadi [1] uses
types for guaranteeing secrecy properties in security protocols. The typing rules
guarantee that a protocol that typechecks does not leak its secret information.
Typing rules and protocols are presented on the spi-calculus, an extension of
the �-calculus with shared-key cryptographic primitives. Honda [19] proposes
a general framework for the the above-mentioned types, as well as other type
systems.
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Experimental typed programming languages, or proposals for typed program-
ming languages, inspired by the �-calculus include Pict [36], Join [10], Blue [6],
and Tyco [49].

Reasoning techniques for typed behavioural equivalences are presented in [34,
5, 3, 26, 17] for i/o or related types, in [35] for polymorphic types, in [24] for linear
types, in [40] for receptive types. One of the most important application areas for
the �-calculus is object-oriented languages. The reason is that naming is a central
notion both for these languages and for the �-calculus. Proof techniques based
on types have been used to prove the validity of algebraic laws and programm
transformations on object-oriented languages [22, 41, 8, 20].

Other type sytems for concurrent calculi. Type systems can be used to
guarantee safety properties, such as the absence of run-time errors. Examples 1
and 2 above show more re�ned properties, in which types prevent undesirable
interactions among processes (even if these interactions would not produce run-
time errors) thus guaranteeing that certain security constraints are not violated.
In the printer Example 1, i/o types prevent malicious adversary from stealing
jobs sent to the printer. In the boolean package Example 2, polymorphism pre-
vents free access to the implementation details of the package.

Here are other works that apply types to security, on calculi or languages
that are not based on the �-calculus. Smith and Volpano [44] use type systems
to control information �ow and to guarantee that private information is not
improperly disclosed. Program variables are separated into high security and
low security variables; the type system prevents information from �owing from
high variables to low variables, so that the �nal values of the low variables are
independent of the initial values of the high variables. On the use of type systems
for controlling the �ow of secure information, see also Heintze and Riecke [15].
Leroy and Rouaix [25] show how types can guarantee certain security properties
on applets. Necula and Lee's proof-carrying code [31] is an elegant technique for
ensuring safety of mobile code; mobile code is equipped with a proof attesting the
conformity of the code to some safety policy. De�ning and checking the validity
of proofs exploits the type theory of the Edinburgh Logical Framework.

Applications of type theories to process reasoning include the use of theorem
provers to verify the correctness of process protocols and process transformations
[4, 33, 14].

We conclude mentioning a denotational approach to types for reasoning on
processes. Abramsky, Gay and Nagarajan [2] have proposed Interaction Cate-
gories as a semantic foundation for typed concurrent languages, based on cate-
gory theory and linear logic. In Interaction Categories, objects are types, mor-
phisms are processes respecting those types, and composition is process interac-
tion. Interaction Categories have been used to give the semantics to data-�ow
languages such as Lustre and Signal, and to de�ne classes of processes that
are deadlock-free in a compositional way. [13] presents a typed process calculus
whose design follows the structure of Interaction Categories. It is not clear at
present how Interaction Categories can handle process mobility and distribution.
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Abstract. This study o�ers a characterization of the collection of prop-
erties expressible in Hennessy-Milner Logic (HML) with recursion that
can be tested using �nite LTSs. In addition to actions used to probe the
behaviour of the tested system, the LTSs that we use as tests will be
able to perform a distinguished action nok to signal their dissatisfaction
during the interaction with the tested process. A process s passes the

test T i� T does not perform the action nok when it interacts with s.
A test T tests for a property � in HML with recursion i� it is passed
by exactly the states that satisfy �. The paper gives an expressive com-
pleteness result o�ering a characterization of the collection of properties
in HML with recursion that are testable in the above sense.

1 Introduction

Observational semantics for concurrent processes are based upon the general
idea that two processes should be equated, unless they behave di�erently, in
some precise sense, when they are made to interact with some distinguishing
environment. Such an idea is, in arguably its purest form, the foundation of
the theory of the testing equivalences of De Nicola and Hennessy [4, 6]. In
the theory of testing equivalence, two processes, described abstractly as labelled
transition systems (LTSs) [8], are deemed to be equivalent i� they pass exactly
the same tests. A test is itself an LTS � i.e., a process � which may perform
a distinguished action to signal that it is (un)happy with the outcome of its
interaction with the tested process. Intuitively, the purpose of submitting a
process to a test is to discover whether it enjoys some distinguished property
or not. Testing equivalence then stipulates that two processes that enjoy the
same properties for which tests can be devised are to be considered equivalent.
The main aim of this study is to present a characterization of the collection of
properties of concurrent processes that can be tested using LTSs. Of course,
in order to be able to even attempt such a characterization (let alone provide
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it), we need to precisely de�ne a formalism for the description of properties of
LTSs, single out a collection of LTSs as tests, and describe the testing process
and when an LTS passes or fails a test.

As our speci�cation formalism for properties of processes, we use Hennessy-
Milner Logic (HML) with recursion [10]. This is a very expressive property
language which results from the addition of least and greatest �xed points to
the logic considered by Hennessy and Milner in their seminal study [7]. The
resulting property language is indeed just a reformulation of the modal �-calculus
[10]. Following the idea of using test automata to check whether processes enjoy
properties described by formulae in such a language [2, 1], we use �nite LTSs as
property testers. In addition to actions used to probe the behaviour of the tested
system, the LTSs that we use as tests will be able to perform a distinguished
action nok (read `not okay') to signal their dissatisfaction during the interaction
with the tested process. As in the approach underlying the testing equivalences,
a test interacts with a process by communicating with it, and, in keeping with
the aforementioned references, the interaction between processes and tests will
be described using the (derived) operation of restricted parallel composition from
CCS [13].

We say that a process s fails the test T i� T can perform the action nok when
it interacts with s. Otherwise s passes T . A test T tests for a property � in HML
with recursion i� it is passed by exactly the states that satisfy �. The main result
of the paper is an expressive completeness result o�ering a characterization of
the collection of properties in HML with recursion that are testable in the above
sense. We refer to this language as SHML (for `safety HML'). More precisely we
show that:

� every property � of SHML is testable, in the sense that there exists a test
T� such that s satis�es � if and only if s passes T�, for every process s; and

� every test T is expressible in SHML, in the sense that there exists a formula
�T of SHML such that, for every process s, the agent s passes T if and only
if s satis�es �T .

This expressive completeness result will be obtained as a corollary of a stronger
result pertaining to the compositionality of the property language SHML. A
property language is compositional if checking whether a composite system skT
satis�es a property � can be reduced to deciding whether the component s has a
corresponding property �=T . As the property �=T is required to be expressible
in the property language under consideration, compositionality clearly puts a
demand on its expressive power. Let Lnok be the property language that only
contains the simple safety property [nok]ff, expressing that the nok action cannot
be performed. We prove that SHML is the least expressive, compositional exten-
sion of the language Lnok (Thm. 3.19). This yields the desired expressive com-
pleteness result because any compositional property language that can express
the property [nok]ff is expressive complete with respect to tests (Propn. 3.13).
Any increase in expressiveness for the language SHML can only be obtained at
the loss of testability.
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The paper is organized as follows. After reviewing the model of labelled
transition systems and HML with recursion (Sect. 2), we introduce tests and
describe how they can be used to test for properties of processes (Sect. 3). We
then proceed to argue that not every formula in HML with recursion is testable
(Propn. 3.4), but that its sub-language SHML is (Sect. 3.1). Our main results
on the compositionality and completeness of SHML are presented in Sect. 3.2.

2 Preliminaries

We begin by brie�y reviewing the basic notions from process theory that will
be needed in this study. The interested reader is referred to, e.g., [7, 10, 13] for
more details.

Labelled Transition Systems Let Act be a set of actions, and let a; b range
over it. We assume that Act comes equipped with a mapping � : Act ! Act

such that a = a, for every a 2 Act. Action �a is said to be the complement of
a. We let Act� (ranged over by �) stand for Act [ f�g, where � is a symbol not
occurring in Act. Following Milner [13], the symbol � will stand for an internal
action of a system; such actions will typically arise from the synchronization of
complementary actions (cf. the rules for the operation of parallel composition in
Defn. 2.2).

De�nition 2.1. A labelled transition system (LTS) over the set of actions Act�
is a triple T = hS;Act� ;�!i where S is a set of states, and �! � S �Act� �S
is a transition relation. An LTS is �nite i� its set of states and its transition
relation are both �nite. It is rooted if a distinguished state root(T ) 2 S is singled
out as its start state.

As it is standard practice in process theory, we use the more suggestive notation

s
�
! s0 in lieu of (s; �; s0) 2�!. We also write s

�
9 if there is no state s0 such

that s
�
! s0. Following [13], we now proceed to de�ne versions of the transition

relations that abstract from the internal evolution of states as follows:

s
"
) s0 i� s

�
!

�

s0

s
�
) s0 i� 9s1; s2: s

"
) s1

�
! s2

"
) s0

where we use
�
!

�

to stand for the re�exive, transitive closure of
�
!.

De�nition 2.2 (Operations on LTSs).

� Let Ti = hSi;Act� ;�!ii (i 2 f1; 2g) be two LTSs. The parallel composition
of T1 and T2 is the LTS T1 k T2 = hS1 � S2;Act� ;�!i, where the transition
relation �! is de�ned by the rules (� 2 Act� ; a 2 Act):

s1
�
!1 s

0
1

s1ks2
�
! s01ks2

s2
�
!2 s

0
2

s1ks2
�
! s1ks

0
2

s1
a
!1 s

0
1 s2

a
!2 s

0
2

s1ks2
�
! s01ks

0
2

In the rules above, and in the remainder of the paper, we use the more
suggestive notation s k s0 in lieu of (s; s0).
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� Let T = hS;Act� ;!i be an LTS and let L � Act be a set of actions. The
restriction of T over L is the LTS T nL = hSnL;Act� ;;i, where SnL =
fsnL j s 2 Sg and the transition relation ; is de�ned by the rules:

s
�
! s0

snL
�
; s0nL

s
a
! s0

snL
a
; s0nL

where a; a 62 L.

The reader familiar with [13] may have noticed that the above de�nitions of
parallel composition and restriction are precisely those of CCS. We refer the
interested reader to op. cit. for more details on these operations.

Hennessy-Milner Logic with Recursion In their seminal study [7], Hen-
nessy and Milner gave a logical characterization of bisimulation equivalence [14]
(over states of image-�nite LTSs) in terms of a (multi-)modal logic which has
since then been referred to asHennessy-Milner Logic (HML). For the sake of com-
pleteness and clarity, we now brie�y review a variation of this property language
for concurrent processes which contains operations for the recursive de�nition
of formulae � a feature that dramatically increases its expressive power. The
interested reader is referred to, e.g., [10] for more details.

De�nition 2.3. Let Var be a countably in�nite set of formula variables, and let
nok denote an action symbol not contained in Act. The collection HML(Var) of
formulae over Var and Act [ fnokg is given by the following grammar:

� ::= tt j ff j � _ � j � ^ � j h�i� j [�]� j X j min(X;�) j max(X;�)

where � 2 Act [ fnokg, X is a formula variable and min(X;�) (respectively,
max(X;')) stands for the least (respectively, largest) solution of the recursion
equation X = '.

We use SHML(Var) (for `safety HML') to stand for the collection of formulae
in HML(Var) that do not contain occurrences of _, h�i and min(X;�).

A closed recursive formula of HML(Var) is a formula in which every formula
variable X is bound, i.e., every occurrence of X appears within the scope of
some min(X;�) or max(X;�) construct. A variable X is free in the formula � if
some occurrence of it in � is not bound. For example, the formula max(X;X) is
closed, but min(X; [a]Y ) is not because Y is free in it. The collection of closed
formulae contained in HML(Var) (respectively, SHML(Var)) will be written HML

(resp. SHML). In the remainder of this paper, every formula will be closed,
unless speci�ed otherwise, and we shall identify formulae that only di�er in the
names of their bound variables. For formulae � and  , and a variable X , we
write �f =Xg for the formula obtained by replacing every free occurrence of X
in � with  . The details of such an operation in the presence of binders are
standard (see, e.g., [15]), and are omitted here.

Given an LTS T = hS;Act� ;�!i, an environment is a mapping � : Var ! 2S .
For an environment �, variable X and subset of states S, we write �[X 7! S] for
the environment mapping X to S, and acting like � on all the other variables.
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De�nition 2.4 (Satisfaction Relation). Let T = hS;Act� ;�!i be an LTS.
For every environment � and formula ' contained in HML(Var), the collection
[[']]� of states in S satisfying the formula ' with respect to � is de�ned by
structural recursion on ' thus:

[[tt]]�
def
= S

[[ff]]�
def
= ?

[['1 _ '2]]
def
= [['1]]� [ [['2]]�

[['1 ^ '2]]
def
= [['1]]� \ [['2]]�

[[h�i']]
def
=
n
s j s

�
) s0 for some s0 2 [[']]�

o

[[[�]']]
def
=
n
s j for every s0, s

�
) s0 implies s0 2 [[']]�

o

[[X ]]�
def
= �(X)

[[min(X;')]]�
def
=
\

fS j [[']]�[X 7! S] � Sg

[[max(X;')]]�
def
=
[

fS j S � [[']]�[X 7! S]g :

The interested reader will �nd more details on this de�nition in, e.g., [10]. Here
we just con�ne ourselves to remarking that, as the interpretation of each formula
� containing at most X free induces a monotone mapping [[�]] : 2S ! 2S , the
closed formulae min(X;�) and max(X;�) are indeed interpreted as the least and
largest solutions, respectively, of the equation X = �. If ' is a closed formula,
then the collection of states satisfying it is independent of the environment �,
and will be written [[']]. In the sequel, for every state s and closed formula ',
we shall write s j= ' (read `s satis�es '') in lieu of s 2 [[']].

When restricted to SHML, the satisfaction relation j= is the largest relation
included in S�SHML satisfying the implications in Table 1. A relation satisfying
the de�ning implications for j= will be called a satis�ability relation. It follows
from standard �xed-point theory [16] that, over S �HML, the relation j= is the
union of all satis�ability relations and that the above implications are in fact
biimplications for j=.

Remark. Since nok is not contained in Act, every state of an LTS trivially
satis�es formulae of the form [nok]�. The role played by these formulae in the
developments of this paper will become clear in Sect. 3.2. Dually, no state of an
LTS satis�es formulae of the form hnoki'.

Formulae � and  are logically equivalent (with respect to j=) i� they are satis�ed
by the same states. We say that a formula is satis�able i� it is satis�ed by at
least one state in some LTS, otherwise we say that it is unsatis�able.

3 Testing Formulae

As mentioned in Sect. 1, the main aim of this paper is to present a complete
characterization of the class of testable properties of states of LTSs that can

45Testing Hennessy-Milner Logic with Recursion    



s j= tt ) true

s j= ff ) false

s j= '1 ^ '2 ) s j= '1 and s j= '2

s j= [�]' ) 8s0: s
�
) s0 implies s0 j= '

s j= max(X;') ) s j= 'fmax(X;')=Xg

Table 1. Satisfaction implications

be expressed in the language HML. In this section we de�ne the collection of
tests and the notion of property testing used in this study. Informally, testing
involves the parallel composition of the tested state with a test. Following the
spirit of the classic approach of De Nicola and Hennessy [4, 6], we say that the
tested state fails a test if the distinguished reject action nok can be performed
by the test while it interacts with it, and passes otherwise. The formal de�nition
of testing then involves the de�nition of what a test is, how interaction takes
place and when the test has failed or succeeded. We now proceed to make these
notions precise.

De�nition 3.1 (Tests). A test is a �nite, rooted LTS over the set of actions
Act� [ fnokg.

In the remainder of this study, tests will often be concisely described using the
regular fragment of Milner's CCS [13] given by the following grammar:

T ::= 0 j �:T j T + T j X j �x(X = T )

where � 2 Act� [ fnokg, and X ranges over Var. As usual, we shall only be
concerned with the closed expressions generated by the above grammar, with
�x(X = T ) as the binding construct, and we shall identify expressions that only
di�er in the names of their bound variables. In the sequel, the symbol � will
be used to denote syntactic equality up to renaming of bound variables. The
operation of substitution over the set of expressions given above is de�ned ex-
actly as for formulae in HML(Var). The operational semantics of the expressions
generated by the above grammar is given by the classic rules for CCS. These are
reported below for the sake of clarity:

�:T
�
! T

T1
�
! T 0

1

T1 + T2
�
! T 0

1

T2
�
! T 0

2

T1 + T2
�
! T 0

2

Tf�x(X = T )=Xg
�
! T 0

�x(X = T )
�
! T 0

where � is either nok or an action in Act� . The intention is that the term T
stands for the test whose start state is T itself, whose transitions are precisely
those that are provable using the above inference rules, and whose set of states
is the collection of expressions reachable from T by performing zero or more
transitions. We refer the reader to [13] for more information on the operational
semantics of CCS.
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De�nition 3.2 (Testing Properties). Let ' be a formula in HML, and let T
be a test.

� A state s of an LTS passes the test T i� (skroot(T ))nAct
nok

;. Otherwise we
say that s fails the test T .

� We say that the test T tests for the formula ' (and that ' is testable) i� for
every LTS T and every state s of T , s j= ' i� s passes the test T .

� Let L be a collection of formulae in HML. We say that L is testable i� each
of the formulae in L is.

Example 3.3. The formula [a]ff states that a process does not a�ord a
a
)-

transition. We therefore expect that a suitable test for such a property is

T � �a:nok:0. Indeed, the reader will easily realize that (skT )nAct
nok

; i� s
a
;,

for every state s. The formula [a]ff is thus testable, in the sense of this paper.

The formula max(X; [a]ff^ [b]X) is satis�ed by those states which cannot per-

form a
a
)-transition, no matter how they engage in a sequence of

b
)-transitions.

A suitable test for such a property is �x(X = �a:nok:0 + �b:X), and the formula
max(X; [a]ff ^ [b]X) is thus testable.

As already stated, our main aim in this paper is to present a characterization of
the collection of HML-properties that are testable in the sense of Defn. 3.2. To
this end, we begin by providing evidence to the e�ect that not every property
expressible in HML is testable.

Proposition 3.4 (Two Negative Results).

1. Let � be a formula in HML. Suppose that � is satis�able. Then, for every
action a in Act, the formula hai� is not testable.

2. Let a and b be two distinct actions in Act. Then the formula [a]ff _ [b]ff is
not testable.

Remark. If ' is unsatis�able, then the formula hai' is logically equivalent to
ff. Since ff is testable using the test nok:0, the requirement on ' is necessary
for Propn. 3.4(1) to hold. Note moreover that, as previously remarked, both the
formulae [a]ff and [b]ff are testable, but their disjunction is not (Propn. 3.4(2)).

Our aim in the remainder of this paper is to show that the collection of testable
properties is precisely SHML. This is formalized by the following result.

Theorem 3.5. The collection of formulae SHML is testable. Moreover, every
testable property in HML can be expressed in SHML.

The remainder of this paper will be devoted to a proof of the above theorem. In
the process of developing such a proof, we shall also establish some results per-
taining to the expressive power of SHML which may be of independent interest.
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3.1 Testability of SHML

We begin our proof of Thm. 3.5 by showing that the language SHML is testable.
To this end, we de�ne, for every open formula � in the language SHML(Var), a
regular CCS expression T� by structural recursion thus:

Ttt
def
= 0 T[a]�

def
= �a:T�

Tff
def
= nok:0 TX

def
= X

T�1^�2
def
= �:T�1 + �:T�2 Tmax(X;�)

def
= �x(X = T�) :

For example, if � � max(X; [a]ff ^ [b]X) then T� is the test �x(X = �:�a:nok:0+
�:�b:X). We recall that we identify CCS descriptions of tests that only di�er in
the name of their bound variables since they give rise to isomorphic LTSs. Our
order of business in this section will be to show the following result:

Theorem 3.6. Let � be a closed formula contained in SHML. Then the test T�
tests for it.

In the proof of this theorem, it will be convenient to have an alternative, novel
characterization of the satisfaction relation for formulae in the language SHML.
This we now proceed to present.

De�nition 3.7. Let T = hS;Act� ;�!i be an LTS. The satisfaction relation j="

is the largest relation included in S�SHML satisfying the following implications:

s j=" tt ) true

s j=" ff ) false

s j=" '1 ^ '2 ) s0 j=" '1 and s0 j=" '2; for every s
0 such that s

"
) s0

s j=" [a]' ) s
a
) s0 implies s0 j=" '; for every s

0

s j=" max(X;') ) s0 j=" 'fmax(X;')=Xg; for every s
0 such that s

"
) s0

A relation satisfying the above implications will be called a weak satis�ability
relation.

The satisfaction relation j=" is closed with respect to the relation
"
), in the sense

of the following proposition.

Proposition 3.8. Let T = hS;Act� ;�!i be an LTS. Then, for every s 2 S

and ' 2 SHML, s j=" ' i� s0 j=" ', for every s0 such that s
"
) s0.

Proof. The only interesting thing to check is that if s j=" ' and s
"
) s0, then

s0 j=" '. To this end, it is su�cient to prove that the relation R de�ned thus:

R
def
= f(s; ') j 9t: t j=" ' and t

"
) sg

is a weak satis�ability relation. The straightforward veri�cation is left to the
reader. 2
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We now proceed to establish that the relations j=" and j= coincide for formulae
in SHML.

Proposition 3.9. Let � be a formula contained in SHML. Then, for every state
s of an LTS, s j= � i� s j=" �.

In the proof of Thm. 3.6, it will be convenient to have at our disposal some
further auxiliary results. For ease of reference, these are collected in the following
lemma.

Lemma 3.10.

1. Let � be a formula in SHML. Assume that T�
nok

!. Then � is logically
equivalent to ff.

2. Let � be a formula in SHML. Assume that T�
�
! T . Then there are formulae

�1 and �2 in SHML such that T � T�1 , and � is logically equivalent to �1^�2.

3. Let � be a formula in SHML. Assume that T�
�a
! T . Then there is a formula

 in SHML such that T � T , and � is logically equivalent to [a] .

Using these results, we are now in a position to prove Thm. 3.6.

Proof of Thm. 3.6: In light of Propn. 3.9, it is su�cient to show that, for
every state s of an LTS and closed formula � 2 SHML,

s j=" � i� (skT�)nAct
nok

; :

We prove the two implications separately.

� `If Implication'. It is su�cient to show that the relation

R
def
=
n
(s; �) j (skT�)nAct

nok

; and � 2 SHML

o

is a weak satis�ability relation. The details of the proof are left to the reader.
� `Only If Implication'. We prove the contrapositive statement. To this
end, assume that

(skT�)nAct
"
) (s0kT 0)nAct

nok

!

for some state s0 and test T 0. We show that s 6j=" � holds by induction on

the length of the computation (skT�)nAct
"
) (s0kT 0)nAct.

� Base Case: (skT�)nAct � (s0kT 0)nAct
nok

!. In this case, we may in-

fer that T�
nok

!. By Lemma 3.10(1), it follows that � is unsatis�able.
Propn. 3.9 now yields that s 6j=" �, which was to be shown.

� Inductive Step: (skT�)nAct
�
! (s00kT 00)nAct

"
) (s0kT 0)nAct

nok

!, for
some state s00 and test T 00. We proceed by a case analysis on the form
the transition

(skT�)nAct
�
! (s00kT 00)nAct

may take.
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� Case: s
�
! s00 and T 00 � T�. In this case, we may apply the inductive

hypothesis to infer that s00 6j=" �. By Propn. 3.8, it follows that
s 6j=" �, which was to be shown.

� Case: T�
�
! T 00 and s = s00. By Lemma 3.10(2), it follows that � is

logically equivalent to �1^�2 for some formulae �1 and �2 in SHML,
and that T 00 � T�1 . By induction, we may now infer that s 6j=" �1.
Since � is logically equivalent to �1 ^ �2, this implies that s 6j=" �
(Propn. 3.9), which was to be shown.

� Case: s
a
! s00 and T�

�a
! T 00, for some action a 2 Act. By

Lemma 3.10(3), it follows that � is logically equivalent to [a] for
some formula  in SHML, and that T 00 � T . By induction, we may
now infer that s00 6j="  . Since � is logically equivalent to [a] and

s
a
! s00 6j="  , this implies that s 6j=" � (Propn. 3.9), which was to be

shown.

This completes the inductive argument, and the proof of the `only if'
implication.

The proof of the theorem is now complete. 2

3.2 Expressive Completeness of SHML

We have just shown that every property ' which can be expressed in the language
SHML is testable, in the sense of Defn. 3.2. We now address the problem of the
expressive completeness of this property language with respect to tests. More
precisely, we study whether all properties that are testable can be expressed in
the property language SHML � in the sense that, for every test T , there exists
a formula  T in SHML such that every state of an LTS passes the test T if,
and only if, it satis�es  T . Our aim in this section is to complete the proof
of Thm. 3.5 by arguing that the language SHML is expressive complete, in the
sense that every test T may be expressed as a property in the language SHML

in the precise technical sense outlined above. This amounts to establishing an
expressive completeness result for SHML akin to classic ones presented in, e.g.,
[9, 5, 17]. In the proof of this expressive completeness result, we shall follow an
indirect approach by focusing on the compositionality of a property language L
with respect to tests and the parallel composition operator k. As we shall see
(cf. Propn. 3.13), if a property language L, that contains the property [nok]ff,
is compositional with respect to tests and k (cf. Defn. 3.12) then it is expressive
complete (cf. Defn. 3.11). We shall show that SHML is compositional with
respect to tests and k, and obtain the expressive completeness of such a language
as a corollary of this stronger result.

We begin with some preliminary de�nitions, introducing the key concepts of
compositionality and (expressive) completeness.

De�nition 3.11 (Expressive completeness). Let L be a collection of for-
mulae in HML. We say that L is (expressive) complete (with respect to tests) if
for every test T there exists a formula 'T 2 L such that, for every state s of an
LTS, s j= 'T i� s passes the test T .
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Compositionality, on the other hand, is formally de�ned as follows:

De�nition 3.12 (Compositionality). Let L be a collection of formulae in
HML. We say that L is compositional (with respect to tests and k) if, for every
' 2 L and every test T , there exists a formula '=T 2 L such that, for every
state s of an LTS, s k root(T ) j= ' i� s j= '=T .

Intuitively, the formula '=T states a necessary and su�cient condition for state
s to satisfy ' when it is made to interact with the test T .

Our interest in compositionality stems from the following result that links it
to the notion of completeness. In the sequel, we use Lnok to denote the property
language that only consists of the formula [nok]ff. (Recall that nok is a fresh
action not contained in Act.)

Proposition 3.13. Let L be a collection of formulae in HML that includes Lnok.
Suppose that L is compositional. Then L is complete with respect to tests.

Proof. Consider an arbitrary test T . We aim at exhibiting a formula �T 2 L
meeting the requirements in Defn. 3.11. Since L is compositional and contains
the formula [nok]ff, we may de�ne 'T to be the formula ([nok]ff)=T . Let s be
an arbitrary state of an LTS. We can now argue that s passes T i� it satis�es
�T thus:

s passes the test T i� (skroot(T ))nAct
nok

;

i� (skroot(T ))nAct j= [nok]ff

i� (skroot(T )) j= [nok]ff

(As nok 62 Act)

i� s j= ([nok]ff)=T

(As L is compositional)

i� s j= 'T :

This completes the proof. 2

As we shall now show, SHML is compositional with respect to tests and k, and
thus expressive complete with respect to tests. We begin by de�ning a quotient
construction for formulae of SHML, in the spirit of those given for di�erent
property languages and over di�erent models in, e.g., [12, 3, 11].

De�nition 3.14 (Quotient Construction). Let T be a test, and let t be one
of its states. For every formula ' SHML, we de�ne the formula '=t (read `'
quotiented by t') as shown in Table 2.

Some remarks about the de�nition presented in Table 2 are now in order. The
de�nition of the quotient formula '=t presented ibidem should be read as yielding
a �nite list of recursion equations, over variables of the form  =t0, for every
formula ' and state t of a test. The quotient formula '=t itself is the component
associated with '=t in the largest solution of the system of equations having '=t
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ff=t
def
= ff

tt=t
def
= tt

(�1 ^ �2)=t
def
= �1=t ^ �2=t

([�]�)=t
def
= [�](�=t) ^

^
n
t0 j t

�
) t0

o(�=t
0) ^

^
n
(b; t0) j t

b
) t0

o[b]
�
([�]�)=t0

�

max(X;�)=t
def
= (�fmax(X;�)=Xg)=t

Table 2. Quotient construct for SHML

as leading variable. For instance, if ' is the formula [a]ff and t is a node of a

test whose only transition is t
�b
! t, then, as the reader can easily verify, '=t is

the largest solution of the recursion equation:

'=t
def
= [a]ff ^ [b]('=t)

which corresponds to the formula max(X; [a]ff ^ [b]X) in the property language
SHML. This formula states the, intuitively clear, fact that a state of the form
s k t cannot perform a

a
)-transition i� s cannot execute such a step no matter

how it engages in a sequence of synchronizations on b with t. Note that the
quotient of a recursion-free formula may be a formula involving recursion. It
can be shown that this is inevitable, because the recursion-free fragment of
SHML is not compositional. Finally, we remark that, because of our �niteness
restrictions on tests, the right-hand side of the de�ning equation for ([�]�)=t is
a �nite conjunction of formulae.

The following key result states the correctness of the quotient construction.

Theorem 3.15. Let ' be a closed formula in SHML. Suppose that s is a state
of an LTS, and t is a state of a test. Then s k t j= ' i� s j= '=t.

Proof. We prove the two implications separately.

� `Only If Implication'. Consider the environment � mapping each variable
'=t in the list of equations in Table 2 to the set of states fs j skt j= 'g. We
prove that � is a post-�xed point of the monotonic functional on environ-
ments associated with the equations in Table 2, i.e., that if s 2 �(�=t) then
s 2 [[ ]]�, where  is the right-hand side of the de�ning equation for �=t.
This we now proceed to do by a case analysis on the form the formula ' may
take. We only present the details for the most interesting case in the proof.

� Case: ' � [�] . Assume that skt j= [�] . We show that state s
is contained in [[�]]� for every conjunct � in the right-hand side of the
de�ning equation for ([�] )=t.
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� Case: � � [�]( =t). To show that s 2 [[�]]�, it is su�cient to prove

that s0 2 [[ =t]]�, for every s0 such that s
�
) s0. To this end, we

reason as follows:

s
�
) s0 implies skt

�
) s0kt

implies s0kt j=  

(As skt j= [�] )

i� s0 2 �( =t)

(By the de�nition of �)

i� s0 2 [[ =t]]� :

� Case: � �  =t0 with t
�
) t0. To show that s 2 [[�]]�, it is su�cient

to prove that s 2 [[ =t0]]�, for every t0 such that t
�
) t0. To this end,

we reason as follows:

t
�
) t0 implies skt

�
) skt0

implies skt0 j=  

(As skt j= [�] )

i� s 2 �( =t0)

(By the de�nition of �)

i� s 2 [[ =t0]]� :

� Case: � � [�b]
�
([�] )=t0

�
with t

b
) t0. To show that s 2 [[�]]�, it

is su�cient to prove that s0 2 [[([�] )=t0]]�, for every s0 such that

s
�b
) s0. To this end, we reason as follows:

s
�b
) s0 and t

b
) t0 imply skt

�
) s0kt0

implies s0kt0 j= [�] 

(By Propns. 3.8 and 3.9, as skt j= [�] )

i� s0 2 �(([�] )=t0)

(By the de�nition of �)

i� s0 2 [[([�] )=t0]]� :

The proof for the case � � [�] is now complete.

� `If Implication'. Consider the relation R de�ned thus:

R
def
= f(skt; ') j s j= '=tg :

It is not hard to show that R is a satis�ability relation.

The proof of the theorem is now complete. 2

Corollary 3.16. The property language SHML is compositional with respect to
tests and the parallel composition operator k.
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Proof. Given a property ' 2 SHML and a test T , de�ne '=T to be the formula
'=root(T ) given by the quotient construction. The claim is now an immediate
consequence of Thm. 3.15. 2

Theorem 3.17. The property language SHML is expressive complete.

Example 3.18. Applying the construction in the proof of Propn. 3.13, and the
de�nition of the quotient formula to the tests

T1 � �x(X = �a:nok:0+�b:X) and

T2 � �x(X = �:�a:nok:0+ �:�b:X)

yields that the formula tested by both T1 and T2 is max(X; [a]ff ^ [b]X).

Collecting the results in Thms. 3.6 and 3.17, we have now �nally completed
the proof of Thm. 3.5. Thus, as claimed, the collection of testable properties
coincides with that of the properties expressible in SHML. The following result
gives another characterization of the expressive power of SHML which has some
independent interest.

Theorem 3.19. The property language SHML is the least expressive extension
of Lnok that is compositional with respect to tests and k.

Proof. Assume that L is a property language that extends Lnok and is compo-
sitional. We show that every property in SHML is logically equivalent to one in
L, i.e., that L is at least as expressive as SHML. To this end, let ' be a property
in SHML. By Thm. 3.6, there is a test T' such that s j= ' i� s passes the
test T', for every state s. Since L is an extension of Lnok that is compositional,
Propn. 3.13 yields that L is complete. Thus there is a formula  2 L such that
s j=  i� s passes the test T', for every state s. It follows that  and ' are
satis�ed by precisely the same states, and are therefore logically equivalent. 2
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A Strong Logic Programming View for

Static Embedded Implications ?
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Abstract. A strong (L) logic programming language ([14, 15]) is given by two sub-
classes of formulas (programs and goals) of the underlying logic L, provided that:
�rstly, any program P (viewed as a L-theory) has a canonical model MP which is
initial in the category of all its L-models; secondly, the L-satisfaction of a goal G in
MP is equivalent to the L-derivability of G from P , and �nally, there exists an e�ective
(computable) proof-subcalculus of the L-calculus which works out for derivation of
goals from programs. In this sense, Horn clauses constitute a strong (�rst-order) logic
programming language. Following the methodology suggested in [15] for designing logic
programming languages, an extension of Horn clauses should be made by extending its
underlying �rst-order logic to a richer logic which supports a strong axiomatization of
the extended logic programming language. A well-known approach for extending Horn
clauses with embedded implications is the static scope programming language presented
in [8]. In this paper we show that such language can be seen as a strong FO� logic
programming language, where FO� is a very natural extension of �rst-order logic with
intuitionistic implication. That is, we present a new characterization of the language
in [8] which shows that Horn clauses extended with embedded implications, viewed as
FO�-theories, preserves all the attractive mathematical and computational properties
that Horn clauses satisfy as �rst-order-theories.

1 Introduction

Horn clause programs are theories in �rst-order logic (namely FO) whose computation
relation (between programs and goals) is equivalent to the following relations of FO:
logical consequence, derivability and satisfaction in the least Herbrand model of the
program. Moreover, the least Herbrand model of a program is initial in the category
of all �rst-order models of the program and it exactly satis�es the goals which are
satis�ed in every model in this category. In other words, Horn clauses can be seen
as a FO logic programming language, in the strong sense of [14, 15], because its un-
derlying logic FO has attractive (model-theoretic) mathematical and (proof-theoretic)
computational properties (for programs and goals). This idea was formalized in [14, 15]
where the notion of a strong logic programming language is de�ned as a restriction of
an underlying logic satisfying good properties. This means, once �xed an underlying
logic, setting which subclasses of its formulas correspond to the classes of programs and
queries or goals, respectively. The underlying logic, for these subclasses, must satisfy
three properties: mathematical semantics, goal completeness and operational seman-
tics. The mathematical semantics property requires that any program has a canonical

? This work has been partially supported by the CICYT-project TIC95-1016-C02-02.
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model, which is initial in the class of all models of the program (seen as a theory in
the underlying logic). Goal completeness means that logical satisfaction of goals in
the initial model is equivalent to the derivability relation (of the logic) restricted to
programs and goals. The operational semantics property means the existence of an ef-
fective (computable) proof-subcalculus of the calculus (of the logic) for deriving goals
from programs. We believe that this view of axiomatizing a logic programming lan-
guage inside an underlying logic has many advantages. On one hand, it allows one to
separate general logical features from programming language features. On the other
hand, a useful way to analyse, compare and integrate di�erent programming features
is to axiomatize them into a common underlying logic.

Attempts to extend Horn clause logic programming (e.g. with modules, higher-order,
data abstraction, etc.) should be done by preserving (as much as possible) the above-
mentioned mathematical and computational properties. Since Horn clause logic is the
greatest fragment of FO admitting initial models, concrete extensions could require
to change (by restricting or enriching) the underlying logic FO. Many approaches are
concerned with extending Horn clauses with some features for program structuring
that can be seen as a form of modularity in logic programming (see for instance [2]
for a survey). Some of them consider the extension of Horn clauses with implication
goals of the form D � G, called blocks, where D can be seen as a local set of clauses
(or module) for proving the goal G. This approach yields to di�erent extensions of
Horn clause programming depending on the given semantics to such blocks. A �rst
basic distinction is between closed blocks: G can be proved only using local clauses
from D, and open blocks: G can be proved using D and also the external environment.
Therefore, open blocks require scope rules to �x the interplay between the predicate
de�nitions inside a module D and those in the environment. In general, dealing with
open blocks, a module can extend the de�nition of a predicate already de�ned in
the enviroment. Hence, di�erent de�nitions of the same predicate could have to be
considered, depending on the collection of modules corresponding to di�erent goals.
There are mainly two scope rules, named static and dynamic, allowing this kind of
extension of predicate de�nitions. In the dynamic approach the set of modules taking
part in the resolution of a goal G can only be determined from the sequence of goals
generated until G. However, in the static case this set of modules can be determined
(for each goal) statically from the block structure of the program. Di�erent proposals of
logic programming languages for open blocks with dynamic scope have been presented
and studied in several papers (e.g.[4{6, 16{18]). The static scope approach has been
mainly studied in [8, 7]. In [2, 7] both di�erent approaches are compared. Some other
works (e.g. [19, 20]) treat open blocks with di�erent scope rules avoiding this kind of
predicate extension.

In [16] Miller proves that the proof-theoretic semantics for its dynamic scope program-
ming language is based on intuitionistic logic, and in [2] it is shown that the Miller's
canonical model for a program is indeed an intuitionistic model of this program. How-
ever, for the static scope programming language introduced in [8], neither �rst-order
logic nor intuitionistic logic can be used for this purpose. Following the methodology
suggested in [15] for designing logic programming languages, the extension of Horn
clauses with intuitionistic implication should be strongly axiomatized in a logic which
integrates FO and intuitionistic implication. In this paper we introduce a complete
logic called FO�, which is a very natural extension of FO with intuitionistic implica-
tion. We give a new characterization of the well-known semantics for the static scope
programming language presented in [8]. This characterization strongly axiomatizes the
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logic programming language inside FO� logic, showing that it satis�es all the desirable
properties.

The paper is organized as follows: In Section 2 we introduce the formalization of [14,
15] for a strong logic programming language which is the methodological basis for our
work. In Section 3 we give a short introduction to the underlying logic FO� giving
the necessary notions and results for the rest of the paper. In Section 4 we develop the
FO� strong axiomatization of the static scope programming language. We conclude,
in Section 5, by summarizing the presented results and related work.

2 Preliminaries

In this section, we introduce the notions of logic and strong logic programming language,
following [14, 15].

The notion of a logic is obtained by combining an entailment system (formalizing the
proof-theoretical component of a logic) with an institution (formalizing the model-
theoretical component) such that a soundness condition relating provability and satis-
faction holds. An entailment system is a triple (Sign, sen, `) with Sign a category of
signatures, sen a functor associating to each � 2 Sign a set sen(�) of �-sentences and
` a function associating to each � 2 Sign a binary relation `�� P(sen(�))� sen(�),
called �-entailment or�-derivability, which satis�es the properties of re
exivity, mono-
tonicity, transitivity and `-translation (i.e. preservation by signature morphisms). An
institution is a 4-tuple (Sign; sen;Mod; j=) with Sign and sen as above; Mod is a func-
tor associating to each � 2 Sign a corresponding category Mod(�) whose objects are
called �-structures (or �-models) and whose morphisms preserve the interpretation
given to signature symbols; and j= is a function associating to each � 2 Sign a binary
relation j=�� Mod(�)� sen(�), called �-satisfaction, which satis�es the j=-invariance
property (i.e. for anyM2 2 Mod(�2), H : �1 ! �2, ' 2 sen(�1): Mod(H)(M2) j=�1

'
i� M2j=�2

H(')). Given � � sen(�), Mod(� ) denotes the full subcategory of Mod(�)
determined by the structures M 2 Mod(�) such that M j=� ' for each ' 2 � . The
satisfaction relation induces a logical consequence relation between sets of sentences
and sentences, also denoted j=, as follows: � j=� ' i� M j=� ' for each M 2 Mod(� ).
A logic is given by an entailment system and an institution sharing the same signatures
and sentences, such that it holds soundness of the derivability relation w.r.t. the logical
consequence relation. A logic is a 5-tuple L=(Sign, sen, Mod, `, j=) such that:

{ (Sign, sen, `) is an entailment system

{ (Sign, sen, Mod, j=) is an institution

{ For any� 2 Sign, � � sen(�) and ' 2 sen(�), � `� ' =) � j=� ' (Soundness).

In addition, there are some other useful properties that a logic could satisfy, like com-
pleteness, compactness, etc.

From the axiomatic point of view, a strong logic programming language is a 4-tuple
LPL= (L, Sign0, prog, goal) with:

{ L=(Sign, sen, Mod, `, j=) a logic, namely the underlying logic of LPL
{ Sign0 a subcategory of Sign

{ prog is a functor associating to each � 2 Sign0 a set prog(�) (of �-programs)
included in Pfin(sen(�))

{ goal is a functor associating to each � 2 Sign0 a set of �-goals, goal(�) � sen(�)

such that the following properties are satis�ed:
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1. Mathematical Semantics: Each program P 2 prog(�) has a model MP which is
initial in the category Mod(P ) of all models in Mod(�) satisfying P

2. Goal Completeness (w.r.t. the initial model): For any program P 2 prog(�) and
any goal G 2 goal(�), P `� G () MP j=� G

3. Operational Semantics: Existence of an e�ective proof subcalculus for the deriv-
ability relation `� restricted to prog(�)� goal(�).

3 The Logic FO�

In this section we introduce the sound and complete logic FO� which extends classi-
cal �rst-order logic with intuitionistic implication. We present its language, semantical
structures, logical consequence relation, derivability relation and some other details
which are relevant to understand the rest of the paper. A more detailed presentation
of this logic is out of the scope of this paper and it can be found in [11], in particular
there it is proved soundness and completeness of FO� logic.

A signature � 2 Sign consists of countable sets FS� of function symbols, and PS�
of predicate symbols, with some speci�c arity for each function and predicate sym-
bol. We also assume a countable set V S� of variable symbols. We denote by T� the
set of all well-formed �rst-order �-terms. A term is closed if no variable symbol does
occur on it. Well-formed �-formulas are built, from atomic ones, using classical con-
nectives (:;^;_;!), intuitionistic implication (�), and classical quanti�ers (8; 9). Free
and bound variables and substitution have the usual de�nitions. sen(�) is the set of
�-sentences, that is, �-formulas with no free variables. We will denote formulas by
lowercase Greek letters ';  ; 
; �; : : :. The uppercase Greek letters � and � (probably
with sub- and superscripts) will be used as metavariables for sets of formulas. Model
theory is based on Kripke structures ([21]).

De�nition 1. A Kripke �-structure is a triple K = (W (K);�; hAwiw2W (K)) where
(W (K);�) is a non-empty partially ordered set (of worlds) and each Aw is a �rst-
order �-structure (with universe Aw, over which predicate and function symbols are
interpreted) such that for any pair of worlds v � w in W (K):
{ Av � Aw,
{ pAv � pAw , for all p 2 PS�
{ fAw (a1; : : : ; an) = fAv (a1; : : : ; an), for all a1; : : : ; an 2 Av and f 2 FS� .

Mod(�) will denote the category whose objects are Kripke �-structures. The mor-
phisms in this category will be given in De�nition 6.
We denote by tw the classical �rst-order interpretation tAw of t 2 T� . Terms inter-
pretation behaves monotonically, that is, for any Kripke-structure K and any pair of
worlds v; w 2W (K) such that v � w: tw = tv 2 Av � Aw. The satisfaction of sentences
in worlds is handled by the following forcing relation:

De�nition 2. Let K 2 Mod(�), the binary forcing relation 
� W (K) � sen(�) is
inductively de�ned as follows:

w 6
 F

w 
 p(t1; : : : ; tn) i� (tw1 ; : : : ; t
w
n ) 2 p

Aw

w 
 :' i� w 6
 '
w 
 ' ^  i� w 
 ' and w 
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w 
 ' _  i� w 
 ' or w 
  
w 
 '!  i� if w 
 ' then w 
  
w 
 ' �  i� for all v 2 W (K) such that v � w: if v 
 ' then v 
  
w 
 9x' i� w 
 '(â=x) for some a 2 Aw

1

w 
 8x' i� w 
 '(â=x) for all a 2 Aw.

We will write w;K 
 ' (instead of w 
 ') whenever confusion on the structure K may
occur. This forcing relation gives a non-intuitionistic semantics to negation, classical
implication (!) and universal quanti�cation; as a consequence, the forcing relation
on sentences does not behave monotonically w.r.t. the world ordering. We say that a
sentence is persistent whenever the forcing relation behaves monotonically for it.

De�nition 3. A �-sentence ' is persistent i� for any K 2 Mod(�) and w 2 W (K):
if w 
 ' then v 
 ' for any v 2 W (K) such that v � w.

Persistent sentences play an important role in the FO�-axiomatization of logic pro-
gramming languages with embedded implications, since there is a subclass of persistent
sentences (that can be syntactically delimited) which includes the class of goals.

Proposition 4. Any atomic sentence is persistent. Any sentence ' �  is persistent.
If ' and  are persistent sentences, then ' _  and ' ^  are persistent. If '(â) is a
persistent sentence, then 9x' is persistent.

Proof. For atoms the property is a trivial consequence of the Kripke structure de�ni-
tion. For intuitionistic implication it is also trivial from forcing relation de�nition. The
other two cases are easily proved, by induction, using the forcing relation de�nition for
_;^ and 9.

The satisfaction relation j=�� Mod(�) � sen(�) requires the sentence to be forced
(only) in the minimal worlds of the structure. This satisfaction relation induces the
logical consequence relation, denoted by the same symbol j=� .

De�nition 5. Let K 2 Mod(�) and � [ f'g � sen(�). We say that
(a) A world w 2W (K) is minimal i� there does not exist v 2 W (K) such that v � w

and v 6= w.
(b) K j=� ' (K satis�es ') i� w 
 ' for each minimal world w 2W (K).
(c) � j=� ' (' is logical consequence of � ) i� K j=� � ) K j=� ', for each

K 2 Mod(�).

Morphisms in Mod(�) relate only minimal worlds, with the idea of preserving the
satisfaction relation for ground atoms, in the following way:

De�nition 6. For i = 1; 2, let Ki = (W (Ki);�Ki ; hA
i
wiw2W (Ki)) 2 Mod(�) and let

W (Ki)
min be the set of minimal worlds in W (Ki). A morphism H : K1 ! K2 is given

by a mapping �H :W (K2)
min ! W (K1)

min together with a collection of �rst-order
�-homomorphisms hHw : A1

�H(w) ! A2
wiw2W (K2)

min . If the mapping �H is unique
(for instance when K1 has only one minimal world) then we will identify H directly
with its collection of �rst-order �-homomorphisms.

1 The constant symbol â stands for the syntactic denotation of a (see e.g.[21]).
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Remark 7. We recall that �rst-order �-homomorphisms are mappings that preserve
the operations and relations which (respectively) interpret function and predicate sym-
bols. In particular they preserve ground atoms.

Actually, the above-de�ned 4-tuple FO� = (Sign; sen;Mod; j=) forms an institution.
The satisfaction relation is preserved: for each signature morphism H : � ! �0,
each K0 2 Mod(�0) and each ' 2 sen(�), it is the case that Mod(H)(K0) j=� ' i�
K0 j=�0 sen(H)('), where sen(H) : sen(�) ! sen(�0) is the translation of sentences
induced by H and where Mod(H) : Mod(�0) ! Mod(�) is the forgetful functor as-
sociated to H. This functor applies each �0-structure K0 into a �-structure K with
the same ordered set of worlds and it associates each �rst-order structure A0w into its
forgetful �rst-order structure VH(A

0
w).

Structural Rules

(Init) � B A if A is atomic and A 2 � (FL) �;�; F ;�0
B �

(Cut)
�;� B ' �;�; ';�0

B �
�;� ;�0

B �
(RF) �;�; ';:';�0

B F

Connective Rules

(:L) �;� ;:� B '
�;�;:' B � (R:) �;�; ' B F

�;� B :'

(_L) �;�; ';�
0
B � �;�;  ;�0

B �
�;�; ' _  ;�0

B �
(R_) � B '

� B ' _  
� B  

� B ' _  

(^L) �;�; ';  ;�0
B �

�;�; ' ^  ;�0
B �

(R^) � B ' � B  
� B ' ^  

(! L)
�;� B ' �;�;  ;�0

B �
�;�; '!  ;�0

B �
(R!)

�;�; ' B  
�;� B '!  

(� L)
�;� ;�0;� 0 B ' �;� ;�0;� 0;  ;�00

B �
�;�; ' �  ;�0;� 0;�00

B �
(R �)

�; f'g B  
� B ' �  

Quanti�er Rules

(9L)
�;�; '(c=x);�0

B �
�;�; 9x';�0

B �
(R9)

� B '(t=x)
� B 9x'

(8L)
�;�; '(t=x);�0

B �
�;�; 8x';�0

B �
(R8)

� B '(c=x)
� B 8x'

Fig. 1. A sound and complete sequent calculus for FO�.

We will complete the de�nition of FO� logic by giving a derivability relation `��
P(sen(�))� sen(�) in terms of sequent calculus proofs. The original Gentzen's notion
considers sequents � B � whose antecedent � and consequent � are both �nite (possibly
empty) sequences of formulas. In FO� logic, to deal with classical and intuitionistic
implications inside the same logic, it is essential to introduce extra structure in sequent
antecedents. That is, to achieve soundness and completeness for FO� logic, we consider
sequents consisting of pairs � B ' where the antecedent � is a (�nite) sequence of
(�nite) sets of formulas, and the consequent ' is (like in intuitionistic logic) a single
formula. Uppercase Greek letters �, �0, �00; : : : will be used as metavariables for
sequences of sets of formulas. In order to simplify sequent notation: the semicolon sign
(; ) will represent the in�x operation for concatenation of sequences, � [ f'g will be
abbreviated by �; '; and a set � will be identi�ed with the sequence consisting of this
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unique set. On these bases, we present a sound and complete sequent calculus for the
logic FO� in Figure 1 where (in quanti�er rules) c stands for a new fresh constant
symbol and t stands for a closed term.
Notice that every rule in the calculus of Fig.1 is a natural generalization (to sequences of
sets in the antecedent) of some classical �rst-order sequent rule. Moreover, by viewing
the antecedent as a single set of formulas, the rules for both implication connectives
would coincide. It is also easy to see that (R �) is the unique rule creating a new set
in the antecedent.

De�nition 8. For any (possibly in�nite) set � [ f'g � sen(�) we say that � `� '
i� for some �nite � 0 � � there exists a proof of the sequent � 0 B ' using the calculus
in Figure 1.

In general, a proof for the sequent � B ' is a �nite tree constructed using inference
rules of the calculus, such that the root is the sequent � B ' and whose leaves are
labeled with initial sequents (in our case, these are (Init), (FL), (RF)). In particular,
the antecedent � may be a unitary sequence of one �nite set � . We recall that `�
is the relation induced (by the calculus in Fig.1) on the set P(sen(�))� sen(�). It is
worthwhile noting that this relation satis�es re
exivity, monotonicity and transitivity,
although any rule in the calculus (Fig.1) does not directly correspond with them.
Besides, the `-translation property is also satis�ed. However, the extension to a relation
between sequences of sets of formulas and formulas lacks to satisfy the former three
properties.

4 The Logic Programming Language Horn
�

In this section we give the strong FO� axiomatization for the static scope program-
ming language introduced in [8]. Its syntax is an extension of the Horn clause language,
by adding the intuitionistic implication � in goals. We de�ne this language as the fol-
lowing 4-tuple Horn� = (FO�; Sign0; prog; goal), where Sign0 is the class of �nite
signatures in Sign and, for each � in Sign0, prog(�) is the set of all �-programs, which
are �nite sets of closed D-clauses (called �-clauses), and goal(�) is the set of all closed
G-clauses (called �-goals). D- and G-clauses are recursively de�ned as follows (where
A stands for an atomic formula):

G := A j G1 ^G2 j D � G j 9xG D := A j G! A j D1 ^D2 j 8xD

Following [8], we use a simple de�nition of the operational semantics ofHorn�, given by
a nondeterministic set of rules which de�ne when a �-goal G is operationally derivable
from a program sequence �= P0;...;Pn , in symbols � `s G. Moreover, to deal with
clauses in P 2 prog(�) of the form D1 ^ D2 and 8xD, we utilize the closure (w.r.t.
conjunction and instantiation) set [P ] of all clauses in P . This abstract de�nition of
the operational semantics is more suitable to be compared with the mathematical
semantics of Horn�.

De�nition 9. [P ] is de�ned as the set [f[D] j D 2 Pg where [D] is recursively
de�ned as follows: [A] = fAg, [G ! A] = fG ! Ag, [D1 ^ D2] = [D1] [ [D2],
[8xD] = [f[D(t=x)] j t 2 T� and t is closedg.
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(1) � `s A if A is atomic and A 2 [�]

(2)
P0; : : : ;Pi `s G

P0; : : : ;Pi; : : : ;Pn `s A
if G! A 2 [Pi] and 0 � i � n

(3) � `s G1 � `s G2

� `s G1 ^G2
(4)

� `s G(t=x)
� `s 9xG

(5)
�; fDg `s G
� `s D � G

Fig. 2. Operational Semantics for Horn�.

Notice that w 
 P , w 
 [P ] and also that all clauses in [P ] match the pattern G! A
(with G possibly empty for handling the case A). We extend the notation [P ] to [�] by
[P0;...;Pn] =

Sn
i=0[Pi]. Now, we de�ne � `s G by means of the rules given in Figure 2.

In order to illustrate the operational behaviour of this language we give the Example
10.

Example 10. Let the program with two clauses P = f((b ! c) � c) ! a; bg and let
the goal G1 = a. A proof of P `s G1 is given by the following steps (applying rules in
Figure 2):

P `s a by Rule (2)
if P `s (b! c) � c by Rule (5)
if P ; fb! cg `s c by Rule (2)
if P ; fb! cg `s b by Rule (1) since b 2 P ; fb! cg

However, let now the program with a unique clause Q = f((b ! c) � c) ! ag and
let the goal G2 = b � a. The only way to obtain a proof of Q `s G2 would make the
following steps:

Q `s b � a by Rule (5)
if Q; fbg `s a by Rule (2)
if Q `s (b! c) � c by Rule (5)
if Q; fb! cg `s c by Rule (2)
if Q; fb! cg `s b

Since the last sequent can not be proved then Q 6`s G2.

This example shows the "static scope rule" meaning: the set of clauses which can be
used to solve a goal depends on the program block's structure. Whereas G1 = a can
be proved from the program P because b was de�ned in P , in the case of G2 = b � a
and the program Q the "external" de�nition of b is not permitted for proving the body
of the clause in Q. This is a mayor di�erence with the "dynamic scope rule" used in [16].

In the Appendix A we prove that the proof-subcalculus `s is sound with respect to the
FO�-calculus when restricted to the programming language Horn�.

In the rest of this section we show that Horn� satis�es all the desirable properties
to be a strong FO� logic programming language. In Subsection 4.1 we present the
mathematical (or model) semantics and we prove the goal completeness property. The
operational semantics is studied in Subsection 4.2, showing the equivalence between
mathematical and operational semantics. Also completeness of `s w.r.t. the FO�-
calculus will be proved there as a consequence of previous results. Along the whole
section j= (respectively `) stands for the satisfaction and the logical consequence rela-
tions j=� (respectively the derivability relation `�) of FO

�.
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4.1 Mathematical Semantics and Goal Completeness

In this subsection we �rst de�ne the subcategory FMod(�) of Mod(�). Its objects are
Kripke structures with Herbrand interpretations associated to worlds, with a unique
minimal world and closed w.r.t. superset. Then, we show that to deal with Horn�

programs (as particular FO�-theories) the category Mod(P ) of Kripke �-structures
satisfying P can be restricted to the subcategory FMod(P ). Notice that, for Horn
clauses, the Herbrand models constitute the corresponding subcategory of the general
�rst-order structures. We will prove the existence of a model in FMod(P ) which is
initial in the whole category Mod(P ). Again, one can observe the parallelism with the
least Herbrand model of Horn clauses. Finally, we will prove the goal completeness
property w.r.t. this initial model.

Given a signature �, U� and B� will denote the Herbrand universe and the Herbrand
base, respectively. Consider the complete lattice P(B�) of all Herbrand (�rst-order) �-
interpretations over the universe U� . Any subset K of P(B�), ordered by set inclusion,
can be viewed as a Kripke �-structure. On these structures, I;K 
 ' (or simply I 
 ')
will denote w;K 
 ' for the world w whose �rst-order associated �-structure is I.

De�nition 11. FMod(�) is the full subcategory of Mod(�) whose objects are the
Kripke �-structures fFil(I) j I�B�g where Fil(I) denotes the �lter fJ � B� j J �
Ig. (FMod(�);v) is the partial order given by Fil(I1) v Fil(I2) i� I1 � I2. The
morphisms in FMod(�) can be seen as these inclusions, that is Fil(I1) v Fil(I2) is the
morphism H 2 Mod(�) de�ned by �H(I2) = I1 and the singleton f�: I1 ! I2g.

Remark 12. Note that the morphisms H : K1 ! K2 with K1 2 FMod(�) are unique
since: (i) K1 has only one minimal world and (ii) if A and B are �rst-order �-structures
and A is �nitely generated then the �-homomorphism A! B is unique.

Hence, for formulas ' �  , the forcing relation restricted to the class FMod(�) satis�es:
I 
 ' �  i� for all J � B� such that I � J , if J 
 ' then J 
  .

Proposition 13. Let I1,I2 be two �-interpretations, fIjgj2J a (possibly in�nite) set
of �-interpretations, D a �-clause and G a �-goal.

(a) If I1 
 G then for all I2 such that I1 � I2, I2 
 G
(b) If Ij 
 D for each j 2 J then \jIj 
 D

Proof. (a) is a direct consequence of persistence of goals (see Proposition 4). The proof
of (b) can be made by structural induction on D: For D = A it is trivial, since I 
 A
i� A 2 I. Cases D = D1 ^ D2 and D = 8xD1 can be easily proved by applying the
induction hypothesis. For D = G! A, the case \jIj 
 A is trivial. Now suppose that
\jIj 6
 A, then there exists j 2 J such that Ij 6
 A and Ij 6
 G. Hence \jIj 6
 G holds
by (a), and therefore \jIj 
 G! A.

Proposition 14. (FMod(�);v) is a complete lattice with bottom Fil(;) = P(B�).

Proof. It is enough to de�ne the operations t and u for any (possibly in�nite) collection
fFil(Ii)gi as follows: tiFil(Ii) = Fil([iIi) and uiFil(Ii) = Fil(\iIi).
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The notion of satisfaction between elements in FMod(�) and �-clauses (respectively
-goals), borrowed from the underlying logic, is given by Fil(I) j= D i� I 
 D (respec-
tively for G).
The class of models of a �-program P, denoted FMod(P ), is de�ned as FMod(P ) =
fK2FMod(�) j Kj=Pg or equivalently as fFil(I) j I�B� ; I 
 Pg. FMod(P ) is a full
subcategory of FMod(�).

Proposition 15. There exists a least element MP in FMod(P ) with respect to v.

Proof. FMod(P ) is not empty since Fil(B�) = fB�g satis�es P . As a consequence
of Proposition 13(b), the intersection (u) of elements in FMod(P ) is an element of
FMod(P ). Then MP = ufK2FMod(�) j Kj=Pg belongs to FMod(P ) and it is the
least element w.r.t. v. Moreover, MP = Fil(IP ) with IP = \fI � B� j I 
 Pg.

Then,MP is the initial object in the category FMod(P ). Now, we will prove the initiality
of MP in the (more general) category Mod(P ). Then, following [15], the denotation
function P 7!MP is called the mathematical semantics of Horn�.

De�nition 16. A�-program P is satis�able (respectively F-satis�able) i� there exists
K 2 Mod(�) (respectively K 2 FMod(�)) such that K j= P .

Lemma 17. For each K 2 Mod(�) there exists IK 2 P(B�) (therefore Fil(IK) 2
FMod(�)) such that, for every �-clause D and every �-goal G:
(a) If K j= D then Fil(IK) j= D
(b) If Fil(IK) j= G then K j= G
Moreover, there exists a unique morphism HK :Fil(IK)! K.

Proof. Let K = (W (K);�; hAwiw2W (K)). We consider, for each w 2 W (K), the H-
interpretation Iw = fp(t1; :::; tn) 2 B� j w;K 
 p(t1; :::; tn)g and let IK = \fIw j w 2
W (K)g. That is, IK = fp(t1; :::; tn) 2 B� j K j= p(t1; :::; tn)g. Then, for each �-clause
D and each �-goal G:

(i) If w;K 
 D then Iw 
 D
(ii) If Iw 
 G then w;K 
 G

The proof of above facts (i) and (ii) is made by simultaneous induction on D and G.
(i) and (ii) for an atom A: w;K 
 A i� A 2 Iw i� Iw 
 A. (i) for D1 ^D2, 8xD and
(ii) for G1 ^ G2, 9xG, can be easily proved by applying the induction hypothesis. To
prove (i) for G! A, let us suppose that w;K 
 G! A, then w;K 
 A or w;K 6
 G.
By the induction hypothesis, Iw 
 A or Iw 6
 G holds. Therefore Iw 
 G ! A. To
prove (ii) for D � G, suppose that w;K 6
 D � G, then there exists v 2 W (K) such
that w � v, v;K 
 D and v;K 6
 G. By induction, Iv 
 D and Iv 6
 G hold. Then
Iw 6
 D � G, since w � v implies Iw � Iv.
Now, to prove (a), let us suppose that K j= D, then for all minimal w 2 W (K):
w;K 
 D. Hence, by (i), for all minimal w 2 W (K): Iw 
 D. Then, by Proposition
13(b), IK 
 D holds. Therefore Fil(IK) j= D. The proof for (b) is symmetric, suppose
that Fil(IK) j= G, this means that IK 
 G. Then, by Proposition 13(a), Iw 
 G holds
for all minimal w 2 W (K). Therefore by (ii), w;K 
 G for all minimal w 2 W (K).
Hence K j= G.
The unique morphism HK :Fil(IK)! K is given by the collection of unique �rst-order
�-homomorphisms fHw : IK ! Aw j w minimal in W (K)g.
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Theorem 18. MP is initial in the category Mod(P ).

Proof. Given K 2 Mod(P ), the unique morphism from MP into K is H = HKÆ v
obtained by composing the two morphisms v:MP ! Fil(IK) and HK : Fil(IK)! K
of the previous lemma.

Corollary 19. A �-program P is satis�able i� it is F-satis�able.

Now, we will show that MP is typical in Mod(P ) (and also in FMod(P )) w.r.t. goal
satisfaction.

Proposition 20. For each �-program P and each �-goal G: P j= G i� Fil(I) j= G
for all Fil(I) 2 FMod(P ).

Proof. The only-if part is trivial. For the if part let K 2 Mod(P ), that means K j= P .
Then by Lemma 17 Fil(IK) j= P . Then Fil(IK) j= G and, again by Lemma 17,K j= G.

Theorem 21. For each �-program P and each �-goal G: P j= G i� MP j= G.

Proof. The only-if part is trivial. Conversely,MP j= G is equivalent to \fI � B(�) j I 

Pg 
 G. Therefore I 
 G for all I � B(�) such that I 
 P , hence Fil(I) j= G for all
Fil(I) 2 FMod(P ). Then by Proposition 20, P j= G.

From this result and the fact of that FO� is a complete logic, the goal completeness
property is obtained:

Theorem 22. For each �-program P and each �-goal G, P ` G i� MP j= G.

Remark 23. It is worthwhile noting that: Fil(I) j= G (or I 
 G) i� G is logical
consequence of I. This can be proved by Proposition 20, by seeing I as a (posibly
in�nite) program of ground atoms, and by persistency of G.

4.2 Operational Semantics

In this subsection we �rst de�ne, for each �-program P , an immediate consequence
operator TP (on FMod(�)). The monotonicity and continuity of TP in the lattice
(FMod(�);v) allow us to use the �xpoint semantics as a bridge between the mathe-
matical and the operational semantics. First we prove the equivalence between math-
ematical and �xpoint semantics and then between �xpoint and operational semantics
(given by `s). Speci�cally, given a �-program P , we will use the �xpoint character-
ization of the least model MP of P in terms of TP , to prove that for every �-goal
G, MP j= G if and only if P `s G. We will also show that the proof-subcalculus
`s is sound and complete with respect to the FO� derivability relation, restricted to
Horn�-programs and -goals.

De�nition 24. The immediate consequence operator TP : FMod(�) ! FMod(�) is
given by TP (Fil(I)) = Fil(fA j there exists G ! A 2 [P ] such that Fil(I) j= Gg).
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The operator TP has been de�ned in terms of the satisfaction relation of FO�. That is,
given a �lter (generated by a set of ground atoms), it generates the head of the clauses
whose bodies are satis�ed by this �lter. We want to remark that TP is indeed a FO�

logical consequence operator because we can replace (see Remark 23) the satisfaction of
G in the model Fil(I) (or equivalently the forcing relation of G in the minimal world I)
by the logical consequence of G from I. Unlikely for Horn clauses, logical consequence
can not be replaced by set membership since goals are not just conjunction of atoms.
It is well-known that the least �xpoint and the least pre-�xpoint of a continuous op-
erator in a complete lattice is T!(?) where ? is the bottom in the lattice. In the
Appendix B we prove that the above-de�ned operator TP is monotone and continuous
in the complete lattice (FMod(�);v) and also that the models of P are the pre-�xpoints
of TP . Therefore, the least �xpoint of TP is TwP (P(B�)) which will be simply denoted
TwP . Then the correspondence between mathematical and �xpoint semantics is a direct
consequence of these results.

Theorem 25. For all �-program P , TwP =MP .

Now we will prove the equivalence between mathematical, �xpoint and operational
semantics. We need the following lemma to complete such equivalences. This result
was proved in [8] and our proof is an adaptation (for our operator TP ) of the proof
given there. For that reason we will give a sketch of this proof detailing only the main
di�erences.

Lemma 26. Given a �-program P and a �-goal G, if TwP j= G then P `s G.

Sketch of the proof. Let In denote the minimal world in TnP (P(B�)), for each n � 0.
Since TwP = tn<wT

n
P (P(B�)), the minimal world in TwP is [n<wIn. Then by continuity

of TP it suÆces to prove that In 
 G =) P `s G holds for each n � 0. The proof
is made by induction on the highest number m of (�)-nesting levels in P and G. If
m = 0 (there are no occurrences of � either in P or in G), then the proof can be done
by double induction on n and G. The induction hypothesis holds for at most m � 1
(�)-nesting levels in P and G. For the case m > 0, let us develop in detail only the
subcase n > 0 and G = D1 � G1. Let D

0
1 be the program In [ D1 (seen the atoms

in In as clauses with empty bodies) and let ID0

1
be the minimal world in T!D0

1

. Then

ID0

1

 D1 and In � ID0

1
. Therefore ID0

1

 G1. By induction on D0

1 and G1 (note that

the highest number of (�)-nesting levels in D0
1 and G1 is less than m), In [D1 `s G1

holds. Finally, some `s-properties easy to prove (see [8] for details) are used to obtain
the following implications: In [D1 `s G1 =) In;D1 `s G1 =) In `s (D1 � G1) =)
fA j P `s Ag `s (D1 � G1) =) P `s (D1 � G1).

The following Theorem summarizes all the obtained results. In particular, the equiva-
lence between mathematical and operational semantics is given by (c), (e).

Theorem 27. For each �-program P and each �-goal G, the following sentences are
equivalent:

(a) P j= G
(b) P ` G
(c) MP j= G
(d) TwP j= G
(e) P `s G
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Proof. (a), (b) by the soundness and completeness of FO�

(b), (c) by the goal completeness property (Th. 22)
(c), (d) by the equivalence between mathematical and �xpoint semantics (Th. 25)
(d)) (e) by the Lemma 26
(e)) (b) by the soundness of `s w.r.t. ` (Th. 30 in Appendix A)

Corollary 28. The proof-subcalculus `s is complete with respect to the FO�-calculus
when restricted to the programming language Horn�.

We have used an abstract formulation of the operational semantics, given by the proof-
subcalculus `s. The e�ectiveness of such subcalculus means the capability for imple-
menting it. This task is out of the scope of this paper, however we would like to mention
here some works giving the main ideas towards such implementation. In [8] a less ab-
stract operational semantics is given by using notions of substitution, uni�cation and
variable renaming for the notation [P ]. Whereas this semantics is equivalent to the
given one, it provides an abstract interpreter for the language Horn�. In [1] are also
shown, by means of examples, some of the most relevant points taken into account to
make a concrete implementation.

5 Conclusions and Related Work

We have presented a new characterization for the language Horn� of Horn clauses
extended with static embedded implication (introduced in [8]). Our characterization
is based on the methodology proposed in [14, 15] for de�ne logic programming lan-
guages. Hence, we have enriched the underlying logic (FO) of the original language
(Horn clauses) with intuitionistic implication, in a very natural way, obtaining the
complete logic FO�. Then we have given a FO�-axiomatization of Horn�, showing
that it satis�es all the desirable mathematical and computational properties. The fact
of �xing the underlying logic FO� allows us to deal with Horn�-programs as special
FO�-theories. Therefore, metalogical properties of programs and goals can be studied
in a clean and sound way relative to �xed notions (as model, satisfaction, morphism,
derivability, etc.) in the underlying framework. Following this methodology, we have
obtained a subclass (FMod(�)) of logical structures powerful enough for dealing with
Horn�-programs, like the subclass of Herbrand interpretations is for Horn clauses in
the �rst-order case. Indeed, we show that a program (as a theory) has a (general) model
i� it has a model in the subclass FMod(�). We believe that this is an important result
about the model-theoretic semantics of Horn�. Actually, the equivalence between the
two model-theoretic semantics presented in [8] is a direct consequence of the de�nition
of FMod(�). Moreover, FMod(�) is crucial for both: the initial and the �xpoint seman-
tics. On one hand, for any program P , FMod(P ) has a least element MP which can be
obtained by intersection of all models of P and also as the !-iteration of a continuous
immediate consequence operator TP de�ned on FMod(�). Our �xpoint semantics is
essentially equivalent to the �xpoint semantics of [8], although it is obtained in a very
di�erent way. As we pointed out in Subsection 4.2, the operator TP is indeed based
on the logical consequence of the underlying logic (or equivalently on its satisfaction
relation). However, the immediate consequence operator of [8] is based on the notion
of environment and it requires an ad-hoc satisfaction relation between Herbrand in-
terpretations and goals. Moreover, we prove that the operational semantics of Horn�

is equivalent to the underlying logical derivability relation. In fact, this derivability
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relation is induced by a calculus (Figure 1) designed as an extension of the operational
semantics of Horn�. On the other hand, we have showed that Horn�-programs are
FO�-theories with initial semantics: MP (or equivalently T!P ) is the initial object in
the class Mod(P ) of all (general) models of the program P . Hence, our characterization
of Horn�, �rstly, places some well-known results into the logical framework given by
FO� and, secondly, it extends these results to a strong axiomatization providing a
well-established model-theoretic semantics and an initial semantics.
We believe that further extensions of this logic programming language, for example with
some kind of negation, could be better developed using the logical foundation provided
by this strong FO�-axiomatization. With respect to this matter, there are several
papers dealing with dynamic intuitionistic implication and some kind of negation, e.g.
[3, 5, 9, 10, 12, 13]. We plan to investigate also a possible FO�-axiomatization of the
dynamic scope language of [16] in order to place both languages (from [8] and [16])
into the common underlying logic FO�. FO� and intuitionistic logic are essentially
equivalent to deal with the latter language. We mean, although these two logics di�er
in the universal quanti�er interpretation, both coincide in clause interpretation over
structures with constant universe, and it is well-known (cf. [2, 7]) that these structures
are powerful enough. In [16] it is proved that the operational semantics of its language
corresponds to intuitionistic derivability. In [2] it is shown that the canonical model (of
a program), obtained in [16] by a �xpoint construction, is indeed an intuitionistic model
of the program. They also give an intuitionistic (Kripke's based) model-theory for this
language. Apart from the di�erence in the considered programming language, there
are three most remarkable di�erences with our Kripke's based approach: their logical
structures are generated by terms, our notions of satisfaction and logical consequence
are di�erent, and the worlds of their canonical model are indexed by programs.
A di�erent approach to give logical foundations to this kind of logic programming
languages (or in general to Horn clause extensions) is the transformational one which
consists in translating programs to the language of some well-known logic. In [7] the
language de�ned in [8] is translated to S4-modal logic. They also translate the language
de�ned in [16] in order to set both languages into a common logical framework.
The transformational approach is also taken in [19, 20] where logic programs with em-
bedded implications are translated to Horn clause programs. In [20] the de�nition of a
predicate in a new module overrides its de�nition in previous modules, therefore nested
de�nitions are independent of de�nitions in outer modules. The semantics of such lan-
guages can be de�ned by a direct mapping from programs in the extended language
to Horn clause programs. Then, Horn clause theory can be used to give logical and
computational foundation to the extended language. However, as it is pointed in [2,
20], when predicate extension is allowed, the translation of each predicate de�nition
(inside a module) raises di�erent predicate de�nitions, each one depending on the col-
lection of modules that have to be used. In dynamic scoped languages this collection
can only be determined in run-time, forcing to add new arguments to the translated
predicates to represent the modules currently in use. This makes the transformational
approach inadequate for both semantics and implementation issues. For static scoped
languages, such as the language studied in this paper, this approach could be still use-
ful for implementation issues, since there is a lexical way to determine such collection
of modules (for each goal). However, the translation would not be so direct because of
the multiple transformation of each original predicate. Therefore, in our opinion, for
semantical foundation it is more adequate the model-theoretic approach started in [8],
whose results we have enriched by setting a well-stablished logical framework.

69A Strong Logic Programming View for Static Embedded Implications     



Acknowledgment: The authors are greatly indebted to Fernando Orejas for fruitful
discussions and suggestions.

References

1. Arruabarrena, R. and Navarro, M. On Extended Logic Languages Supporting Pro-
gram Structuring, In: Proc. of APPIA-GULP-PRODE'96, 191-203, (1996).

2. Bugliesi, M., Lamma, E. and Mello, P., Modularity in Logic Programming, Journal
of Logic Programming, (19-20): 443-502, (1994).

3. Bonner, A. J., and McCarty, L. T., Adding Negation-as-Failure to Intuitionistic
Logic Programming, In: Proc. of the North American Conf. on Logic Programming,
MIT Press, 681-703, (1990).

4. Bonner, A. J., McCarty, L. T., and Vadaparty, K., Expresing Database Queries
with Intuitionistic Logic. In: Proc. of the North American Conf. on Logic Program-
ming, MIT Press, 831-850, (1989).

5. Gabbay, D. M., N-Prolog: An Extension of Prolog with Hypothetical Implications.
II. Logical Foundations and Negation as Failure, Journal of Logic Programming
2(4):251-283 (1985).

6. Gabbay, D. M. and Reyle, U., N-Prolog: An Extension of Prolog with Hypothetical
Implications. I., Journal of Logic Programming 1(4):319-355 (1984).

7. Giordano, L., and Martelli, A.; Structuring Logic Programs: A Modal Approach,
Journal of Logic Programming 21:59-94 (1994).

8. Giordano, L., Martelli, A., and Rossi, G., Extending Horn Clause Logic with Im-
plication Goals, Theoretical Computer Sscience, 95:43-74, (1992).

9. Giordano, L., and Olivetti, N.; Combining Negation as Failure and Embedded
Implications in Logic Programs, Journal of Logic Programming 36:91-147 (1998).

10. Harland., J. Succecs and Failure for Hereditary Harrop Formulae, Journal of Logic
Programming, 17:1-29, (1993).

11. Lucio, P. FO�: A Complete Extension of First-order Logic with Intuitionistic
Implication, Technical Research Report UPV-EHU/LSI/TR-6-98, URL address:
http://www.sc.ehu.es/paqui, Submitted to a journal for publication.

12. McCarty, L. T., Clausal Intuitionistic Logic I. Fixed-Point Semantics, Journal of
Logic Programming, 5:1-31, (1988).

13. McCarty, L. T., Clausal Intuitionistic Logic II. Tableau Proof Procedures, Journal
of Logic Programming, 5:93-132, (1988).

14. Meseguer, J., General Logics, In: Ebbinghaus H.-D. et al. (eds), Logic Collo-
quium'87, North-Holland, 275-329, (1989).

15. Meseguer, J., Multiparadigm Logic Programming, In: Proccedings of ALP'92,
L.N.C.S. 632. Springer-Verlag, 158-200, (1992).

16. Miller, D., A Logical Analysis of Modules in Logic Programming, In: Journal of
Logic Programming, 6:79-108, (1989).

17. Miller, D., Abstraction in Logic Programs. In: Odifreddi, P. (ed), Logic and Com-
puter Science, Academic Press, 329-359, (1990).

18. Miller, D., Nadathur, G., Pfenning, F. and Scedrov, A., Uniform Proofs as a Foun-
dation for Logic Programming, Annals of Pure and App. Logic, 51:125-157, (1991).

19. Monteiro, L., Porto, A., Contextual Logic Programmming, In: Proc. 6th Interna-
tional Conf. on Logic Programming, 284-299, (1989).

20. Moscowitz, Y., and Shapiro, E., Lexical logic programs, In: Proc. 8th International
Conf. on Logic Programming, 349-363, (1991).

21. van Dalen, D., and Troelstra, Constructivism in Mathematics: An Introduction
Vol.1 and Vol.2, Elsevier Science, North-Holland, (1988).

70 R. Arruabarrena  et al.



A Appendix: Soundness of the proof-subcalculus

We prove here that the proof-subcalculus `s is sound with respect to the FO�-calculus
when restricted to the programming language Horn�. In the following, the rules in the
FO�-calculus and the rules in `s will be respectively called the logical and operational
rules.

Lemma 29. Let � be a sequence of �-programs P0; :::; Pn (n � 0) and G be a �-goal.
If � `s G then � ` G.

Proof. Soundness of `s w.r.t. ` would be obvious if each operational rule was a logical
rule, but there is a slight di�erence: the use of (8L) and (^L) logical rules is com-
pensated by the use of notation [�] in operational rules (1) and (2). So that, each of
the operational rules (1) through (5) is derivable in the FO�-calculus in the following
way: Rule (1) is derivable using a number of steps of (8L) and (^L) and one step of
(Init). Rule (2) can be seen as a particular case of (! L) when � =  . For this reason
Rule (2) does not need a second premise which holds by (Init). Therefore, Rule (2) is
a combination of (8L), (^L), (! L) and (Init). Rule (3) is (R^), Rule (4) is (R9) and
Rule (5) is (R �).
Now, a proof of the sequent � B G can be made by substituting the corresponding
step(s) in the FO�-calculus for each step in the proof of � `s G.

As a particular case of this lemma, for � being a single program P , the following result
is obtained:

Theorem 30. Given a �-program P and �-goal G, if P `s G then P ` G.

B Appendix: Fixpoint Semantics

In this part, we prove the results that are suÆcient to establish that T!P is the least
�xpoint of the operator TP de�ned in Subsection 4.2 and that T!P is the least model of
P .

Proposition 31. TP is monotone.

Proof. Suppose that Fil(I1) v Fil(I2), that is I1 � I2. Then (by Proposition 13(a))
fA j G ! A 2 [P ], I1 
 Gg � fA j G ! A 2 [P ], I2 
 Gg holds. Therefore
TP (Fil(I1)) v TP (Fil(I2)).

In order to prove the continuity of TP , we �rst establish the following key lemma:

Lemma 32. For every chain I1 � I2 � ...� Ij �..., of Herbrand �-interpretations,
every �-clause D and every �-goal G,

(a) [jIj 
 G =) there exists j0 such that Ij0 
 G

(b) [jIj 6
 D =) there exists j0 such that Ij0 6
 D

71A Strong Logic Programming View for Static Embedded Implications     



Proof. We proceed by simultaneous induction. For atoms (a) and (b) are trivial since
I 
 A i� A 2 I. (a) for G = 9xG1 and (b) for D = D1 ^D2, D = 8xD1 can be easily
proved by the induction hypothesis.
To prove (a) for G = G1 ^ G2 suppose that [jIj 
 G1 ^ G2. Then for some indices
j1,j2: Ij1 
 G1 and Ij2 
 G2. Hence Ij 
 G1 ^G2 holds for j = max(j1; j2).
Now, consider (b) for D = G1 ! A1. If [jIj 6
 D then [jIj 
 G1 and A1 =2 [jIj . By
induction, there exists j0 such that Ij0 
 G1 and A1 =2 Ij0 . Therefore Ij0 6
 D.
In order to prove (a) for G = D1 � G1, we proceed by contradiction. Let us suppose
that for all index j: Ij 6
 D1 � G1. Then, for each j, there exists I

0
j such that Ij � I 0j ,

I 0j 
 D1 and I 0j 6
 G1. Considering, for each j, the non-empty set of interpretations
Cj = fI j Ij � I, I 
 D1, I 6
 G1g and taking, for each j, the interpretation I 0j =
\fI j I 2 Cjg, the following facts are veri�ed:

(i) Ij � I 0j , for all j
(ii) I 0j 
 D1 and I 0j 6
 G1, for all j
(iii) fI 0jgj form the chain I 01 � I 02 � ...� I 0j �...

By applying the induction hypothesis onD1,G1 and the chain fI
0
jgj , we have [jI

0
j 
 D1

and [jI
0
j 6
 G1. Since [jIj � [jI

0
j , then [jIj 6
 D1 � G1, in contradiction with the

hypothesis.

Theorem 33. Let Fil(I1) v Fil(I2) v ...v Fil(Ij) v... be a chain of elements in
FMod(�). Then TP (tjFil(Ij)) = tjTP (Fil(Ij)).

Proof. tjTP (Fil(Ij)) v TP (tjFil(Ij)) holds by monotonicity. The reverse inclusion
is equivalent to prove that fA j G ! A 2 [P ], [jIj 
 Gg � [jfA j G ! A 2 [P ],
Ij 
 Gg. Let A 2 fA j G ! A 2 [P ], [jIj 
 Gg. Then, for some G: G ! A 2 [P ]
and [jIj 
 G. Since I1 � I2 � ...� Ij �..., there exists an index j0 such that Ij0 
 G.
Then A 2 fA j G! A 2 [P ], Ij0 
 Gg � [jfA j G! A 2 [P ], Ij 
 Gg.

The following lemma states that the models of P are the pre-�xpoints of TP .

Lemma 34. Let P be a �-program and Fil(I) 2 FMod(�). Then Fil(I) 2 FMod(P )
i� TP (Fil(I)) v Fil(I).

Proof. Let Fil(I) 2 FMod(P ) and let us show that fA j G! A 2 [P ], I 
 Gg � I. If
A 2 fA j G! A 2 [P ], I 
 Gg, then there exists some G such that G! A 2 [P ] and
I 
 G. Therefore A 2 I, since I 
 [P ]. Conversely, let fA j G! A 2 [P ], I 
 Gg � I.
We have to show that Fil(I) j= G ! A, for each G ! A 2 [P ]. Suppose Fil(I) j= G.
Then A 2 fA j G! A 2 [P ], I 
 Gg � I. Hence Fil(I) j= A.

72 R. Arruabarrena  et al.



Unfolding and Event Structure Semantics

for Graph Grammars?

Paolo Baldan, Andrea Corradini, and Ugo Montanari

Dipartimento di Informatica - University of Pisa

Corso Italia, 40, 56125 Pisa, Italy

E-mail: fbaldan, andrea, ugog@di.unipi.it

Abstract. We propose an unfolding semantics for graph transformation
systems in the double-pushout (DPO) approach. Mimicking Winskel's
construction for Petri nets, a graph grammar is unfolded into an acyclic
branching structure, that is itself a (nondeterministic occurrence) graph
grammar describing all the possible computations of the original gram-
mar. The unfolding can be abstracted naturally to a prime algebraic do-
main and then to an event structure semantics. We show that such event
structure coincides both with the one de�ned by Corradini et al. [3] via a
comma category construction on the category of concatenable derivation
traces, and with the one proposed by Schied [13], based on a determin-
istic variant of the DPO approach. This results, besides con�rming the
appropriateness of our unfolding construction, unify the various event
structure semantics for the DPO approach to graph transformation.

1 Introduction

Since many (natural or arti�cial) distributed structures can be represented (at
a suitable level of abstraction) by graphs, and graph productions act on those
graphs with local transformations, it is quite obvious that graph transformation
systems are potentially interesting for the study of the concurrent transformation
of structures. In particular, Petri nets [11], the �rst formal tool proposed for the
speci�cation of the behaviour of concurrent systems, can be regarded as graph
transformation systems that act on a restricted kind of graphs, namely discrete,
labelled graphs (to be interpreted as sets of tokens labelled by place names).

In recent years, various concurrent semantics for graph rewriting systems
have been proposed in the literature, some of which are inspired by the mentioned
correspondence with Petri nets (see [2] for a tutorial introduction to the topic and
for relevant references). A classical result in the theory of concurrency for Petri
nets, due to Winskel [15], shows that the event structure semantics of safe nets
can be given via a chain of adjunctions starting from the category Safe of safe
nets, through category Occ of occurrence nets (this result has been generalized
to arbitrary P/T nets in [9]). In particular, the event structure associated with
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a net is obtained by �rst constructing a \nondeterministic unfolding" of the net,
and then by extracting from it the events (which correspond to the transitions)
and the causal and con
ict relations among them.

In the present paper we propose a similar unfolding construction for DPO
graph grammars, which can be considered as a �rst contribution to a functo-
rial semantics in Winskel's style. After recalling in Section 2 the basics of typed
graph transformation systems and their correspondence with Petri nets, we in-
troduce, in Section 3, the notion of nondeterministic occurrence grammar , a
generalization of the deterministic occurrence grammars of [4], representing in
a unique \branching" structure several possible \acyclic" computations. Inter-
estingly, unlike the case of Petri nets, the relationships among productions of
an occurrence graph grammar cannot be captured completely by two binary
relations representing causality and symmetric con
ict. Firstly, due to the pos-
sibility of preserving some items in a rewriting step an asymmetric notion of
con
ict has to be considered. The way we face the problem is borrowed from [1],
where we addressed an analogous situation arising in the treatment of contex-
tual nets . Secondly, further dependencies among productions are induced by the
application conditions, which constrain the applicability of the rewrite rules in
order to preserve the consistency of the graphical structure of the state.

Next in Section 4 we present an unfolding construction that, when applied
to a given grammar G, yields a nondeterministic occurrence grammar UG , which
describes its behaviour. The idea consists of starting from the initial graph of
the grammar, applying in all possible ways its productions, and recording in the
unfolding each occurrence of production and each new graph item generated by
the rewriting process. Our unfolding construction is conceptually similar to the
unfolding semantics proposed for graph rewriting in the single-pushout approach
by Ribeiro in [12]. However, here the situation is more involved and the two
approaches are not directly comparable, due to the absence of the application
conditions (dangling and identi�cation) in the single-pushout approach.

In Section 5 we show how a prime algebraic domain (and therefore a prime
event structure) can be extracted naturally from a nondeterministic occurrence
grammar. Then the event structure semantics ES (G) of a grammar G is de�ned as
the event structure associated to its unfolding UG . In Section 6 such semantics is
shown to coincide with two other event structure semantics for graph rewriting
in the literature: the one by Corradini et al. [3], built on top of the abstract,
truly concurrent model of computation of a grammar (a category having abstract
graphs as objects and concatenable derivation traces as arrows), and the one by
Schied [13], based on a deterministic variation of the DPO approach. Finally, in
Section 7 we conclude and present some possible directions of future work.

2 Typed Graph Grammars

This section brie
y summarizes the basic de�nitions about typed graph gram-
mars [4], a variation of classical DPO graph grammars [6, 5] where the rewriting
takes place on the so-called typed graphs, namely graphs labelled over a structure
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(the graph of types) that is itself a graph. Besides being strictly more general
than usual labelled graphs, typed graphs will also allow us to have a clearer
correspondence between graph grammars and Petri nets.

Formally, a (directed, unlabelled) graph is a tuple G = hN;E; s; ti, where N
is a set of nodes, E is a set of arcs, and s; t : E ! N are the source and target
functions. A graph morphism f : G ! G0 is a pair of functions f = hfN : N !
N 0; fE : E ! E0i preserving sources and targets, i.e., such that fN � s = s0 � fE
and fN � t = t0 � fE . Given a graph of types TG, a typed graph is a pair hG; tGi,
where G is a graph and tG : G! TG is a morphism. A morphism between typed
graphs f : hG1; tG1

i ! hG2; tG2
i is a graph morphisms f : G1 ! G2 consistent

with the typing, i.e., such that tG1
= tG2

� f . The category of TG-typed graphs
and typed graph morphisms is denoted by TG-Graph.

Fixed a graph TG of types, a (TG-typed graph) production (L
l
 K

r
! R)

is a pair of injective typed graph morphisms l : K ! L and r : K ! R. It is
called consuming if morphism l : K ! L is not surjective. The typed graphs
L, K, and R are called the left-hand side, the interface, and the right-hand
side of the production, respectively. A (TG-typed) graph grammar G is a tuple
hTG;Gin; P; �i, where Gin is the initial (typed) graph, P is a set of production
names, and � a function which associates a graph production to each production
name in P . We denote by Elem(G) the set NTG[ETG[P . Moreover, sometimes

we shall write q : (L
l
 K

r
! R) for �(q) = (L

l
 K

r
! R).

Since in this paper we work only with typed notions, we will usually omit the
quali�cation \typed", and we will not indicate explicitly the typing morphisms.
Moreover, we will consider only consuming grammars, namely grammars where
all productions are consuming: this corresponds, in the theory of Petri nets, to
the common requirement that transitions must have non-empty preconditions.

Given a typed graph G, a production q : (L
l
 K

r
! R), and a match (i.e.,

a graph morphism) g : L! G, a direct derivation � from G to H using q (based
on g) exists, written � : G)q H , if and only if the diagram

Lq :

g

��

K
l�� r ��

k

��

R

h

��
G D

b
��

d
�� H

can be constructed, where both squares have to be pushouts in TG-Graph.
Roughly speaking, the rewriting step removes from the graph G the items of

the left-hand side which are not in the image of the interface, namely L� l(K),
producing in this way the graph D. Then the items in the right-hand side which
are not in the image of the interface, namely R�r(K), are added to D, obtaining
the �nal graph H . Notice that the interface graph K (common part of L and R)
speci�es both what is preserved and how the added subgraph has to be connected
to the remaining part.

It is worth recalling here that given an injective morphism l : K ! L and
a match g : L ! G as in the above diagram, their pushout complement (i.e., a
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graph D with morphisms k and b such that the left square is a pushout) only
exists if the gluing conditions are satis�ed. These consist of two parts:

{ the identi�cation condition, requiring that if two distinct nodes or arcs of L
are mapped by g to the same image, then both must be in the image of l;

{ the dangling condition, stating that no arc in G�g(L) should be incident to
a node in g(L� l(K)) (because otherwise the application of the production
would leave such an arc \dangling").

Notice that the identi�cation condition does not forbid the match to be non-
injective on preserved items. Intuitively this means that preserved (read-only)
resources can be used with multiplicity greater than one.

A derivation over a grammar G is a sequence of direct derivations (over G)
� = fGi�1 )qi�1 Gigi2f1;:::;ng. The derivation is written as � : G0 )�

fq0;:::;qn�1g
Gn or simply as � : G0 )� Gn. The graphs G0 and Gn are called the starting
and the ending graph of �, and are denoted by �(�) and �(�), respectively.

Relation with Petri nets. To conclude this section it is worth explaining
the relation between Petri nets and DPO graph grammars. The fact that graph
transformation systems can model the behaviour of Petri nets has been �rst
formalized by Kreowski in [8]. The proposed encoding of nets into grammars
represents the topological structure of a marked net as a graph, in such a way
that the �ring of transitions is modelled by direct derivations.

Here we use a slightly simpler modelling, discussed, among others, in [2].
The basic observation is that a P/T Petri net is essentially a rewriting system
on multisets, and that, given a set A, a multiset of A can be represented as a
discrete graph typed over A. In this view a P/T Petri net can be seen as a graph
grammar acting on discrete graphs typed over the set of places, the productions
being (some encoding of) the net transitions: a marking is represented by a set
of nodes (tokens) labelled by the place where they are, and, for example, the
unique transition t of the net in Fig. 1.(a) is represented by the graph production
in the top row of Fig. 1.(b). Notice that the interface is empty since nothing is
explicitly preserved by a net transition.
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Fig. 1. Firing of a transition and corresponding DPO direct derivation.

It is easy to check that this representation satis�es the properties one would
expect: a production can be applied to a given marking if and only if the corre-
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sponding transition is enabled and, in this case, the double pushout construction
produces the same marking as the �ring of the transition. For instance, the �ring
of transition t, leading from the marking 3A+2B to the marking A+B+C+D

in Fig. 1.(a), becomes the double pushout diagram of Fig. 1.(b).
The considered encoding of nets into grammars enlightens the dimensions in

which graph grammars properly extend nets. First of all grammars allow for a
more structured state, that is a general graph rather than a multiset (discrete
graph). Perhaps more interestingly, graph grammars allow for productions where
the interface graph may not be empty, thus specifying a \context" consisting of
items that have to be present for the productions to be applied, but are not
a�ected by the application. In this respect, graph grammars are closer to some
generalizations of nets in the literature, called nets with read (test) arcs or
contextual nets (see e.g. [7, 10, 14]), which generalize classical nets by adding the
possibility of checking for the presence of tokens which are not consumed.

3 Nondeterministic occurrence grammars

The notion of derivation introduced in the previous section formalizes how a
single computation of a grammar can evolve. Nondeterministic occurrence gram-
mars are intended to represent the computations of graph grammars in a more
static way, by recording the events (production applications) which can appear
in all possible derivations and the dependency relations between them.

Analogously to what happens for nets, occurrence grammars are \safe" gram-
mars, where the dependency relations between productions satisfy suitable acyclic-
ity and well-foundedness requirements. However, while for nets it su�ces to take
into account only the causal dependency and the con
ict relations, the greater
complexity of grammars makes the situation much more involved. On the one
hand, the fact that a production application not only consumes and produces,
but also preserves a part of the state leads to a form of asymmetric con
ict
(or weak dependency) between productions. On the other hand, because of the
dangling condition, also the graphical structure of the state imposes some prece-
dences between productions.

A �rst step towards a de�nition of occurrence grammar is a suitable notion
of safeness for grammars [4], generalizing the usual one for P/T nets, which
requires that each place contains at most one token in any reachable marking.

De�nition 1 ((strongly) safe grammar). A grammar G = hTG;Gin; P; �i
is (strongly) safe if, for all H such that Gin )� H, H has an injective typing
morphism.

Strongly safe graph grammars (hereinafter called just safe grammars) admit
a natural net-like pictorial representation, where items of the type graph and
productions play, respectively, the rôle of places and transitions of Petri nets.
The basic observation is that typed graphs having an injective typing morphism
can be safely identi�ed with the corresponding subgraphs of the type graph
(just thinking of injective morphisms as inclusions). Therefore, in particular,
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each graph hG; tGi reachable in a safe grammar can be identi�ed with the sub-
graph tG(G) of the type graph TG, and thus it can be represented by suitably
decorating the nodes and arcs of TG. Concretely, a node is drawn as a �lled cir-
cle if it belongs to tG(G) and as an empty circle otherwise, while an arc is drawn
as a continuous line if it is in tG(G) and as a dotted line otherwise (see Fig. 2).
This is analogous to the usual technique of representing the marking of a safe
net by putting one token in each place which belongs to the marking.

With the above identi�cation, in each computation of a safe grammar starting
from the initial graph a production can only be applied to the subgraph of
the type graph which is the image via the typing morphism of its left-hand
side. Therefore according to its typing, we can safely think that a production
produces, preserves or consumes items of the type graph. This is expressed by
drawing productions as arrow-shaped boxes, connected to the consumed and
produced resources by incoming and outcoming arrows, respectively, and to the
preserved resources by undirected lines. Fig. 2 presents two examples of safe
grammars, with their pictorial representation. Notice that the typing morphisms
for the initial graph and the productions are represented by suitably labelling
the involved graphs with items of the type graph.

Using a net-like language, we speak of pre-set �q, context q and post-set q� of
a production q, de�ned in the obvious way. Similarly for a node or arc x in TG

we write �x, x and x� to denote the sets of productions which produce, preserve
and consume x. For instance, for grammar G2 in Fig. 2, the pre-set, context and
post-set of production q1 are �q1 = fCg, q1 = fBg and q1

� = fA;Lg, while for
the node B, �B = ;, B = fq1; q2; q3g and B� = fq4g.

Although the notion of causal relation is meaningful only for safe grammars,
it is technically convenient to de�ne it for general grammars. The same holds
for the asymmetric con
ict relation introduced below.

De�nition 2 (causal relation). The causal relation of a grammar G is the
binary relation < over Elem(G) de�ned as the least transitive relation satisfying:
for any node or arc x in the type graph TG, and for productions q1; q2 2 P

1. if x 2 �q1 then x < q1;
2. if x 2 q1� then q1 < x;
3. if q1

� \ q2 6= ; then q1 < q2;

As usual � is the re
exive closure of <. Moreover, for x 2 Elem(G) we denote
by bxc the set of causes of x in P , namely fq 2 P : q � xg.

The �rst two clauses of the de�nition of relation < are obvious. The third one
formalizes the fact that if an item is generated by q1 and it is preserved by q2,
then q2, to be applied, requires that q1 had already been applied.

Notice that the fact that an item is preserved by q1 and consumed by q2,
i.e., q1 \ �q2 6= ; (e.g., the node B in grammar G1 of Fig. 2), does not imply
q1 < q2. Actually, since q1 must precede q2 in any computation where both
appear, in such computations q1 acts as a cause of q2. However, di�erently from
a true cause, q1 is not necessary for q2 to be applied. Therefore we can think of
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Fig. 2. Two safe grammars and their net-like representation.

the relation between the two productions as a weak form of causal dependency.
Equivalently, we can observe that the application of q2 prevents q1 to be applied,
so that q1 can never follow q2 in a derivation. But the converse is not true, since
q1 can be applied before q2. Thus this situation can also be interpreted naturally
as an asymmetric con
ict between the two productions (see [1]).

De�nition 3 (asymmetric con
ict). The asymmetric con
ict relation of a
grammar G is the binary relation % over the set of productions, de�ned by:

1. if q1 \ �q2 6= ; then q1 % q2;
2. if �q1 \ �q2 6= ; and q1 6= q2 then q1 % q2;
3. if q1 < q2 then q1 % q2.

Condition 1 is justi�ed by the discussion above. Condition 2 essentially expresses
the fact that a situation of \classical" symmetric con
ict is coded, in this setting,
as an asymmetric con
ict in both directions. Finally, since < represents a global
order of execution, while% determines an order of execution only locally to each
computation, it is natural to impose % to be an extension of < (Condition 3).

A nondeterministic occurrence grammar is an acyclic grammar which repre-
sents, in a branching structure, several possible computations starting from its
initial graph and using each production at most once.
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De�nition 4 ((nondeterministic) occurrence grammar). A (nondetermin-
istic) occurrence grammar is a graph grammar O = hTG;Gin; P; �i such that

1. its causal relation � is a partial order, and for any q 2 P , the set bqc is
�nite and asymmetric con
ict % is acyclic on bqc;

2. the initial graph Gin coincides with the set Min(O) of minimal elements of
hElem(O);�i (with the graphical structure inherited from TG and typed by
the inclusion);

3. each arc or node x in TG is created by at most one production in P , namely
j �x j� 1.

4. for each production q : hL; tLi
l
 hK; tKi

r
! hR; tRi, the typing tL is injec-

tive on the \consumed part" L � l(K), and similarly tR is injective on the
\produced part" R� r(K).

Since the initial graph of an occurrence grammar O is determined by Min(O),
we often do not mention it explicitly.

One can show that, by the de�ning conditions, each occurrence grammar is safe.
Intuitively, conditions (1){(3) recast in the framework of graph grammars

the analogous conditions of occurrence nets (actually of occurrence contextual
nets [1]). In particular condition (1) requires causality to be acyclic and each
production q to have a �nite set of causes bqc. Acyclicity of asymmetric con
ict
on bqc corresponds to the requirement of irre
exivity for the con
ict relation in
occurrence nets. In fact, notice that if a set of productions forms an asymmetric
con
ict cycle q0 % q1 % : : : % qn % q0, then such productions cannot appear
in the same computation, otherwise the application of each production should
precede the application of the production itself; this fact can be naturally in-
terpreted as a form of n-ary con
ict. Condition (2) forces the set of minimal
items of the type graph to be a graph, coinciding with the initial graph of the
grammar and Condition (3) requires the absence of backward con
icts. Condi-
tion (4), instead, is closely related to safeness and requires that each production
consumes and produces items with multiplicity one. Together with acyclicity of
%, it disallows the presence of some productions which surely could never be
applied, because they fail to satisfy the identi�cation condition with respect to
the typing morphism.

On the contrary, the de�nition does not imply that every production of an
occurrence grammar will ever satisfy the dangling condition. This fact deserves
some comments since the dangling condition, which requires the absence of arcs
pointing to nodes which are removed by the production, induces precedence re-
lations on productions. For example, in the grammar G2 of Fig. 2 the application
of production q1 \disables" q4, since q4 would remove the node B, leaving the
arc L dangling. The production q4 becomes enabled again only after q2 or q3
has been applied. The reason why we de�ned occurrence grammars in this way
is that the dangling condition is not purely syntactical and cannot be checked
\locally" by looking only at the causes of the considered production. Checking
such negative (non monotonic) condition on a production, would require to �nd
a possible computation allowing for the execution of productions which remove
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the potentially dangling arcs, and to verify the consistency of such computation
with the production at hand. It can be shown that such veri�cation is, in general,
exponential in the size of the occurrence grammar in the �nite case. Even worse,
for in�nite occurrence grammars (which can be obtained as unfolding of �nite
grammars), the problem is undecidable, as it can be shown by using the Turing
completeness of DPO graph grammars.

Disregarding the dangling condition has as a consequence the fact that, dif-
ferently from what happens for occurrence nets, not every production in an
occurrence grammar is guaranteed to be applicable at least in one derivation
starting from the initial graph. The restrictions to the behaviour imposed by
the dangling condition are considered when de�ning the con�gurations of an
occurrence grammar, which represent exactly, in a sense formalized later, all the
possible deterministic runs of the grammar.

De�nition 5 (con�guration). A con�guration of an occurrence grammar O =
hTG; P; �i is a subset C � P such that

1. if %C denotes the restriction of the asymmetric con
ict relation to C, then
(%C)

� is a partial order, and fq0 2 C : q0(%C)
�qg is �nite for all q 2 C;1

2. C is left-closed w.r.t. �, i.e. for all q 2 C, q0 2 P , q0 � q implies q0 2 C;
3. for all e 2 TG and n 2 fs(e); t(e)g, if n�\C 6= ; and �e � C then e�\C 6= ;.

If C satis�es conditions (1) and (2), then it is called a pre-con�guration.

The notion is reminiscent of that of con�guration of asymmetric event structures
and thus of occurrence contextual nets [1]. The �rst part of Condition 1 ensures
that in C there are no %-cycles, and thus excludes the possibility of having
in C a subset of productions in con
ict. The second part guarantees that each
production has to be preceded only by �nitely many other productions in the
computation represented by the con�guration. Condition 2 requires the presence
of all the causes of each production, while Condition 3 formalizes the dangling
condition. If a con�guration contains a production q consuming a node n and a
production q0 producing an arc e (i.e. �e = fq0g) with source (or target) n, then
a production q00 removing such an arc must be present as well, otherwise, due to
the dangling condition, q could not be executed. Notice that in this situation the
production q00 can coincide with q itself; otherwise it surely preserves the node
n and thus q00 % q, i.e. q00 correctly precedes q in the computation represented
by the con�guration. Similar considerations apply if the arc e is present in the
initial graph, i.e., �e = ;. For example the set of con�gurations of the grammar G2
in Fig. 2 is Conf (G2) = f;; fq1g; fq1; q2g; fq1; q3g; fq1; q2; q4g; fq1; q3; q4g; fq4gg.
The set S = fq1; q4g, is instead only a pre-con�guration, since for the node B
we have B = t(L), q4 2 B�, �L = fq1g � S, but the intersection of S with
L� = fq2; q3g is empty.

The fact that con�gurations represent all and only the deterministic runs of
an occurrence grammar is formalized by the following result.

1 As usual, for a binary relation r, with r
� we denote its transitive and re
exive closure.
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Proposition 1 (con�gurations and derivations). For any con�guration C

of an occurrence grammar O, there exists a subgraph GC of the type graph TG

such that Min(O) )�
C GC with a derivation which applies exactly once every

production in C, in any order consistent with (%C)
�. Viceversa for each deriva-

tion Min(O))�
S G in O, the set of productions S it applies is a con�guration.

As an immediate consequence of the previous result, a production which does
not satisfy the dangling condition in any graph reachable from the initial graph
is not part of any con�guration. For example, q3 does not appear in the set of
con�gurations of G1, Conf (G1) = f;; fq1g; fq2g; fq1; q2gg.

In the theory of Petri nets the notion of occurrence grammar is strictly re-
lated to that of process. A (non)deterministic net process is a (non)deterministic
occurrence net with a morphism to the original net. Similarly, nondeterministic
occurrence grammars can be used to de�ne a suitable notion of nondeterminis-
tic graph processes, generalizing the deterministic graph processes of [4]. Then,
the unfolding of a grammar, introduced in the next section, could be seen as a
\complete" nondeterministic process of the grammar. Unfortunately, these no-
tions cannot be discussed here because of space limitations.

4 Unfolding

This section introduces the unfolding construction which, applied to a consuming
grammar G, produces a nondeterministic occurrence grammar UG describing the
behaviour of G. The unfolding is equipped with a mapping �G to the original
grammar G which allows to see productions in UG as instances of production
applications in G, and items of the type graph of UG as instances of items of the
type graph of G.

The idea consists of starting from the initial graph of the grammar, then
applying in all possible ways its productions, and recording in the unfolding each
occurrence of production and each new graph item generated in the rewriting
process, both enriched with the corresponding causal history. According to the
discussion in the previous section, during the unfolding process productions are
applied without considering the dangling condition. Moreover we adopt a notion
of concurrency which is \approximated", again in the sense that it does not take
care of the precedences between productions induced by the dangling condition.

De�nition 6 (quasi-concurrent graph). Let O = hTG; P; �i be an occur-
rence grammar. A subgraph G of TG is called quasi-concurrent if

1.
S
x2Gbxc is a pre-con�guration;

2. :(x < y) for all x; y 2 G.

The intuitive idea is that each quasi-concurrent graph is contained in a graph
reachable in a \lax version" of the DPO rewriting, where the dangling condition
is not tested.

Another basic ingredient of the unfolding is the gluing operation. It can be
interpreted as a \partial application" of a rule to a given match, in the sense that
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it generates the new items as speci�ed by the production (i.e., items of right-
hand side not in the interface), but items that should have been deleted are
not a�ected: intuitively, this is because such items may still be used by another
production in the nondeterministic unfolding. In the following we assume that
for each production name q its associated production is Lq  Kq ! Rq , where
the injections lq and rq are inclusions (and not generic injective morphisms).

De�nition 7 (gluing). Let q be a production, G a graph and m : Lq ! G a
graph morphism. We de�ne, for any symbol �, the gluing of G and Rq along
Kq, according to m and marked by �, denoted by glue�(q;m;G) as the graph
hN;E; s; ti, where:

N = NG [m�(NRq
) E = EG [m�(ERq

)

with m� de�ned by: m�(x) = m(x) if x 2 Kq and m�(x) = hx; �i otherwise. The
source and target functions s and t, and the typing are inherited from G and Rq.

The gluing operation keeps unchanged the identity of the items already in G, and
records in each newly added item from Rq the given symbol �. We remark that
the gluing, as just de�ned, is a concrete deterministic de�nition of the pushout

of the arrows G
m
 Lq

lq
 - Kq and Kq

rq
,! Rq .

Now the unfolding of a grammar G = hTG;Gin; P; �i can be as follows.
For each n, we construct a partial unfolding U(G)(n) = hU (n); �(n)i, where
U (n) = hTG(n); P (n); �(n)i is an occurrence grammar and the mapping �(n) =
hfp(n); fg(n)i consists of two components: a function fp(n) : P (n) ! P map-
ping the productions of the unfolding into productions of G, and a morphism
fg(n) : TG(n) ! TG from the type graph of U (n) to TG. Intuitively, the occur-
rence grammar generated at level n contains all possible computations of the
grammar with \causal depth" at most n.

{ (n = 0) hTG(0); fg(0)i = Gin, while P
(0), �(0) and fp(0) are empty.

{ (n! n+ 1) Given U(G)(n), the partial unfolding U(G)(n+1) is obtained by
extending it with all the possible production applications to quasi-concurrent
subgraphs of the type graph of U (n). More precisely, for each production
q 2 P and match m : Lq ! hTG(n); fg(n)i satisfying the identi�cation
condition, with m(Lq) quasi-concurrent subgraph of TG(n):

� Add to P (n) an occurrence of the production q, with name q0 = hq;mi.
The match m is needed to record the \history" of q0. Now let P (n) :=
P (n) [ fq0g, and extend fp(n) so that fp(n)(q0) = q. The production
�(n)(q) coincides with �(q) except for the typing.

� Glue the type graph TG(n), typed over TG by fg(n), with the right-
hand side Rq of q along Kq, according to the mapping m and marked by
q0; in this way the new items generated by the production contain the
name q0 of the occurrence of the production and thus their history. The
morphism fg(n) is updated consequently.

After all the applicable productions have been considered we obtain U(G)(n+1).
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The deterministic gluing construction ensures that, at each step, the order
in which productions are applied does not in
uence the �nal result of the step.
Moreover if a production is applied twice (also in di�erent steps) at the same
match, the generated items are always the same and thus they appear only once
in the unfolding.

De�nition 8 (unfolding). The unfolding U(G) = hUG ; �Gi of the grammar G
is de�ned as

S
n U(G)

(n), where union is applied componentwise.

It is not di�cult to verify that for each n, U (n) is a (�nite) nondeterministic
occurrence grammar, and U(G)(n) � U(G)(n+1), componentwise. Therefore UG is
an occurrence grammar. Moreover the unfolding process applied to an occurrence
grammar yields a grammar which is isomorphic to the original one.

Finally, we notice that, as already remarked, not all productions in the un-
folding are executable in some computation and thus correspond to occurrences
of production of the original grammar. This is due to the fact that only the
identi�cation condition is tested and an \approximated notion" of concurrent
subgraph is used. We stress that this is needed to have a decidable unfolding,
a fact which, besides being pleasant from a purely theoretical point of view, is
essential if one wants to use the unfolding in practice to prove properties of the
modelled system.

5 Domain and event structure semantics

In the seminal work of Winskel on (safe) Petri nets, the unfolding semantics of a
net, given in terms of a nondeterministic occurrence net, is further abstracted to
an event structure semantics, by forgetting the \real structure" of the unfolding
and recording only the relationships induced by such structure on the transitions
of the unfolding itself. In this section we show that a similar construction can
be carried out for graph grammars.

Recall that a prime event structure with binary con
ict (PES), consists of
a set of events endowed with two binary relations: a partial order relation �,
modelling causality, and a symmetric and irre
exive relation #, hereditary w.r.t.
causality, modelling con
ict. A con�guration of a PES is a subset of events left-
closed w.r.t. � and con
ict free, representing a possible computation of the sys-
tem modelled by the event structure. The set of con�gurations of a PES, ordered
by subset inclusion, is a �nitary prime algebraic domain, i.e. a coherent, prime
algebraic, �nitary partial order, brie
y a domain, and the set of prime elements
of a domain (with the induced partial order as causality and the inconsistency
relation as con
ict) is a PES.

We already observed that the notion of con�guration of an occurrence gram-
mar allows us to recover exactly the di�erent possible deterministic computations
of the grammar. Following the ideas suggested for asymmetric event structures
and contextual nets in [1], an order can be de�ned on con�gurations which cap-
tures the idea of computational extension. The main point is that, di�erently
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from what happens for classical event structures and Petri nets, due to the pres-
ence of the asymmetric con
ict such an order is not simply set-inclusion: in fact,
a con�guration C cannot be extended with a production inhibited by some of
the productions already present in C.

De�nition 9 (poset of con�gurations). Given an occurrence grammar O,
we denote by Conf (O) the set of its con�gurations, ordered by the relation v
de�ned as C v C 0 if C � C 0 and :(q0 % q), for all q 2 C and q0 2 C 0 � C.

The partial order of con�gurations of an occurrence grammar exhibits a very nice
algebraic structure, i.e., it is a domain. The proof (that we skip here) follows the
same outline as in [1], but more e�ort is needed to take care of the additional
requirement in the de�nition of con�guration, related to the dangling condition.

Theorem 1 (from occurrence grammars to domains). Given an occur-
rence grammar O, the partial order of con�gurations Conf (O) is a domain.

By the relation between domains and event structures sketched above, Conf (O)
determines indirectly an event structure ES (O), namely, the unique (up to iso-
morphisms) PES having Conf (O) as domain of con�gurations. Di�erently from
what happens for Petri nets, there is not a one to one correspondence between
events of ES (O) and productions in O. Instead, a di�erent event is generated
for any possible \history" of each production of O. This phenomenon of \dupli-
cation of events" is related to the fact that the new precedence relations arising
between productions in graph grammars are represented via causality and con-

ict in classical PES's. Basically, a situation of asymmetric con
ict like q1 % q2
in grammar G1 of Fig. 2, is coded in the PES by the insertion of a single event
e1 corresponding to q1, and two \copies" e02 ad e002 of q2, the �rst one in con
ict
with e1 and the second one caused by e1 (see Fig. 3.(a)). For what concerns
the dangling condition, consider the grammar G2 in Fig. 2. In this case three
con
icting events are generated corresponding to q4: e4 representing the execu-
tion of q4 from the initial graph, which inhibits all other productions, and e04, e

00
4

representing the execution of q4 after q2 and q3, respectively.

e
0
2

# e1

�

��
e
00
2

e1
�

��� � �
� � �

��❈❈
❈❈❈

# e4

e2

� ��

# e3

���
e
0
4 e

00
4

Fig. 3. Coding asymmetric con
ict and dangling condition in prime event structures.

As a �nal simple step, a domain and an event structure semantics for a graph
grammar are readily de�ned via the unfolding construction.
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De�nition 10 (event structure semantics). For any grammar G, we de-
note by Conf (G) the domain of con�gurations of the unfolding of G, namely
Conf (UG), and by ES (G) the corresponding event structure ES (UG).

6 Relation with other event structure semantics

This section brie
y reviews two other event structure semantics proposed in
the literature for DPO graph transformation systems. The �rst one [3] is built
on top of the \abstract truly concurrent model of computation" of a grammar.
The other one [13] is based on a deterministic variation of the DPO approach.
Nicely, these two alternative event structures turn out to coincide with the one
obtained from the unfolding, which thus can be claimed to give \the" event
structure semantics of DPO graph transformation.

Event structure semantics from abstract derivations. The derivations of
a grammar G are easily equipped with a simple algebraic structure which turns
them into a category, called the concrete model of computation for G and denoted
Der[G]. Objects in Der[G] are graphs, and each derivation � is seen as an arrow
from �(�) to �(�). Given two derivations � and �0 such that the ending graph
of � and the starting graph of �0 coincide, i.e., �(�) = �(�0), their sequential
composition � ; �0 is the derivation obtained by identifying �(�) with �(�0).

The concrete model contains a lot of redundant information and it is far
from representing what one has in mind as truly concurrent behaviour of the
system modeled by the grammar. A more reasonable model, called the abstract,
truly concurrent model of computation of a grammar G, and denoted by Tr[G], is
the category obtained by imposing a suitable equivalence on objects and arrows
of the concrete model. In particular, the objects of Tr[G] are abstract graphs
(i.e., isomorphism classes of graphs), while its arrows are concatenable deriva-
tion traces, i.e., equivalence classes of derivations with respect to the concaten-
able truly concurrent equivalence [3]. This equivalence is the least equivalence on
derivations containing both the abstraction equivalence, a re�nement of the ob-
vious notion of derivation isomorphism compatible with sequential composition,
and the shift equivalence, which equates two derivations if one can be obtained
from the other by repeatedly shifting independent derivation steps.

The category Tr[G] is used in [3] to de�ne a domain and a prime event
structure semantics for graph transformation systems. More precisely, for any
consuming graph grammar G = hTG;Gin; P; �i, one considers the comma cate-
gory ([Gin] # Tr[G]), where objects are concatenable derivation traces of Tr[G]
with source in [Gin], and given two such traces �0 and �1, an arrow from �0 to
�1 is a concatenable derivation trace � satisfying �0; � = �1. Such category can
be shown to be a preorder PreDom[G], i.e., there is at most one arrow between
any pair of objects. Moreover the ideal completion of PreDom[G] is a domain,
denoted byDom[G] and proposed as truly concurrent semantics of the grammar.

As announced such domain semantics can be proved to coincide with the
one obtained from the unfolding U(G). In fact, we know from [3] that the �nite

86 Paolo Baldan  et al.



elements of the domainDom[G] are one-to-one with derivation traces of G having
the initial graph as source. Then the result is proved by showing that a bijection
can be de�ned between �nite elements of Conf (G) and such derivation traces. In
one direction, given a �nite con�guration C 2 Conf (G), consider any derivation
Min(UG) )�

C GC in UG which applies exactly once every production in C, in
any order consistent with the asymmetric con
ict %. Such derivation, typed
over the type graph of G via the mapping �G , gives a derivation d in G, which
determines the derivation trace associated to C. Viceversa, given a derivation
trace [d] of G, the corresponding con�guration of UG is determined as the set
of productions needed to \simulate" d in the unfolding of G. The fact that the
ordering on con�gurations is not simply set-inclusion then plays a key rôle in
the proof that such bijection is an isomorphism of partial orders.

Theorem 2. For any (consuming) graph grammar G, the domains Conf (G) and
Dom[G] are isomorphic.

Event structure semantics from deterministic derivations. Schied in [13]
proposes a construction for de�ning an event structure semantics for distributed
rewriting systems, an abstract uni�ed model where several kind of rewriting
systems, such as graph grammars and term rewriting systems, naturally �t.
He shows that, given a distributed rewriting system R, a domain TR can be
obtained as the quotient, with respect to shift equivalence, of the collection of
derivations starting from the initial state, ordered by the pre�x relation. To
prove the algebraic properties of TR he constructs, as an intermediate step, a
trace language based on the shift equivalence, and applies general results to
extract an event structure ER from the trace language. Finally he shows that
TR is isomorphic to the domain of con�gurations of ER.

The main interest in Schied's paper is for the application to graph grammars.
Let us sketch how, according to Schied, the above construction instantiates to the
case of grammars. Graph grammars are modeled as distributed rewriting systems
by considering a deterministic variation of the DPO approach, where at each
direct derivation the derived graph is uniquely determined by the host graph,
the applied production and the match. The idea consists of working on concrete
graphs, where each item records his causal history. Formally the de�nition of
deterministic direct derivation (adapted to the typed case) is as follows.

De�nition 11 (deterministic derivation). Let q : Lq  Kq ! Rq be a pro-
duction and let m : Lq ! G be a match. Then a deterministic direct derivation
G;q;m H exists if m satis�es the gluing conditions and

H = gluehq;mi(q;m;G)�m(Lq � l(Kq)).

Let G = hTG;Gin; P; �i be a typed graph grammar. A deterministic derivation
in G is a sequence of deterministic direct derivations Gin ;q1;m1

G1 ;q2;m2

: : :;qn;mn
Gn, starting from the initial graph and applying productions of G.

The construction of the domain of a grammar is based on the partial order
of deterministic derivations with the pre�x relation, and on shift equivalence.
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De�nition 12 (Schied's domain). The Schied's domain for a consuming gram-
mar G, denoted by TG, is de�ned as the quotient, w.r.t. shift equivalence, of the
partial order of deterministic derivations of a grammar G.

It is not di�cult to see that the (ideal completion of) Schied's domain for a
grammar coincides with the domain of con�gurations of its unfolding Conf (G),
and thus with the domain Dom[G] of [3]. The bijection between TG and the
�nite elements of Conf (G) associates to the class of shift equivalent determin-
istic derivations containing d : Gin ;q1;m1

G1 ;q2;m2
: : : ;qn;mn

Gn the set
fhqi;mii : i 2 ng, which can be shown to be a con�guration in the unfolding of
G, independently of the particular derivation picked up in the class.

Theorem 3. For any graph grammar G, the ideal completion of TG and the
domain Conf (G) are isomorphic.

7 Conclusions and future work

This paper introduces a notion of nondeterministic occurrence grammar for
graph transformation systems in the algebraic DPO approach, by extending
the work developed in [4] for the deterministic case. The phenomenon of asym-
metric con
ict between productions, caused by the possibility of performing
\context sensitive" rewritings, cannot be ignored in this nondeterministic set-
ting, and comes into play as an essential ingredient. A new kind of dependency
between productions is also induced by the dangling condition, which imposes
precedences among productions �nalized at preserving the consistency of the
graphical structure of the state.

Following the classical idea proposed by Winskel [15] for Petri nets, an un-
folding semantics for DPO graph rewriting systems has been de�ned as a nonde-
terministic occurrence grammar, representing, in a single \branching" structure,
all the possible computations of the grammar. The dangling condition, being a
negative (non monotone) condition, can hardly be veri�ed during the unfold-
ing process. As a consequence the generated unfolding contains some garbage of
which we get rid only when considering the set of con�gurations.

Interestingly, the set of con�gurations Conf (G) of (the unfolding of) a gram-
mar G, suitably ordered using the asymmetric con
ict relation, turns out to be
a (�nitary pairwise coherent) prime algebraic domain, one of the most widely
used mathematical structures in the semantics of concurrency, equivalent to
prime event structures (with binary con
ict). Such domain is shown to coincide
both with the domain Dom[G], built from the category of concatenable deriva-
tion traces and proposed as semantics of a grammar in [3], and with the domain
de�ned by Schied [13] and based on a concrete formulation of the DPO rewriting.

Finally, it is worth mentioning that the original work of Winskel shows that
the unfolding construction extends to a core
ection from the category of safe
nets to the category of domains, while our construction has been de�ned, up to
now, only at \object level". We are working to obtain a full correspondence with
Winskel's construction for nets, by extending the results presented in this paper
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to a categorical \in the large" level. Some suggestions can surely come from [1],
where Winskel's construction has already been fully extended to contextual nets.
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Abstract. We prove strong normalization of �-reduction+�-expansion for the Calculus of Construc-
tions, thus providing the �rst strong normalization result for �-reduction+�-expansion in calculi of
dependent types and answering in the a�rmative a conjecture by Di Cosmo and Ghani. In addition, we
prove strong normalization of �-reduction+�-expansion+algebraic reduction for the Algebraic Calculus
of Constructions, which extends the Calculus of Constructions with �rst-order term-rewriting systems.
The latter result, which requires the term-rewriting system to be non-duplicating, partially answers in
the a�rmative another conjecture by Di Cosmo and Ghani.

1 Introduction

Extensionality, as embodied in �-conversion

�x:A: M x =M if x 62 FV(M)

is a basic notion in �-calculus and type theory. Traditionally, �-conversion has been oriented from left
to right, thus leading to �-reduction. Recently, several authors have advocated a di�erent computational
interpretation, in which �-conversion is oriented from right to left, thus leading to �-expansion. The latter,
which originates from proof-theoretical considerations [23], has found an increasing number of applications in
computer science. The current body of results on �-expansion and its applications is too large to be presented
here in any detail but we refer to [9] for a recent survey of the �eld, including a summary of the applications
of �-expansion, an historical account of the subject and pointers to the literature.

The �rst part of this paper is concerned with normalization of �-reduction+�-expansion for the �-cube
[4, 5, 14].1 While weak normalization of �-reduction+�-expansion is relatively easy to establish [6, 17], even
for systems of dependent types, strong normalization of �-reduction+�-expansion has remained unaddressed
thus far. In fact, it was conjectured by Di Cosmo and Ghani [10, 17] that �-reduction+�-expansion is strongly
normalizing for the legal terms of the Calculus of Constructions. In the �rst part of the paper, we prove their
conjecture by means of a model construction inspired from [25] and based on saturated sets.

The second part of this paper is concerned with normalization of �-reduction+�-expansion+algebraic
reduction for the algebraic �-cube, see e.g. [3, 8]. In contrast to the �-cube, neither weak normalization
results nor strong normalization results are known for systems of dependent types. Again, it was conjectured
by Di Cosmo and Ghani [10] that strong normalization is a modular property of the algebraic �-cube,
i.e. that a system of the algebraic �-cube is strongly normalizing w.r.t. �-reduction+�-expansion+algebraic
reduction if its underlying term-rewriting system is strongly normalizing. In the second part of this paper,
we solve their conjecture partially, under the extra assumption that the underlying term-rewriting system is
non-duplicating. The proof is obtained by using ideas from [7] and modifying the model construction of the
�rst part of the paper.

Related work

Much work has been devoted to extensionality in type systems so we shall only focus on systems of dependent
types.

1 Throughout the paper, we shall be concerned with the extensional versions of the �-cube, in which the conversion
rule uses =��. These versions are presented in [14] but di�er from Barendregt's original presentation [4, 5], in which
the conversion rule uses =�. In order to avoid confusion, we refer to the latter presentation as the usual �-cube,
the usual Calculus of Constructions. . .

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 90-104, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



�-reduction The study of �-reduction+�-reduction in dependent type theories dates back to the early 70's,
with Nederpelt's thesis [21]. Nederpelt showed that �-reduction+�-reduction is not con
uent on the pseudo-
terms of a dependently typed language �a la Church, i.e. with typed �-abstractions. Later, van Daalen [12]
proved con
uence of �-reduction+�-reduction for (the typed terms of) a language of the Automath family.
More recently, Geuvers [14] and Salvesen [24] proved con
uence of �-reduction+�-reduction for functional,
normalizing Pure Type Systems [4, 5, 14]. Finally, the author [6] recently generalized Geuvers and Salvesen's
results by showing that all Pure Type Systems have unique normal forms with respect to �-reduction+�-
reduction. As for strong normalization, Geuvers [14] seems to be the standard proof of strong normalization
for the extensional version of the Calculus of Constructions.

��-long normal forms The existence of ��-long normal forms for the systems of the �-cube was �rst shown
by Dowek, Huet and Werner [13], who de�ned a non-standard induction principle to this end. The induction
principle was later simpli�ed and generalized by the author [6] who showed the uniqueness of ��-long normal
forms for all Pure Type Systems and the existence of ��-long normal forms for most Pure Type Systems of
interest.

�-expansion for dependent types For systems of dependent types, the notion of �-expansion was �rst studied
by Ghani [17], who showed that unrestricted �-expansion is not normalizing for the Calculus of Constructions,
introduced a restricted notion of �-expansion, and showed that �-reduction+�-expansion is con
uent and
weakly normalizing for the Calculus of Constructions. More recently, the author [6] generalized Ghani's results
by showing that all Pure Type Systems have unique normal forms with respect to �-reduction+�-expansion.
As for strong normalization, Joachimski [18] has shown that a Pure Type System is strongly normalizing for �-
reduction+�-expansion if it is strongly normalizing for �-reduction. Unfortunately, Joachimski's notion of �-
expansion is weaker than the notions of �-expansion that appear in the literature [6, 13, 17], and subsequently
its underlying notion of ��-long normal form does not correspond to the well-established notion of [6, 13,
17]. We consider it a severe drawback.

Finally, Di Cosmo and Ghani [10] have considered �-expansion in the context of the algebraic �-cube, in
particular for the Algebraic Calculus of Constructions, and have shown that con
uence is a modular property
of the Algebraic Calculus of Constructions.

Organization of the paper

The paper is organized as follows: in Section 2, we review the de�nition of the �-cube. In Section 3, we prove
strong normalization of �-reduction+�-expansion for the systems of the �-cube. In Section 4, we de�ne the
algebraic �-cube with ��-conversion and prove strong normalization of �-reduction+�-expansion+algebraic
reduction for the systems of the algebraic �-cube. Finally, we conclude in Section 5.

Notation

We use standard notation and terminology from Abstract Rewriting Systems [19]. In particular,!ij denotes
the union of two relations !i and !j , �

+
i denotes the transitive closure of !i, �i denotes the re
exive-

transitive closure of!i and =i denotes the re
exive-symmetric-transitive closure of!i. Finally, the relation
#i is de�ned by a #i b if there exists c such that a�i c and b�i c.

An object a is a i-normal form if there is no b such that a !i b; the set of i-normal forms is denoted
by NF(i). An object a is i-normalizing if there is some b 2 NF(i) such that a �i b; the set of i-normalizing
objects is denoted by WN(i). An object a is i-strongly normalizing if all reduction sequences starting from
a are �nite; the set of i-strongly normalizing objects is denoted by SN(i).

2 �-expansion in the �-cube

2.1 The �-cube

Throughout this paper, we let S = f�;2g. Elements of S are called sorts. For technical convenience, we
distinguish between object variables and constructor variables. This distinction, which originates from [14],
yields a neat formulation of the Classi�cation Lemma (Lemma 7).
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De�nition 1. A rule set is a set S such that S � S � S. Elements of sets are called rules.

Every rule set S yields a Pure Type System �S as speci�ed below.

De�nition 2 (Pure Type Systems of the �-cube).

1. The set T of pseudo-terms is given by the abstract syntax

T = V � j V 2 j � j2 j T T j �V : T :T j�V : T :T

where V � and V 2 are �xed, pairwise disjoint and countably in�nite sets of variables.
2. �-reduction !� is de�ned as the compatible closure of the contraction

(�x:A: M) N !� Mfx := Ng

where :f: := :g is the standard substitution operator.
3. �-reduction !� is de�ned as the compatible closure of the contraction

�x:A: (M x)!� M

provided x 62 FV(M) where FV(M) is the standard set of free variables of M .
4. The set G of pseudo-contexts is given by the abstract syntax

G = hi j G; V : T

The domain of a context � is dom(� ) = fx j 9t 2 T : x : t 2 �g.
5. A judgment is a triple � ` M : A where � 2 G and M;A 2 T .
6. The derivability relation ` is given by the rules of Figure 1. If � ` M : A is derivable, then � , M and

A are legal. The set of legal contexts is denoted by H.

(axiom) hi ` � : 2

(start)
� ` A : s

�; x : A ` x : A
if x 2 V s n dom(� )

(weakening)
� ` A : B � ` C : s

�; x : C ` A : B
if x 2 V s n dom(� ) and A 2 V [ S

(product)
� ` A : s1 �; x : A ` B : s2

� ` (�x:A: B) : s2
if (s1; s2) 2 R

(application)
� ` F : (�x:A: B) � ` a : A

� ` F a : Bfx := ag

(abstraction)
�; x : A ` b : B � ` (�x:A: B) : s

� ` �x:A: b : �x:A: B

(conversion)
� ` A : B � ` B0 : s

� ` A : B0
if B =�� B0

Fig. 1. Rules for the �-cube

The eight Pure Type Systems �S depicted in Figure 2 are collectively known as the �-cube and relate to
well-known systems:

System S Rule set
Simply typed �-calculus ! (�; �)
Polymorphic typed �-calculus 2 (�; �) (2; �)
Logical Frameworks P (�; �) (�;2)

P2 (�; �) (2; �) (�;2)
! (�; �) (2;2)

Higher-order typed �-calculus ! (�; �) (2; �) (2;2)
P! (�; �) (�;2) (2;2)

Calculus of Constructions P! = C (�; �) (2; �) (�;2) (2;2)
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Fig. 2. The �-cube

2.2 �-expansion

De�ning �-expansion for systems of dependent types is not straightforward. As pointed out by Ghani [17],
full �-expansion !�f (� )

, as de�ned by the rule

M !�f (� )
�x:A: (M x) if � ` M : �x:A: B and M not a �-abstraction

leads to in�nite reduction sequences. Indeed, let � = X : �; x : X ! X and let B(y) = (�z:X ! X: X) y.
Then

x!�f (� )
�z:B(x): (x z)

!�f (� )
�z:B(�z:B(x): (x z)): (x z)

!�f (� )
: : :

In order to rule out such in�nite reduction sequences, Ghani [17] proposes to impose the extra constraint
that A is in ��-long normal form, where the notion of being ��-long normal form is de�ned by induction on
the structure of terms.

De�nition 3 (Ghani [17]). Let � 2 H. A term M 2 N is a ��-long normal form in context � , written
�� (M), if M is legal in � and one of the following conditions holds:

1. M 2 S;
2. M = �x:B: C, �� (B) and ��;x:B(C);
3. M = �x:B: N , �� (B) and ��;x:B(N);
4. M = x P1 : : : Pn, � ` M : A for some A 2 C [ S and �� (Pi) for i = 1; : : : ; n.

The set of ��-long normal form in context � is denoted �� .

The above de�nition is also implicitly present in [13].

De�nition 4 (Ghani [17]). Restricted �-expansion (in context � ) !�r(� )
is de�ned by the rule

M !�r(� )
�x:A: (M x) if � ` M : �x:A: B and M not a �-abstraction and �� (A)

and by the compatibility clauses of Figure 3.

As argued in [6], this de�nition is somewhat contrived because:

1. one needs to de�ne ��-long normal forms before de�ning �-expansion;
2. one can only deduce that x is not in !�(�;x:A!A)-normal form (where A is an arbitrary type) if one

knows that �� (B) for some B such that A =�� B.
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Based on the above observations, the author [6] suggested that the de�nition of �-expansion may be simpli�ed
by requiring that A 2 NF(�). Note how Ghani's counter-example does not apply to such a notion of �-
expansion.

De�nition 5 ([6]). �-expansion !�(� ) is de�ned by the rule

M !�(� ) �x:A: (M x) if � ` M : �x:A: B and M not a �-abstraction and A 2 NF(�)

and by the compatibility clauses of Figure 3.

M !�(� ) N ) M P !�(� ) N P if N 6= �x:B: (M x)
M !�(� ) N ) P M !�(� ) P N

M !�(� ) N ) �x:M: P !�(� ) �x:N: P
M !�(� ) N ) �x:M: P !�(� ) �x:N: P

M !�(�;x:A) N ) �x:P:M !�(� ) �x:P: N
M !�(�;x:A) N ) �x:P:M !�(� ) �x:P: N

Fig. 3. Compatibility rules for �-expansion

A few words are in order to justify our de�nition:

1. In the de�nition of �-expansion it is implicitly assumed that x is fresh;
2. �-expansion is taken to be a compatible relation as it is folklore that �-expanding the �rst argument of

an application would lead to the loop

M N !�(� ) (�x:A: M x)N !� M N

Similarly one cannot �-expand �-abstractions as it would lead to the loop

�x:A: M !�(� ) �y:A: (�x:A: M) y !� �x:A: M

It is immediate to see that !� is a generalization of !�r
.

Lemma 1. If M !�r(� )
N then M !�(� ) N .

3 Strong normalization of �-reduction+�-expansion for the �-cube

In this section, we prove that �-reduction+�-expansion is strongly normalizing on the legal terms of the
�-cube.

Analysis Many proofs of strong normalization for the Calculus of Constructions (see e.g. [1, 15, 20, 25]) are
achieved through the de�nition of a suitable model construction, in which types are interpreted as speci�c
sets of strongly normalizing �-terms, called saturated sets. Our proof proceeds in a similar way and is largely
inspired from [25]. There are some minor di�erences however:

1. the notion of saturated set is modi�ed so as to account for the peculiarities of �-reduction+�-expansion,
typically of not being substitutive;

2. in the proof of the soundness theorem, the induction step for the abstraction rule is modi�ed so as to
take into account the characterization of strongly normalizing terms w.r.t. �-reduction+�-expansion.

The proof is not fully satisfactory, as one would hope to have a modular proof of strong normalization of
�-reduction+�-expansion for the �-cube. In other words, one would like to reduce (in a weak system of
arithmetic) strong normalization of �-reduction+�-expansion for the �-cube to strong normalization of �-
reduction for the usual �-cube (without having to prove the latter). One possibility, which needs to be further
explored, is to extend the technique of simulating-expansions-without-expansions [11, 26] to the Calculus of
Constructions. However, this is a challenging problem which remains unresolved so far.
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Prerequisites The proof is self-contained, except that we make use of the following results.

Theorem 1 (Geuvers [14]). For the systems of the �-cube:

1. !�� is con
uent on legal terms: (� ` M : A ^ � ` N : A ^M =�� N) ) M #�� N
2. !�� enjoys subject reduction: (� ` M : A ^M !�� N) ) � ` N : A

For the point of view of the proof, the most important consequence of con
uence and subject reduction is
that the systems of the �-cube are sound w.r.t. convertibility [16], i.e. that every two convertible types or
kinds are convertible through well-typed terms. Soundness w.r.t. convertibility is required to prove that the
interpretation of types hh:ii preserves convertibility.

Theorem 2 ([6]). For the systems of the �-cube:

1. !�(� ) is strongly normalizing on � -legal terms;
2. !�(� ) preserves �-normal forms.

It follows:

Lemma 2. If � ` M : A and M 2 NF(�) then M 2 SN(��).

Proof. By the above theorem, every reduction sequence starting from M 2 NF(�) is a �-reduction sequence
and hence terminates.

Finally, we need the following characterization of strongly normalizing terms.

Lemma 3. Assume (�x:A:M) N P1 : : : Pn 2 SN(��(� )). If A;N 2 SN(��(� )) and for every N 0 2 T such
that N ���(� ) N

0, Mfx := N 0g P1 : : : Pn 2 SN(��(� )) then (�x:A: M) N P1 : : : Pn 2 SN(��(� )).

Proof. By an analysis of the possible reduction sequences starting from (�x:A:M) N P1 : : : Pn. Necessarily
an in�nite sequence will be of the form

(�x:A: M) N P1 : : : Pn ��� �z1 : B1: : : : :�zm : Bm: (�x:A
0: M 0) N 0 P 0

1 : : : P 0
n z01 : : : z0m

!�� �z1 : B1: : : : :�zm : Bm: (M
0fx := N 0g) P 0

1 : : : P 0
n z01 : : : z0m

��� : : :

with B1; : : : ; Bm; z
0
1; : : : ; z0m 2 NF(�) � SN(��(� )) andM 0; N 0; P 0

1; : : : ; P
0
n 2 SN(��(� )). By assumption

(Mfx := N 0g) P1 : : : Pn 2 SN(��(� )). Now

(Mfx := N 0g) P1 : : : Pn ��� �z1 : B1: : : : :�zn : Bn: (M
0fx := N 0g) P 0

1 : : : P 0
n z01 : : : z0n

so we conclude that the reduction sequence cannot be in�nite, a contradiction.

Lemma 3 is used crucially in proving the soundness of the model construction, more speci�cally in the case
of the (abstraction) rule.

3.1 Environments

The notion of environment conveniently captures the notion of in�nite context.

De�nition 6 (Pottinger [22]). An environment E is an in�nite sequence of variable declarations E = x1 :
E1; x2 : E2; : : : such that for every i > 0

{ E i = x1 : E1; : : : ; xi : Ei is a legal context;
{ if E i ` A : s and s 2 S then there exists in�nitely many k s.t. Ek = A.

We write E ` M : A whenever there exists i � 0 s.t. E i ` M : A.

Note that the de�nition of environment implicitly embeds our variable convention, i.e. for every (x : A) 2 E ,
E ` A : s i� x 2 V s.

Lemma 4 (Pottinger [22]). Every context can be extended to an environment.

Environments are convenient for the purpose of strong normalization proofs, because (up to convertibility)
an expression has at most one type in an environment and because �-expansion is stable under thinning, i.e.
for i � j, we have M !�(Ei) N ) M !�(Ej) N . In the sequel, we therefore omit E i and write M !� N

when there is no risk of confusion.
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3.2 Saturated sets

Throughout this section, we let E be a �xed environment. We say A is an E-type (or simply a type) if
E ` A : s with s 2 S. Moreover, we let SN(A) denote the set of ��-strongly normalizing terms of type A in
E . Finally we let V A = fx 2 V j E ` x : Ag.

De�nition 7 (Base terms). The set Base(A) of A-base terms is de�ned inductively as follows:

1. V A � Base(A),
2. if a 2 Base(�x:B: A) and b 2 SN(B), then a b 2 Base(Afx := bg).

Key reduction, as de�ned below, is a speci�c strategy reducing terms to weak-head normal form.

De�nition 8 (Key reduction). Key-reduction !k is the smallest reduction relation satisfying

(�x:B: a) b c1 : : : cn !k afx := bg c1 : : : cn

Note that we do not take the compatible closure of the above rule.

Note that, for every b 2 T there exists at most one b0 2 T such that b!k b
0.

De�nition 9 (Saturated set). Let A be a type. A set X � SN(A) is A-saturated if Base(A) � X and X

is closed under the rules:

b 2 X b!�� b
0

b0 2 X

b0 2 X b 2 SN(A) b!k b
0

b 2 X

The collection of A-saturated sets is denoted by SAT(A).

The extra clause in the de�nition of saturated sets is due to Lemma 3.2 In order for the de�nition of saturated
sets to make sense, we need to prove base terms are strongly normalizing; otherwise there would not be any
saturated set.

Lemma 5. For every type A, Base(A) � SN(A).

Proof. Similar to that of Lemma 3.

We conclude this subsection by stating some fundamental closure properties of saturated sets.

Lemma 6.

1. SN(A) 2 SAT(A).
2. If Xi 2 SAT(A) for every i 2 I and I 6= ; then

T
i2I Xi 2 SAT(A).

3. If X 2 SAT(A) and for every x 2 X, Yx 2 SAT(B) then
Q
x 2 X: Yx 2 SAT(�x:A: B), where

Y
x 2 X: Yx = fM 2 SN(�x:A: B) j 8N 2 X: M N 2 YNg

3.3 The Classi�cation Lemma

It is convenient to base the model construction on a classi�cation lemma, which strati�es the di�erent classes
of pseudo-terms. The formulation used below is a variant of Geuvers' Classi�cation Lemma, see e.g. [14].

De�nition 10 (Pseudo-objects, pseudo-constructors and pseudo-kinds). The classes O, C and K
of pseudo-objects, pseudo-constructors and pseudo-kinds are given by the abstract syntaxes

O = V � j �V �:C:O j �V 2:K:O j O O j O C

C = V 2 j�V :C: C j�V :K: C j �V �:C: C j �V 2:K: C j C C j C O

K = � j�V :C:K j�V :K: K

We write M � N if M 2 D and N 2 D for some D 2 fO; C;Kg.

We have:

Lemma 7 (Classi�cation Lemma). If E ` M : A then exactly one of the three conditions hold: (1)
M 2 O and A 2 C (2) M 2 C and A 2 K (3) M 2 K and A = 2.

2 Compare with the similar result for �-reduction: if A;N;Mfx := Ng P1 : : : Pn 2 SN(�) then (�x :
A:M) N P1 : : : Pn 2 SN(�). Here we need to consider all reducts of N and hence the �rst clause.
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3.4 The model construction

The �rst step of the model construction is to de�ne an interpretation which assigns to every pseudo-term
the set of possible interpretations for its inhabitants. Below we let 1 denote an arbitrary one element set and
write B : K instead of B 2 fM 2 T j E ` M : Kg.

De�nition 11 (Possible values). The map a : T ! Set and the relation
:
=A� a(A) � a(A) (where

A 2 T ) are de�ned by

a(A) =

8>><
>>:

SAT(A) if E ` A : � or E ` A : 2
f(fB)B:K1 j 8B : K1:fB 2 a(B)! a(A B)

^ (8B;B0 : K1: B =�� B
0 ) fB =A fB0)g

if E ` A : ��:K1: K2 and K2 2 K

f1g otherwise

and

x
:
=A y =

8<
:
x = y if E ` A : � or E ` A : 2
8B : K1: 8z 2 a(B): xB z

:
=K2fx:=Bg yB z if E ` A : �x:K1: K2 and K2 2 K

true otherwise

In the sequel, we let A =
S
M2T a(M).

The interpretation preserves convertibility.

Lemma 8. If A and B are legal terms in E and A =�� B then a(A) = a(B).

Proof. By induction on the type of A and B.

The next interpretation maps types and kinds to saturated sets.

De�nition 12.

1. A valuation is a pair (�; �) with � : V ! T and � : V ! A.
2. The extension (j:j)� : T ! T of � is de�ned as the unique capture-avoiding substitution extending �.
3. The extension hh:ii(�;�) : T ! A of � is de�ned as follows:

hhxii(�;�) = �(x) if x 2 V

hhsii(�;�) = SN(s) if s 2 S
hh�x : A:Bii(�;�) =

Q
P 2 hhAii(�;�):int(�;�)(B;P )

hhM Nii(�;�) = (hhMii(�;�))(jNj)� hhNii(�;�) if (jMN j)� 2 C
hh�x : A:Mii(�;�) = (fun(�;�)(M;P ))P :(jAj)� if (j�x : A:M j)� 2 C

hhMii(�;�) = 1 otherwise

where

int(�;�)(B;P ) =
\

c2a(P )

hhBii(�(x:=P );�(x:=c))

fun(�;�)(M;P ) = ��c 2 a(P ):hhMii(�(x:=P );�(x:=c))

and �� denotes the set-theoretic abstraction.

In order to prove strong normalization one �rst needs to show that, under suitable conditions, valuations
preserve typability and that the hh:ii-interpretation of a term is an element of the possible values of its
(j:j)-interpretation.

De�nition 13.

1. A valuation (�; �) satis�es M : A, written (�; �) j=M : A if
(a) E ` (jM j)� : (jAj)�
(b) hhMii(�;�) 2 a((jM j)�).
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2. A valuation (�; �) satis�es � , written (�; �) j= � , where � is a pseudo-context, if (�; �) j= x : A for every
(x : A) 2 � .

3. A judgment � ` M : A is valid, written � j= M : A, if (�; �) j= M : A for every valuation (�; �) s.t.
(�; �) j= � .

We need to start with a few technical lemmas. First of all, we show that the interpretation is well-behaved
w.r.t. substitution.

Lemma 9. Assume that �1; x : B;�2 ` M : A and �1 ` N : B. If (�; �) j= �1; x : B;�2 then
hhMfx := Ngii(�;�) = hhMii(�(x:=(jNj)�);�(x:=hhNii(�;�))).

Proof. By induction on the structure of M .

We also need to show that valuations can always be extended in such a way that satisfaction is preserved.

Lemma 10. Let �; x : A be a legal context and let (�; �) be a valuation s.t. (�; �) j= �;A : s.

1. (�(x := N); �(x := c)) j= �; x : A for every N 2 T s.t. E ` N : (jAj)� and c 2 a(N).
2. There exists z 2 V s.t. (�(x := z); �(x := c)) j= �; x : A for every c 2 a(z).

Proof. By de�nition of j=.

The interpretation is preserved under conversion.

Lemma 11.

1. Assume � ` M;N : A and M =�� N . Then hhMii(�;�) = hhNii(�;�) for every valuation (�; �) such that
(�; �) j= � .

2. Assume � ` M : A. Then hhMii(�;�) = hhMii(�;�) for every valuations (�; �) and (�0; �) such that
(�; �) j= � , (�0; �) j= � and � =�� �

0.3

Proof. (1) By con
uence and subject reduction of !��, it is su�cient to consider the case whereM !�� N .
The proof proceeds by induction on the structure of M . (2) Similarly, it is su�cient to consider the case
where �!�� �

0. The proof proceeds by induction on the structure of M .

We can now prove the following result.

Proposition 1. If � ` M : A then � j=M : A.

Proof. By induction on the structure of derivations. We treat three cases:

1. assume that � `M : A is derived using (product). Then A = s2 and M = �x:B: C. Moreover the last
rule of the derivation is of the form

� ` B : s1 �; x : B ` C : s2

� ` �x:B: C : s2

Assume (�; �) j= � . To show (�; �) j= �x:B: C : s2.

(a) To prove E ` (j�x:B: Cj)� : s2. By induction hypothesis, (�; �) j= B : s1. In particular E ` (jBj)� : s1.
Moreover there exists by Lemma 10 a variable z s.t. for every c 2 a(z),

(�(x := z); �(x := c)) j= �; x : B

By induction hypothesis, E ` (jCj)�(x:=z) : s2. We conclude by (product).

3 !�� is extended to valuations in the obvious way, i.e. �!�� �
0 if there exists x 2 V such that �(x)!�� �

0(x) and
�(y) = �0(y) if x 6= y. Then =�� is the re
exive-symmetric-transitive closure of !��.
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(b) To prove hh�x:B: Cii(�;�) 2 a((j�x:B: Cj)�). Note that it is enough to show that

hh�x:B: Cii(�;�) 2 SAT((j�x:B: Cj)�)

By induction hypothesis, hhBii(�;�) 2 SAT((jBj)�) and

8N 2 T : 8c 2 a(N): (�(x := N); �(x := c)) j= �; x : B ) hhCii(�(x:=N);�(x:=c)) 2 SAT((jCj)�(x:=N))

By Lemma 10, 8N 2 T : 8c 2 a(N): E ` N : (jBj)� ) (�(x := N); �(x := c)) j= �; x : B and
hence 8N 2 T : 8c 2 a(N): E ` N : (jBj)� ) hhCii(�(x:=N);�(x:=c)) 2 SAT((jCj)�(x:=N)). By part
2 of Lemma 6,

8N 2 T : E ` N : (jBj)� )
\

c2a(N)

hhCii�(x:=c)�(x:=N) 2 SAT((jCj)�(x:=N))

We conclude by part 3 of Lemma 6.
2. assume that � `M : A is derived using (application). Then M =M1M2, A = Cfx :=M2g and the last

rule of the derivation is
� ` M1 : (�x:B: C) � ` M2 : B

� ` M1 M2 : Cfx :=M2g

Assume (�; �) j= � . To show (�; �) j=M1 M2 : Cfx :=M2g.
(a) to prove E ` (jM1 M2j)� : (jCfx :=M2gj)�. It follows directly from the induction hypothesis.
(b) to prove that hhM1 M2ii(�;�) 2 a((jM1 M2j)�). There are two cases to distinguish:

i. If (jM1 M2j)� 62 C, then a((jM1 M2j)�) = f1g and hhM1 M2ii(�;�) = 1, so we are done.
ii. If (jM j)� 2 C then by induction hypothesis, hhM1ii(�;�) 2 a((jM1j)�) and hhM2ii(�;�) 2 a((jM2j)�).

Now (jM1j)� 2 C and hence (hhM1ii(�;�))(jM2j)�hhM2ii(�;�) 2 a((jM1 M2j)�) and we are done.
3. assume that � `M : A is derived using (abstraction). Necessarily M = �x:B: N , A = �x:B: C and the

last rule of the derivation is

�; x : B ` N : C � ` (�x:B: C) : s

� ` �x:B: N : �x:B: C

Assume (�; �) j= � . To show (�; �) j= �x:B: N : �x:B: C.
(a) To prove E ` (j�x:B: N j)� : (j�x:B: C j)� . By Lemma 10, there exists z 2 V s.t. for every c 2 a(z),

(�(x := z); �(x := c)) j= �; x : B

By induction hypothesis,
E ` (jN j)�(x:=z) : (jCj)�(x:=z)
E ` (j�x:B: Cj)� : s

We conclude by (abstraction).
(b) To prove that hh�x:B: Nii(�;�) 2 a((j�x:B: N j)�). There are two cases to distinguish:

i. If (j�x:B: N j)� 62 C, then a((j�x:B: N j)�) = f1g and hh�x:B: Nii(�;�) = 1, so we are done.
ii. If (j�x:B: N j)� 2 C, then we have to show that for every P such that E ` P : (jBj)�:

(�) (hh�x:B: Nii(�;�))P Q 2 a((j�x:B: N j)� P ) for every Q 2 a(P );
(�) (hh�x:B: Nii(�;�))P = (hh�x:B: Nii(�;�))P 0 for every P 0 2 T legal in E and s.t. P =�� P

0.
By de�nition, (hh�x:B: Nii(�;�))P Q = hhNii(�(x:=P );�(x:=Q)). We conclude the proof of (�) by
Lemma 10 and induction hypothesis. As for (�), we conclude by Lemma 11.

We now turn to soundness, which states that under suitable conditions, (jM j)� 2 hhAii(�;�) whenever � `
M : A. We begin with some de�nitions and preliminary results.

De�nition 14.

1. A valuation (�; �) semantically entails M : A, written (�; �) j=s M : A, if (�; �) j= M : A and (jM j)� 2
a(hhAii(�;�)).
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2. A valuation (�; �) semantically entails � , written (�; �) j=s � , where � is a pseudo-context, if (�; �) j=s

x : A for every (x : A) 2 � .
3. A judgment � ` M : A is sound, written � j= M : A, if (�; �) j=s M : A for every valuation (�; �) s.t.

(�; �) j=s � .

The following lemma shows that valuations can always be extended in such a way that satisfaction is
preserved.

Lemma 12. Let �; x : A be a legal context and let (�; �) be a valuation s.t. (�; �) j=s �;A : s.

1. (�(x := N); �(x := c)) j=s �; x : A for every N 2 T s.t. E ` N : (jAj)� and c 2 a(N) and N 2 hhAii(�;�).
2. There exists z 2 V s.t. (�(x := z); �(x := c)) j=s �; x : A for every c 2 a(z).

Proof. By de�nition of j=s.

Finally, we prove that the model construction is sound.

Proposition 2 (Soundness). If � ` M : A then � j=s M : A.

Proof. Note that we only have to show that (jM j)� 2 hhAii(�;�) whenever (�; �) j=
s � . We treat three cases:

1. assume that � `M : A is derived using (product). Then A = s2 and M = �x:B: C. Moreover the last
rule of the derivation is of the form

� ` B : s1 �; x : B ` C : s2

� ` �x:B: C : s2

Assume (�; �) j=s � . To show (j�x:B: C j)� 2 hhs2ii(�;�). Note that hhs2ii(�;�) = SN(s2) so we need to
prove that (j�x:B: Cj)� is strongly normalizing. By induction hypothesis, both (jBj)� and (jCj)�0 (where
(�0; � 0) j=s �; x : B) are strongly normalizing. By Lemma 12, there exists z 2 V and c 2 a(z) s.t.
(�(x := z); �(x := c)) j=s �; x : B. Hence (jCj)�(x:=z) is strongly normalizing. Thus (j�x:B: Cj)� is
strongly normalizing.

2. assume that � `M : A is derived using (application). Then M =M1M2, A = Cfx :=M2g and the last
rule of the derivation is

� ` M1 : (�x:B: C) � ` M2 : B

� ` M1 M2 : Cfx :=M2g

Assume (�; �) j=s � . To show (jM1 M2j)� 2 hhCfx :=M2gii(�;�). By induction hypothesis,

(jM1j)� 2 hh�x:B: Cii(�;�) (jM2j)� 2 hhBii(�;�) hhM2ii(�;�) 2 a((jM2j)�)

By de�nition of hh�x:B: Cii(�;�),(jM1 M2j)� 2
T
c2a((jM2j)�)

hhCii(�(x:=(jM2j)�);�(x:=c)). A fortiori

(jM1 M2j)� 2 hhCii(�(x:=(jM2j)�);�(x:=hhM2ii(�;�)))

By Lemma 9, (jM1 M2j)� 2 hhCfx :=M2gii(�;�).
3. assume that � `M : A is derived using (abstraction). Necessarily M = �x:B: N , A = �x:B: C and the

last rule of the derivation is

�; x : B ` N : C � ` (�x:B: C) : s

� ` �x:B: N : �x:B: C

Assume (�; �) j=s � . To show that (j�x:B: N j)� 2 hh�x:B: Cii(�;�), or by de�nition of hh�x:B: Cii(�;�)
that

8P 2 hhBii(�;�): (j�x:B: N j)� P 2
\

c2a(P )

hhBii(�(x:=P );�(x:=c)) (�)

By induction hypothesis and Lemma 12, hhBii(�(x:=P );�(x:=c)) is a saturated set whenever P 2 hhBii(�;�)
and c 2 a(P ). By de�nition of saturated sets, (�) follows from:
(a) for every P 2 hhBii(�;�), (j�x:B: N j)� P 2 SN((j�x:B: C j)�);
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(b) for every P 2 hhBii(�;�), (jN j)�(x:=P ) 2
T
c2a(P )hhBii(�(x:=P );�(x:=c)).

The latter is a direct consequence of the induction hypothesis and part 2 of Lemma 6. As for (a), we
need to prove by Lemma 3 that (jBj)� is strongly normalizing and that (jN j)�(x:=P 0) for every P 0 such
that P ��� P

0. As P 0 2 hhBii(�;�) for P ��� P
0, both follow from the induction hypothesis.

It follows that legal terms of the systems of the �-cube are strongly normalizing w.r.t. �-reduction+�-
expansion.

Theorem 3. For every system of the �-cube: � ` M : A ) M 2 SN(��(� ))

Proof. Without loss of generality, we can assume � = hi, as

x1 : A1; : : : ; xn : An ` M : B ) hi ` �x1 : A1: : : : : �xn : An: M : �x1 : A1: : : : : �xn : An: M

�x1 : A1: : : : : �xn : An: M 2 SN(��) ) M 2 SN(��)

Then for every valuation (�; �), (jM j)� 2 hhAii(�;�) 2 SAT((jAj)�). In particular, (jM j)� 2 SN(��). But
(jM j)� =M so we are done.

4 Strong normalization of the algebraic �-cube

In this section, we introduce the algebraic �-cube and show that strong normalization is a modular property
of the algebraic �-cube, provided the underlying term-rewriting system is non-duplicating.

4.1 The algebraic �-cube

The algebraic �-cube is obtained from the �-cube by aggregating many-sorted rewriting systems to the type
systems. As in [7, 8, 10], we shall only consider �rst-order term-rewriting systems. Note however that there
are other presentations of the algebraic �-cube based on higher-order rewriting systems, see e.g. [3].

De�nition 15. A signature � consists of a pair (�; (Fw;s)w2List(�);s2�) where � is a set of universes and
(Fw;s)w2List(�);s2� is an indexed family of pairwise disjoint sets of function symbols. In the sequel, we let
F =

S
w2List(�);s2� Fw;s.

Below we let � be a �xed signature and assume given a �xed countably in�nite set of variables V� for every
universe � .

De�nition 16. The set T�(�) of � -terms is de�ned by the clauses:

1. if x 2 V� , then x 2 T�(�);
2. if f 2 F(�1;:::;�n);� and ti 2 T�(�i) for i = 1; : : : ; n, then f(t1; : : : ; tn) 2 T�(�).

As usual, we let var(t) and mvar(t) denote the set and multiset of variables of t respectively.

Finally, we de�ne term-rewriting systems.

De�nition 17. A term-rewriting system R is an indexed set (R� )�2� such that R� � T�(�) � T�(�) and
var(l) � var(r) for every (l; r) 2 R� . We say R is non-duplicating if mvar(l) � mvar(r) for every (l; r) 2 R� .

Basic concepts, such as the rewriting relation and termination, are de�ned in the standard way, see e.g. [27].
Throughout this section, we let R be a �xed term-rewriting system. Every rule set S yields an algebraic

type system �S+R as follows.

De�nition 18 (Algebraic Type Systems of the algebraic �-cube).

1. The set T of pseudo-terms is de�ned by the abstract syntax

T = V � j V 2 j � j2 j T T j �V : T :T j�V : T :T j � j F

2. Algebraic reduction !R is de�ned by the rules C[�l] !R C[�r] where (l; r) is a rule, C[:] is a context
(in the terminology of rewriting) and � is a substitution.

3. �-reduction, �-reduction. . . are de�ned as in Section 2.
4. The derivability relation ` is given by the rules of Figure 1 except for the conversion rule, and the rules

of Figure 4.

In the conversion rule, one could have used �-expansion instead of �-reduction. The important point is not
to allow conversion, especially algebraic conversion, as it would lead to an inconsistent system e.g. for the
system R de�ned by the rules or(x; y)! x and or(x; y)! y, see e.g. [7].
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(universe) hi ` � : � if � 2 �

(function)
� `M1 : �1 : : : � `Mn : �n

� ` f(M1; : : : ;Mn) : �
if f 2 F((�1; ::: ;�n);�)

(conversion)
� ` A : B � ` B0 : s

� ` A : B0
if B #��R B0

Fig. 4. New rules for the algebraic �-cube

4.2 Proof-irrelevance

One major obstacle with the algebraic �-cube is subject reduction. As shown in [3], subject reduction can
be proved directly, but the proof is extremely complex and lengthy. A simpler alternative, suggested by the
author in [7], is to de�ne a proof-irrelevant algebraic �-cube, for which subject reduction is trivial to establish,
to show that the algebraic �-cube is a subsystem of the proof-irrelevant algebraic �-cube, and to conclude
by showing the latter to be strongly normalizing. We begin by de�ning the proof-irrelevant algebraic �-cube.
As a preliminary, we de�ne pseudo-objects, pseudo-constructors and pseudo-kinds. The de�nition is almost
identical to the one of Section 3.

De�nition 19 (Pseudo-objects, pseudo-constructors and pseudo-kinds). The classes O, C and K
of pseudo-objects, pseudo-constructors and pseudo-kinds are given by the abstract syntaxes

O = V � j F j �V �:C:O j �V 2:K:O j O O j O C

C = V 2 j � j�V :C: C j�V :K: C j �V �:C: C j �V 2:K: C j C C j C O

K = � j�V :C:K j�V :K: K

Intuitively, proof-irrelevant type systems are obtained by identifying all the pseudo-objects in the conversion
rule. This motivates the de�nition below. For technical convenience, we assume the term-rewriting system
under consideration to contain a speci�c constant �.

De�nition 20.

1. The proof-irrelevant skeleton j:j : T ! T is de�ned inductively as follows:

jM j = � if M 2 O
jvj = v if x 2 V 2 [ � [ S

jM N j = jM j jN j if (M N) 62 O
j�x:A: M j = �x:jAj: jM j if (�x:A: M) 62 O
j�x:A: Bj = �x: jAj: jBj

2. The proof-irrelevant conversion ' is de�ned by M ' N , jM j =�� jN j.
3. The relation � `pi M : A is obtained from the rules of the algebraic �-cube by replacing the conversion

rule by
� `pi M : A � `pi B : s

� `pi M : B
if A ' B

As in [7], one can show the systems of the algebraic �-cube to be sound w.r.t. proof-irrelevance, i.e. for every
system of the algebraic �-cube

� ` M : A ) � `pi M : A

To prove strong normalization of the algebraic �-cube, it is thus enough to prove

� `pi M : A ) M 2 SN(��(� )R)

The gain is that proof-irrelevant systems enjoy soundness w.r.t. convertibility and subject reduction. Con-
sequently the model construction of Section 3 only needs to be modi�ed slightly.
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4.3 The model construction

The model construction is extended by setting (j�j)� = SN(�) for every universe �. The proof of soundness
proceeds as before, except for:

1. the conversion rule: one needs to strengthen Lemma 11 by replacing =�� by '. One proceeds as in [7];

2. the function rule: one needs to use the following result.

Lemma 13. If R is non-duplicating and terminating, f 2 F((�1; ::: ;�n);�) and E ` ti : �i for 1 � i � n,
then

ti 2 SN(�i) for 1 � i � n ) f(t1; : : : ; tn) 2 SN(�)

Proof. (Sketch) Termination is a persistent property of non-duplicating term-rewriting systems [27] thus
!R is terminating on algebraic pseudo-terms and more generally on pseudo-terms, see [8]. To conclude,
proceed exactly as in e.g. [2], using the notions of cap and aliens.

It follows that strong normalization (under �-reduction+�-expansion+algebraic reduction) is a modular
property of the systems of the algebraic �-cube, provided the underlying term-rewriting system is non-
duplicating.

Theorem 4. For every system �S + R of the algebraic �-cube: � ` M : A ) M 2 SN(��(� )R)
provided R is terminating and non-duplicating.

Theorem 4 partially solves a conjecture by Di Cosmo and Ghani [10]. Yet Theorem 4 is not fully satisfactory
since one would like to drop the condition of the term-rewriting system being non-duplicating. The key is
to prove Lemma 13 for an arbitrary terminating term-rewriting system. One possibility, which needs to be
further explored, is to use the techniques of [8].

5 Conclusion

This paper brings new light to �-expansion in systems of dependent types. In particular, we have shown:

1. �-reduction+�-expansion is strongly normalizing for the systems of the �-cube;

2. �-reduction+�-expansion+algebraic reduction is strongly normalizing for the systems of the algebraic
�-cube, provided the underlying term-rewriting system is terminating and non-duplicating.

In the future, it would be interesting to study strong normalization of �-reduction+�-expansion for Pure
Type Systems. We therefore conclude with the following conjecture:4

Conjecture 1. For every speci�cation S such that ��S is strongly normalizing w.r.t. !� , �S is strongly
normalizing w.r.t. !��.

A similar conjecture for !��-reduction has been formulated by Geuvers [14].

Conjecture 2 (Geuvers). For every speci�cation S such that ��S is strongly normalizing w.r.t. !� , �S is
strongly normalizing w.r.t. !��.

Our conjecture implies his, as

�S is strongly normalizing w.r.t. !�� ) �S is strongly normalizing w.r.t. !�

) �S is strongly normalizing w.r.t. !��

4 ��S denotes the usual Pure Type System �S associated to a speci�cation S.
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Abstract. We research the problem of typability in the functional lan-
guage ML extended with both atomic and polymorphic subtyping. The
paper analyses the interaction between polymorphism and subtyping and
gives an algebraic characterization of the typability problem.

Introduction

Type reconstruction and type-checking are a form of ensuring program correct-
ness. They prevent run-time errors and often even logical errors in program
design.

Subtyping is a form of extending the type discipline which gives programmer
more freedom while retaining advantages of type correctness. Since the semi-
nal paper of Mitchell [Mit84] it has attracted a lot of interest. Several ways of
extending ML polymorphic type discipline with subtyping have been proposed,
but the question of complexity of type reconstruction in such systems remains
open.

In this paper we and give an algebraic characterization of typability in such
system, similar to one that led to establishing exact complexity of the typability
in pure ML. We hope that the characterisation proposed in this paper will allow
to achieve similar result for ML with subtyping.

Contributions and organization of the paper

In the �rst section of the paper we analyse the interaction between polymorphic
and atomic subtyping. We introduce a system of subtyping for ML types being
a natural restriction of the Mitchell's system [Mit88] to ML types, enriched with
the subtyping between type constants. In contrast to to the Mitchell's system,
the relation induced by our system turns out to be decidable (in polynomial
time, actually). Furthermore, we prove that polymorphic and atomic subtyping
can be in certain sense separated.
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In Section 2 we introduce a type system for ML with subtyping. In contrast
to the previous work in this area, we try to keep this extension as simple as
possible and thus do not propose to extend the syntax of types, but merely to
add the subtyping rule. The resulting system turns out to behave very di�erently
to its ancestor and enjoys some interesting (even if not very encouraging from
the practical point of view) properties.

The paper [KTU90] provides an algebraic characterization of typability in ML
by the \acyclic semiuni�cation problem" (ASUP) | a variant of the uni�cation
problem. In section 3 we propose a generalization of ASUP allowing to accom-
modate subtyping. In the �nal section we show that such extension is suÆcient
to provide an algebraic characterization of typability in our system.

1 Preliminaries

1.1 Terms

We concentrate on a subset of ML terms essential for type analysis:

M ::= c j x j �x:M jM1M2 j let x =M1 in M2

(x stands for variables and c for constants)

1.2 Types and type schemes

Given a set of type variables (�; �; 
; : : :) and a (�nite) set of type constants
(like char,int,real,. . . ), we de�ne the set of (monomorphic) types

� ::= � j � j � ! �

where � stands for type constants.
Further, we de�ne the set of (polymorphic) type schemes

� ::= 8�1 : : : �n:�

In the sequel we shall use the abbreviation 8~�:� , and a notational convention
that � (possibly with indices) will stand for type schemes and �; � (possibly with
indices) for (monomorphic) types.

If � 62 FV (�) then 8�:� is called an empty binding. A type scheme containing
only empty bindings is called singular.

1.3 Subtype partial orders

We assume there is some prede�ned partial ordering �� on the type constants.
We introduce a system of subtyping for ML types being a restriction of the

Mitchell's system [Mit88] to ML types, enriched with the subtyping between
constants. The system derives formulas of the form � � � , where � and � are
type schemes.
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Axioms:

(re
) � � �

(inst) 8~�: � � 8~�: �[~�=~�], �i are types; �i 62 FV (8~�: �)

Rules:

(const)
�1 �� �2
�1 � �2

(!)
�0 � � � � � 0

�! � � �0 ! � 0
(8)

� � �0

8�: � � 8�: �0

(trans)
� � �1 �1 � �0

� � �0

We write ` � � �0 to indicate that � � �0 is derivable in the above system.
We shall also write `� for derivability without using the axiom (inst) (and use
`� �1 � �2 as a a shorthand for �1 �� �2) and `� for derivability without
mentioning type schemes at all.

We shall use the symbol � to denote the relation generated by the (inst)
axiom.

It is worthwhile to observe that this is not a conservative restriction of
Mitchell's system, i.e. if we allow substituting polymorphic types in (inst), we
can infer more inequalities between ML types. A simple example here is the
inequality

8�:((�! �)! �) � (�! �)! 


which is derivable in the Mitchell's system but (as follows from Theorem 1.7) not
in ours. On the other hand an important consequence of allowing only monomor-
phic instance is the following

Proposition 1.1. The relation � is decidable.

Proof. This can be deduced from the results contained in [OL96]. In fact one
can even prove that it is decidable in polynomial time.

Lemma 1.2. If ` � � �0 and � is singular then

1. FV (�) = FV (�0)
2. the derivation contains only singular type schemes (in particular �0is singu-

lar).

Lemma 1.3. If ` � � � 0 (with �; � 0 monomorphic) then there is a derivation of
this inequality which contains only monomorphic types.

Lemma 1.4. The relation � is re
exive and transitive.
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Lemma 1.5. If � �� �1 � �0 then there exists �2 such that

� � �2 �� �
0:

Lemma 1.6. If �0 � �1 then 8
: �0 � 8
: �1.

Proof. By the de�nition of �, we have �0 � 8~�: � and �1 � �[~�=~�] for some
�; �. We have to consider two cases:

1. 
 2 FV (8~�: �). Then we have

8
:8~�: � � 8~�:8
: �[
=
; ~�=~�] � 8~�:8
: � � 8
:�[~�=~�]

2. 
 62 FV (8~�: �). Then we have

8
:8~�: � � 8~�: �[
=
] � 8~�: � � 8
: �[~�=~�]

In both cases the thesis follows from the transitivity of �.

Theorem 1.7 (Normalization for �). If ` � � �0 then there exists �1 such
that

� � �1 �� �
0

Proof. Again we proceed by induction on the derivation. The basic cases i.e. ax-
ioms, and (const) are trivial. The rule (trans) can be handled by Lemma 1.5.

If the last rule in the derivation was (!) then all components must be
monomorphic, and by Lemma 1.3 there is a derivation of the inequality in `�.

Having said that, we only have to consider the case when the last rule was
(8):

� � �0

8�: � � 8�: �0

By the induction assumption, there exists �1 such that

� � �1 �� �
0:

But then, by Lemma 1.6 we have that

8~�: � � 8~�: �1

On the other hand, obviously if �1 �� �
0 then 8~�: �1 �� 8~�: �

0.

Proposition 1.8. In the � ordering, every set of type schemes has a lower
bound.

Proof. It is easy to see that for every type scheme �

8�:� � �
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(CON) ` c : �(c) for c 2 K

(VAR) E(x : �) ` x : �

(ABS)
E(x : � ) `M : �

E ` �x:M : � ! �

(APP)
E `M : � ! � E ` N : �

E `MN : �

(GEN) E `M : �
E `M : 8�:�

� 62 FV (E)

(INST)
E `M : 8�:�
E `M : �[�=�]

(LET)
E `M : �0 E(x : �0) ` N : �

E ` let x = M in N : �

Fig. 1. A reference ML type system, `ML

2 Type systems

2.1 The traditional type system for pure ML

We assume that we have a �xed set of constants Q, and for each c 2 Q its type
�(c), built only with type constants and arrows, is known.

The system depicted in Figure 1 will serve as a reference type system for
ML [DM82,CDDK86,KTU90]. We shall use the symbol `ML to denote derivabil-
ity in this system.

The simplest way to extend this system with subtyping is by adding the
subsumption rule

(SUB)
E `M : � � � �

E `M : �

In the sequel by `ML� we shall understand the system `ML with the subsumption
rule.

We shall say that a derivation is normal if subsumption rule is applied only
to variables and constants.

Lemma 2.1. If E `ML� M : � then there is a normal derivation ending with
this judgement.
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2.2 An alternative type system for ML

Kfoury et. al, in [KTU89,KTU94] suggest an alternative (equivalent) type infer-
ence system for ML, which is better suited for complexity studies:1

(CON) ` c : �(c) for c 2 K

(VAR) (x : �) ` x : � for � � �

(ABS)
E(x : � ) `M : �

E ` �x:M : � ! �

(APP )
E `M : � ! � E ` N : �

E `MN : �

(LET )
E `M : � E(x : 8~�:�) ` N : �

E ` let x = M in N : �
�

Fig. 2. An alternative type system for ML, `ML�

Proposition 2.2. For every term M , it is typable in `ML? i� it is typable in
`ML.

For proof, cf. [CDDK86,KTU90].
Subtyping can be added here by replacing the instance relation in the axiom

with the subtyping relation de�ned in the section 1.3. . .

E(x : �) ` x : � if ` � � �

. . . and modifying an axiom for constants:

(CON) ` c : � if ` �(c) � �

We shall denote derivability in the resulting system by the symbol `ML?
�
.

Theorem 2.3. For every environment E, term M and monomorphic type � , if
~� � FV (�) � FV (E) then

E `ML� M : 8~�: � i� E `ML?
�
M : �

In other words for every term M , it is typable in `ML?
�
i� it is typable in `ML� .

1 This system is called `� in [KTU90]
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Proof. The right-to-left implication becomes obvious when we observe that `ML?
�

can be viewed as a subset of `ML� , and that under given assumption general-
ization over ~� is allowed in `ML� .

The proof of the left-to-right implication may proceed by induction on deriva-
tion; the only di�erence from the Proposition 2.2 lies in the rule (SUB):

(SUB)
E `M : 8~�: � 8~�: � � 8~�: � 0

E `M : 8~�: � 0

Because of the normalization theorem for �, it is suÆcient to consider the cases
when 8~�: � � 8~�: � 0 and when 8~�: � �� 8~�: � 0.

In the �rst case it follows that � 0 � � [~�=~�]. By the induction assumption we
have that

E `ML?
�
M : �

and want to conclude that

E `ML?
�
M : � [~�=~�]:

It is easy to see that
E[~�=~�] `ML?

�
M : � [~�=~�]

but since �'s cannot be possibly free in E, we have that E[~�=~�] = E.
Now consider the case when

`� 8~�: � � 8~�: � 0

It is easy to prove that in this case ~� = ~� and `� � � � 0 with �; � 0 monomorphic.
A routine check that in this case if E `ML?

�
M : � then E `ML?

�
M : � 0 is left to

the reader.

Lemma 2.4. Let M be an arbitrary term, x a free variable, occurring k times
(k � 1) in M , and let N = �x1 : : : xk :M

0, where M 0 is a term obtained from M
by replacing subsequent occurrences of x with x1; : : : ; xk respectively. Then M is
typable i� N is, or, more precisely

1. If E(x : �) ` M : � then E ` N : �1 ! � � � ! �k ! � for some �1; : : : ; �k
such that � � �i for i = 1; : : : ; k.

2. If E ` N : �1 ! � � � ! �k ! � , then there is � such that E(x : �) `M : � .

2.3 Example

The example depicted in Fig. 3 illustrates an important di�erence between ML
and ML�:

Assume we have two type constants i; r (one can think of them as representing
for example int and real), with i � r, an atomic constant pi of type r and a
functional constant round of type r ! i. Now consider the following term:

let t = (�f : �x : f (f x)) in t round pi
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This term is not typable in ML but is typable in ML�. In fact all its normal
typings mention only monomorphic types. One of this typings is presented in
Fig. 3 Here, the context in which t is used, has 'forced' inferring a monomorphic
type for it, even though its de�nition allows to infer an universal type, e.g.
8�:�! �.

This example illustrates consequences of the fact that ML� has no principal
types property, and shows that this type system is in a way 'not compositional',
whereas for ML, the following holds:

Proposition 2.5. For any terms N1; N2

E `ML let x = N1 in N2 : �

i�
E(x : �) `ML N2 : �

where � is a principal type for N1.

3 Subtyping and Semi-Uni�cation

3.1 Semi-uni�cation

The Semi-Uni�cation Problem (SUP) can be formulated as follows: An instance
� of SUP is a set of pairs of (monomorphic) types. A substitution S is a solution
of � = f(t1; u1); : : : ; (tn; un)g i� there are substitutions R1; : : : ; Rn such that

R1(S(t1)) = S(u1); : : : ; Rn(S(tn)) = S(un)

The problem is to decide, whether given instance has a solution.
A variation of this problem including subtyping can be formulated by rede�n-

ing solution of � as follows: S is a sub-solution of � i� there are substitutions
R1; : : : ; Rn such that

R1(S(t1)) � S(u1); : : : ; Rn(S(tn)) � S(un)

The Semi Sub-Uni�cation Problem (SSUP) is to decide whether given instance
has a sub-solution.

Proposition 3.1 ([KTU93]). SUP is undecidable.

Corollary 3.2. SSUP is undecidable.

3.2 Acyclic semi-uni�cation

An instance � of semi-uni�cation is acyclic if for some n � 1, there are integers
r1; : : : ; rn and n+ 1 disjoint sets of variables, V0; : : : ; Vn, such that the pairs of
� can be placed in n columns (possibly of di�erent height; column i contains ri
pairs):
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(t1;1; u1;1) (t2;1; u2;1) � � � (tn;1; un;1)

(t1;2; u1;2) (t2;2; u2;2) � � � (tn;2; un;2)

...
...

. . .
...

(t1;r1 ; u1;r1) (t2;r2 ; u2;r2) � � � (tn;rn ; un;rn)

where:

V0 = FV(t1;1) [ � � � [ FV(t1;r1)

Vi = FV(ui;1) [ � � � [ FV(ui;ri) [

[FV(ti+1;1) [ � � � [ FV(ti+1;ri+1) for 1 � i < n

Vn = FV(un;1) [ � � � [ FV(un;rn)

The set of terms with variables from Vi is also called zone i.
The Acyclic Semi-Uni�cation Problem (ASUP) is the problem of deciding

whether given acyclic instance has a solution.
Here again, subtyping can be introduced to yield an Acyclic Semi-Sub-Uni�cation

problem: whether a sub-solution of given acyclic instance exists.

Proposition 3.3 ([KTU90]). ASUP is DEXPTIME-complete.

4 The equivalence between ML� and ASSUP

This section is devoted to the proof of the following

Theorem 4.1. ASSUP is log-space equivalent to ML� typability.

The reduction from ML� to ASSUP can be inferred from the original reduc-
tion from ML to ASUP given in [KTU90]. The di�erences are mostly of technical
nature, therefore we omit it here2 and focus on the reduction from ASSUP to
typability.

4.1 Constraining terms

For every type variable �i we introduce object variables wi; vi. We assume that
for every type constant � 2 Q we there is a constant c� of this type, and a
constant c(�!�) of type � ! �. Now, for every monomorphic type � , we de�ne
a term M� and a context C� [ ] with one hole simultaneously by induction on �
(bear in mind that K = �x:�y:x):

1. M� = c�
C�[ ] = c(�!�)[ ]

2 The readers keen on details are referred to [Ben96].
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2. M�i
= viwi

C�i
[ ] = vi[ ]

3. M�1!�2 = �x:KM�2C�1 [x]
C�1!�2 [ ] = C�2 [[ ]M�1 ]

Intuitively, M� can be used wherever enforcing � as a lower bound is needed.
Dually, the context C� [ ] imposes � as an upper bound for types of the term
placed inside it. These intuitions are formalised in the following

Lemma 4.2. Let �; �1; : : : ; �`; �
1
1; : : : ; �

1
` ; �

2
1; : : : ; �

2
` be arbitrary types such that

FV(�) � f�1; : : : ; �`g:

�1i � �2i for 1 � i � `

Furthermore, let S be a substitution such that �1i � S(�i) � �2i for 1 � i � `.
Then for any term N and environment E such that

E � fvi : �
1
i ! �2i ; wi : �i j 1 � i � `g

we have for every type � 00:

1. If

E `M� : �
00

then S(�) � � 00

2. If

E ` C� [N ] : � 00

then

E ` N : S(�)

Lemma 4.3. Let �; �1; : : : ; �` be arbitrary types such that

FV(�) � f�1; : : : ; �`g:

Furthermore, let S be a substitution such that S(�i) = �i for 1 � i � `. Then
for any term N and environment E such that

E � fvi : �i ! �i; wi : �i j 1 � i � `g

we have

1. E `M� : S(�)

2. If E ` N : S(�), then there exists � 00 such that E ` C� [N ] : � 00
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4.2 The encoding

Consider an instance � of ASSUP. Without loss of generality we may assume
that all the columns of � have an equal number of inequalities r.

Let type variables in zone i, for i = 0; 1; : : : ; n, be:

�i;1; �i;2; : : : ; �i;`i

for some `i � 1, corresponding to which we introduce object variables:

vi;1; wi;1; vi;2; wi;2; : : : ; vi;`i ; wi;`i

The notation M� and C� [ ] introduced earlier relative to singly subscripted
variables, �i and vi; wi, is now extended to doubly subscripted variables, �i;j and
vi;j ; wi;j . We can assume that all the zones have an equal number ` of variables,
i.e.,

` = `0 = `1 = � � � = `n

With these assumptions about � , let us introduce some building blocks which
shall be used in the construction of the term M� :

In the sequel by C`
i [ ] we shall mean the context

�wi;1: : : : �wi;`:(�vi;1: : : : �vi;`:[ ]) I : : : I| {z }
` times

where I = �x:x.
De�ne

N 0
1 = �z:zMt1;1 : : :Mt1;r

N1 = C`
0[N

0
1]

Further for 1 � j � r, de�ne

P1;j = �p1 : : : �pl:xi p1 : : : pl(�y1 : : : �yr:Cu1;j [yj ])

and for 2 � i � n and 1 � j � r

Pi;j = �p1 : : : �pl:xi p1 : : : pl(�z1 : : : �zr�y1 : : : �yr:Cui;j [yj ])

and

N 0
i = �z:zPi�1;1 : : : Pi�1;rMti;1 : : :Mti;r (1)

Ni = C`
i [N

0
i ] (2)

Finally we de�ne the term M� as follows:

M� � let x1 = N1 in

let x2 = N2 in

...

let xn�1 = Nn�1 in

let xn = Nn in Nn+1
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4.3 Soundness of the encoding

Theorem 4.4. If � has a sub-solution then M� is typable.

Proof. Suppose � has a sub-solution S:

S = [�i;j := �i;j j i = 0; : : : ; n; and j = 1; : : : ; ` ]

There are therefore substitutions Ri;j such that: Ri;j(S(t
i;j)) � S(ui;j), for every

i = 1; : : : ; n and j = 1; : : : ; r. We shall show that M� is typable. For i =
1; : : : ; n+ 1, de�ne the environment Ei:

Ei = fvi�1;j : �i�1;j ! �i�1;j ; wi�1;j : �i�1;j j 1 � j � `g

For i = 1; : : : ; n and j = 1; : : : ; r, by Lemma 4.3:

Ei `Mti;j : S(t
i;j)

and for every i = 2; : : : ; n + 1 and j = 1; : : : ; r there exists a (monomorphic)
type  i;j , such that

Ei(yj : S(u
i�1;j)) ` Cui�1;j [yj ] :  i;j

We shall prove that ` N1 : �1, where:

�1 = �0;1 ! � � � ! �0;` ! (S(t1;1)! � � � ! S(t1;r)! �1)! �1

where �1 is a type variable.
Let

�1 = S(t1;1)! � � � ! S(t1;r)! �1

The desired property of N1 is easily seen from the following derivation:

E1(z : �1) ` z : �1 E1(z : �1) `Mt1;1 : S(t
1;1)

...
E1(z : �1) ` zMt1;1 : : :Mt1;r : �1

E1 ` N 0
1 : �1 ! �1

...

` C`
1[N

0
1] : �1

By an argument similar to the one about N1, one may prove that

x1 : �1 ` N2 : �1;1 ! � � � ! �1;` !

(�1;1 ! � � � ! �1;r !

S(t2;1)! � � � ! S(t2;r)! �2)! �2

we shall call this type �2. Similarly, for i = 3; : : : ; n+ 1 and j = 1; : : : ; r, using
the fact that Ri�1;j(S(t

i�1;j)) � S(ui�1;j), it is not diÆcult to check that:

fxi�1 : 8 �': �i�1g ` Ni : �i
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where

�i = �i�1;1 ! � � � ! �i�1;` !

(�i�1;1 ! � � � ! �i�1;r ! S(ti;1)! � � � ! S(ti;r)! �i)! �i

�i;j = Ri;j(�i;1)! � � � ! Ri;j(�i;`)!  i;j

for some type  i;j .

4.4 Completeness of the encoding

Theorem 4.5. If M� is typable then � has a sub-solution, i.e. there exist sub-
stitutions S;R1;1; : : : ; Rn;r such that

Ri;j(S(ti;j)) � S(ui;j) for 1 � i � n; 1 � j � r

Proof. Suppose that M� is typable. This means that, for i = 1; : : : ; n+ 1, Ni is
typable in an environment Ei of the form:

Ei = fx1 : �1; : : : ; xi�1 : �i�1g

where �1; : : : �n are type schemes Although the only free variable in Ni is xi�1,
Ei must include a type assumption for every variable whose binding includes Ni

in its scope. Note that ; = E1 � � � � � En+1.
Let Vi denote the set of variables in zone i of � . Note that

FV (Ni) =

�
V0 if i = 1

Vi�1 [ fxi�1g otherwise
(3)

If Ni = C`
i [N

0
i ] is typable in Ei, then there exists an environment Ev

i and
types �i; �

1
i;1; : : : ; �

1
i;`; �

2
i;1; : : : ; �

2
i;` such that

�1i;j � �2i;j (4)

Ev
i (vi;j) = �1i;j ! �2i;j (5)

Ev
i ` Ni : �i (6)

Take any S such that �1i;j � S(�i;j) � �1i;j for 1 � i � n, 1 � j � `. The
existence of such S follows from acyclicity of � and (3). Note that S and Ev

i

satisfy assumptions of Lemma 4.2.
First let us focus on the term N1. The type �1 must be of the form

�1 = �0;1 ! � � � ! �0;` ! (�1;1 ! � � � ! �1;r ! '1)!  1

where

S(t1;j) � �1;j for 1 � j � r (7)

'1 �  1 (8)
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Now consider the term P1;j . There exist an environment Ey
1;j � Ev

1 and a type
 1;j such that

Ey
1;j ` Cui;j :  1;j

Ey
1;j ` y : S(u1;j)

Since P1;j occurs in a context let x1 = N1 in . . . , the occurrence of x1 in

it must be assigned a type �j1 that is an instance of 8 �': �1. Therefore by the
Lemma 1.7, there exists a substitution R1;j such that

R1;j(�1) � �j1: (9)

From this, it follows that �j1 must be of the form

�j1 = �j0;1 ! � � � ! �j0;` ! (� j1;1 ! � � � ! � j1;r ! 'j
1)!  j

1

since x1 occurs in P1;j in the context x1p1 : : : p`(�y1 : : : �yr:Cu1;j [yj ], by Lemma 4.2
we have

� j1;j � S(u1;j)

Since �1;j occurs positively in �1, we have R1;j(S(t
1;j) � R1;j(�1;j). In turn

R1;j(�1;j) � � j1;j by 9. From this inequalities, we conclude that

R1;j(S(t
1;j)) � S(u1;j):

By the same token, for 2 � i � n+ 1,3 the type �i must be of the form

�i = �i�1;1 ! � � � ! �i�1;` !

(�i�1;1 ! � � � ! �i�1;r ! �i;1 ! � � � ! �i;r ! 'i)!  i

and for all j the occurrence of xi in Pi;j must be assigned a type of the form

�ji = �ji�1;1 ! � � � ! �ji�1;` !

(�ji�1;1 ! � � � ! �ji�1;r ! � ji;1 ! � � � ! � ji;r ! 'j
i )!  j

i

and there must be a substitution Ri;j such that

Ri;j(�i) � �ji : (10)

From this and from the construction of Pi;j we can again conclude that in fact

Ri;j(S(t
i;j)) � Ri;j(�i;j) � � ji;j and hence

Ri;j(S(t
i;j)) � S(ui;j)

for all i and j.

3 Note that there is no xn+1, but there is Nn+1.
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Abstract. We study a variant of the no read-up/no write-down security property of

Bell and LaPadula for processes in the �-calculus. Once processes are given levels of

security clearance, we statically check that a process at a high level never sends names

to processes at a lower level. The static check is based on a Control Flow Analysis for

the �-calculus that establishes a super-set of the set of names to which a given name

may be bound and of the set of names that may be sent and received along a given

channel, taking into account its directionality. The static check is shown to imply the

natural dynamic condition.

1 Introduction

System security is receiving more and more attention but obtaining precise an-
swers is often undecidable [10]. However, static analysis provides a repertoire
of automatic and decidable methods for analysing properties of programs, and
these can often be used as the basis for establishing security properties. We use
here Control Flow Analysis that is a static technique for predicting safe and
computable approximations to the set of values that the objects of a program
may assume during its execution. To circumvent the undecidability issues the
analysis \errs on the safe side" by never omitting values that arise, but perhaps
including values that never arise in the semantics. The approach is related to
Data Flow Analysis and Abstract Interpretation and naturally leads to a gen-
eral treatment of semantic correctness and the existence of best solutions. A
more widely used alternative for calculi of computation is to use Type Systems;
they also allow a clear statement of semantic correctness (sometimes called type
soundness) and allow to study whether or not best solutions exist (in the form of
principal types). The interplay between Type Systems and Control Flow Anal-
ysis is not yet fully understood, but simple Type Systems and simple Control
Flow Analyses seem to be equally expressive; however, a main di�erence is that
the Control Flow Analysis guarantees that best solutions always exist whereas
many Type Systems do not admit principal types (and occasionally the issue is
left open when presenting the type system).

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 120-134, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



Here we elaborate on our proposal made in [5], that presents a Control Flow
Analysis for the �-calculus, which is a model of concurrent communicating pro-
cesses based on naming, and where we applied it to statically check that a
process has no leaks, i.e. that a process con�nes a set of values, devised to be
secret, within itself. Our new analysis is more accurate than the one in [5], be-
cause a more careful check is made on the input and the output pre�xes, so as to
identify unreachable code. The result of our Control Flow Analysis establishes
a super-set of the set of names to which a given name may be bound and of
the sets of names that may be sent and received along a given channel, when
used by a process with clearance l. These super-sets give rise to solutions of
the form (�; �) and we formulate the Control Flow Analysis as a speci�cation
of the correctness of a candidate solution. This takes the form of judgements of
the form (�; �) j=l

me P (where me will be explained later and l is the level of
security clearance), and a set of clauses that operate on them. We show that best
solutions always exist and we establish the semantic correctness of solutions in
the form of a subject-reduction result.

We apply our analysis for statically checking a dynamic version of the no
read-up/no write-down property of Bell and LaPadula [4, 11, 12]: a process clas-
si�ed at a high level cannot write any value to a process of low level, while
communications in any other direction is permitted. This requirement is part
of a security model, based on a multi-level access control, see [4, 10]. We �rst
de�ne a static check on solutions (�; �), called discreetness, for when a process
respects the classi�cation hierarchy. Then we show that a discreet process enjoys
the dynamic version of the no read-up/no write-down property.

Overview. Section 2 gives the syntax and the operational semantics of our version
of the �-calculus with clearance levels. Our Control Flow Analysis is in Section
3, together with the semantic correctness of solutions. The no read-up/no write-
down property is then studied in Section 4. Some proofs are omitted or only
sketched because of lack of space.

2 The �-calculus

Syntax. In this section we brie
y recall the �-calculus [21], a model of concurrent
communicating processes based on the notion of naming. The formulation of our
analysis requires a minor extension to the standard syntax of the �-calculus,
namely assigning \channels" to the binding occurrences of names within restric-
tions and \binders" to the binding occurrences of names within input pre�xes;
as will emerge later, this is because of the �-conversion allowed by the structural
congruence, and the syntactic extension will allow to compute a super-set of the
actual links that a name can denote. Also, we need a further extension to assign
a security level to �-calculus processes.

More precisely, we introduce a �nite set L = f#g[ f0; � � � ; kg of level labels,
with metavariable l, consisting both of natural numbers and of the distinguished
label #, intended as the label of the environment, which is intuitively assumed
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to have \no level". The set L is ordered (see Fig. 1) with the usual � relation
on natural numbers and assuming that 8l 2 L n f#g; l 6� # and # 6� l.

De�nition 1. Let N be a in�nite set of names ranged over by a; b; � � � ; x; y and
let � be a distinguished element such that N \ f�g = ;. Also let B be a non-
empty set of binders ranged over by �; �0; � � �; and let C be a non-empty set of
channels ranged over by �; �0; � � �; moreover let B[C be the set of markers. Then
processes, denoted by P; P1; P2; Q;R; � � � 2 P are built from names according to
the syntax

P ::= 0 j �:P j P + P j P jP j (�x�)P j [x = y]P j !P j hP il

where � may either be x(y�) for input, or xy for output or � for silent moves,
and where l 2 L n f#g. Hereafter, the trailing 0 will be omitted (i.e. we write �
instead of �:0).

#

k
:
:
:

1

0

Fig. 1. Levels of processes (i �
i+ 1) and of the environment.

In this paper we consider the early oper-
ational semantics de�ned in SOS style. The
intuition of process constructors is the stan-
dard one. Indeed, hP il behaves just as P but
expresses that P has level l, where l 2 L n
f#g. The labels of transitions are � for silent
actions, xy for free input, xy for free output,
and x(y) for bound output. We will use � as a
metavariable for the labels of transitions. We
recall the notion of free names fn(�), bound
names bn(�), and names n(�) = fn(�)[bn(�)
of a label �. Also two partial functions, sbj
and obj, are de�ned that give, respectively,
the subject x and the object y of input and
output actions, i.e. the channel x on which y
is transmitted.

Kind � fn(�) bn(�) sbj(�) obj(�)
Silent move � ; ;

Free input and output xy; xy fx; yg ; x y
Bound output x(y) fxg fyg x y

Functions fn, bn and n are extended in the obvious way to processes.

Congruence. Below we shall need the structural congruence � on processes,
de�ned as in [22], apart from the last rule, where restrictions can be exchanged
only if the restricted names are di�erent, because otherwise (�x�)P � (�x�

0

)P .
Then � is the least congruence satisfying:

{ if P and Q are �-equivalent (P =� Q) then P � Q;
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Act : `l�:P
��!
�;� P; � 6= x(y�) Ein : `lx(y�):P

xw�!
�;� Pfw=yg

Par :

`lP1
��!
�;L Q1

`lP1jP2
��!
�;L Q1jP2

; bn(�) \ fn(P2) = ; Sum :

`lP1
��!
�;L Q1

`lP1 + P2
��!
�;L Q1

Res :

`lP
��!
�;L Q

`l(�x�)P
��!
�;L (�x�)Q

; x 62 n(�) Open :

`lP
xy�!
�;L Q

`l(�y�)P
x(y)�!
�;L Q

; y 6= x

Close :

`lP1
x(y)�!
�;L1

Q1;`
lP2

xy�!
�;L2

Q2

`lP1jP2
��!
�;� (�y�)(Q1jQ2)

; y 62 fn(P2) Com :

`lP1
xy�!
�;L1

Q1;`
lP2

xy�!
�;L2

Q2

`lP1jP2
��!
�;� Q1jQ2

Match :

`lP
��!
�;L Q

`l[x = x]P
��!
�;L Q

V ar :

P 0 � P;`lP
��!
�;L Q � Q0

`lP 0
��!
�;L Q0

Lev :

`lP
��!
�;L Q

`l
0

hP il
��!

�;Ll hQi
l

Table 1. Early transition system for the �-calculus with security levels.

{ (P=�;+;0) and (P=�; j;0) are commutative monoids;

{ !P � P j!P .

{ (�x�)(�y�
0

)P � (�y�
0

)(�x�)P if x 6= y, (�x�)(P1jP2) � (�x�)P1jP2 if
x 62 fn(P2), and (�x�)P � P if x 62 fn(P );

Semantics. Table 1 shows the annotated early transition system of the �-calculus.

The transitions have the form `lP
��!
�;L

Q, with � 2 C [ f�g; l 2 L; L 2 L�. The

string of level labels L records the clearances passed through while deducing the
transition, while the index l on ` represents the current level. Note that the
sequence of security levels of the sender and of the receiver are discarded when a

communication is derived, leading to a transition of the form `lP
��!
�;�

Q (see the

rules Com and Close in Tab. 1). As far as the label � 2 C [f�g is concerned, we
have that � is used in all cases, apart from extrusions or when input transitions
have to be used as a premise of a Close rule. In that case the label is � and
records the actual channel to be associated with the object of the input. Rule
Match takes care of matching; we have formulated it as a transition rather than
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as a structural law in order to simplify the technical development (compare [5]).
Rule V ar ensures that all the rules and axioms can also be used upon all its
variants.

3 Control Flow Analysis

The result of our analysis for a process P (with respect to an additional marker
environment me for associating names with markers and a label l recording a
clearance) is a pair (�; �): the abstract environment � gives information about
which channels names can be bound to, while the abstract communication envi-
ronment � = h�in; �outi gives information about the channels sent and received
by the sub-processes of P with clearance l. Besides the usage of security levels,
our present solutions re�ne those in [5]. In fact, the � component controls the
values that pass along a channel, more accurately than there. We now make the
above more precise.

3.1 Validation

To validate the correctness of a proposed solution (�; �) we state a set of clauses
operating upon judgments of the form:

(�; �) j=l
me P

The purpose of me, l, �, � is clari�ed by:

{ me : N ! (B [ C) is the marker environment that associates names (in
particular the free names of a process) with the appropriate channel or binder
where the name was introduced; so me(x) will be the marker (in B or C)
where the current name x is bound.

{ l 2 L keeps track of the current security level that the process under valida-
tion has.

{ � : B ! }(C) is the abstract environment that associates binders with the
set of channels that they can be bound to; more precisely, �(�) must include
the set of channels that � could evaluate to.
By setting 8� : �(�) = f�g we shall allow to regard the abstract environment
as a function � : (B [ C)! }(C).

{ �in; �out : L ! (C ! }(C)) constitute the abstract communication environ-
ment. They give the set of the channels that can be bound to the possible
objects of an input and an output action1 respectively, performed by the
sub-processes labelled by l, on a given channel �.

1 The relation between the abstract communication environment � and the abstract
channel environment � in [5] is 8� 2 C : �(�) =

S
l2L

(�in(l)(�)[ �out(l)(�)) in case
of least solutions.
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(�; �) j=l
me 0 i� true

(�; �) j=l
me �:P i� (�; �) j=l

me P

(�; �) j=l
me xy:P i� (�(me(y)) 6= ; ^ �(me(x)) 6= ;)) (�; �) j=l

me P^
8� 2 �(me(x)) : �(me(y)) � �out(l)(�)

(�; �) j=l
me x(y

�):P i�
S

l02L;�2�(me(x))
�out(l

0)(�) 6= ; ) (�; �) j=l
me[y 7!�] P^

8� 2 �(me(x)) :
S

l02L
�out(l

0)(�) � �in(l)(�)^
8� 2 �(me(x)) : �in(l)(�) � �(�)

(�; �) j=l
me P1 + P2 i� (�; �) j=l

me P1 ^ (�; �) j=l
me P2

(�; �) j=l
me P1jP2 i� (�; �) j=l

me P1 ^ (�; �) j=l
me P2

(�; �) j=l
me (�x

�)P i� (�; �) j=l
me[x7!�] P

(�; �) j=l
me [x = y]P i� (�(me(x))\ �(me(y)) 6= ; _me(x) = me(y))

) (�; �) j=l
me P

(�; �) j=l
me !P i� (�; �) j=l

me P

(�; �) j=l
me hP i

l0
i� (�; �) j=l0

me P ^ �in(l
0) v �in(l) ^ �out(l

0) v �out(l)

Table 2. Control 
ow analysis for the �-calculus.

Note that we use a marker environment because the identity of names is not
preserved under �-conversions (see rules Ein and V ar). In particular, it would
not su�ce to \�-rename the program apart" because as in [5] this property is
not preserved under reduction.

The analysis is in Tab. 2. As we are analysing a process P from scratch,
we assume that the initial clearance label is #. All the rules for validating a
compound process require that the components are validated, apart from the
rules for output, input and matching. The rules for output and input require a
preliminary check to decide whether the continuation P needs to be validated
and this makes the analysis more accurate than the one in [5]. In case of output,
one has to make sure that the (set of channels associated with the) object is
bound to some channels and similarly for the subject. In the case of input we
control that the (set of channels associated with the) subject has some channels
to read; actually, we ensure that some value can be sent along the subject. The
last conjunct of the rule for output takes care of the clearance l of the process
under analysis. The channels that can be bound to the object of an output
action along channel � must be included in �out(l)(�). Analogously for the case
of input, where we ensure that �in(l)(�) and �(�) contain all the outputs on
� 2 �(me(x)), regardless of the clearance level l of the sending process. The
condition for matching says that P needs to be validated if there is at least one
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channel to which both x and y can evaluate; note that both can evaluate to ;
and thus we need to check whether they actually denote the same channel by
allowing me(x) = me(y). The rule for the process hP il

0

simply says that the
channels that can be read and written by it must be included in those read
or written by its surrounding process, labelled l. It makes use of the following
de�nition.

De�nition 2. The set of proposed solutions can be partially ordered by setting
(�; �) v (�0; �0) i� 8� 2 B : �(�) � �0(�), 8� 2 C;8l 2 L : �in(l)(�) � �0in(l)(�)
and 8� 2 C;8l 2 L : �out(l)(�) � �0out(l)(�).

It is immediate that this su�ces for making the set of proposed solutions into a
complete lattice; using standard notation we write (�; �)t (�0 ; �0) for the binary
least upper bound (de�ned pointwise), uI for the greatest lower bound of a set
I of proposed solutions (also de�ned pointwise), and (?;?) for the least element
(where ? maps everything2 to ;).

Example 1. Consider the following process

S =!(R j Q j P ) =

!(hab:ab:bcilR j ha(x�x):xxilQ j ha(y�y ):y(z�z):([y = z]ya + y(w�w)ilP );

where the marker environment me is such that me(fv ) = �fv for all the free

names fv 2 fa; b; cg. The pair (�; �) is de�ned as follows, where the bound
names are bv 2 fx; y; z; wg and the level labels are l 2 f#; lR; lQ; lP g:

�(�bv) =

�
f�bg if bv = x; y
f�a; �b; �cg if bv = z; w

(Recall that �(�) = f�g)

�in(l)(�a) =

(
f�bg if l = #
; if l = lR
f�bg if l = lQ; lP

�out(l)(�a) =

�
f�bg if l = #; lR
; if l = lQ; lP

�in(l)(�b) =

(
f�a; �b; �cg if l = #
; if l = lR; lQ
f�a; �b; �cg if l = lP

�out(l)(�b) =

8><
>:
f�a; �b; �cg if l = #
f�cg if l = lR
f�bg if l = lQ
f�ag if l = lP

�in(l)(�c) = ;; if l = #; lR; lQ; lP �out(l)(�c) = ;; if l = #; lR; lQ; lP

A simple check shows that (�; �) j=#
me S.

3.2 Existence of solution

So far we have only considered a procedure for validating whether or not a
proposed solution (�; �) is in fact acceptable. We now show that there always
exists a least choice of (�; �) that is acceptable in the manner of Tab. 2.

2 However, note that ?� : B ! }(C) viewed as ?� : (B [ C)! }(C) has ?�(�) = ; for
� 2 B but ?�(�) = f�g for � 2 C (rather than ?�(�) = ;).
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De�nition 3. A set I of proposed solutions is a Moore family if and only if it
contains uJ for all J � I (in particular J = ; and J = I).

This is sometimes called the model intersection property and is fundamental for
many approaches to program analysis [7]. When I is a Moore family it contains
a greatest element (u;) as well as a least element (uI). The following theorem
then guarantees that there always is a least solution to the speci�cation in Tab. 2.

Theorem 1. The set f(�; �) j (�; �) j=l
me Pg is a Moore family for all me; l; P .

Proof. By induction on P .

There is also a constructive procedure for obtaining the least solution; it has a
low polynomial complexity. Essentially, establishing (�; �) j=l

me P amounts to
checking a number of individual constraints. In the full paper we de�ne a function
GC [[P ]]me for explicitly extracting these constraints, proceeding by induction on
the structure of processes. This is not entirely straightforward because of the
conditional analysis of the continuation process in the case of output, input and
matching. The resulting constraints can be solved in low polynomial time.

3.3 Correctness

We state now some auxiliary results that will allow us to establish semantic
correctness of our analysis. They are all independent of the semantics and only
rely on Tab. 2; their proofs are all by induction.

Lemma 1. Assume that 8x 2 fn(P ) : me1(x) = me2(x); then (�; �) j=l
me1

P if
and only if (�; �) j=l

me2
P .

Lemma 2. Assume that me(y) = me(z); then (�; �) j=l
me P if and only if

(�; �) j=l
me Pfz=yg.

Corollary 1. Assume that z 62 fn(P ) and � 2 B [ C; then (�; �) j=l
me[y 7!�] P if

and only if (�; �) j=l
me[z 7!�] Pfz=yg.

Lemma 3. Assume that P � Q; then (�; �) j=l
me P i� (�; �) j=l

me Q.

Lemma 4. Assume that (�; �) j=l
me P and me(w) 2 �(me(z)) � C; then

(�; �) j=l
me Pfw=zg.

Subject reduction. To establish the semantic correctness of our analysis we rely
on the de�nition of the early semantics in Tab. 1 as well as on the analysis in
Tab. 2. The subject reduction result below applies to all the solutions of the
analysis, and hence in particular to the least. The operational semantics only
rewrites processes at \top level" where it is natural to demand that all free names
are bound to channels (rather than binders); this is formalised by the condition
me[fn(�)] � C that occurs several times. Note that item (3b) corresponds to
\bound" input, mainly intended to be used to match a corresponding bound
output in the rule Close of the semantics; therefore the name y read along link
x must be fresh in P , i.e. y 62 fn(P ).
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Theorem 2. If me[fn(P )] � C, (�; �) j=l
me P and `lP

��!
�;L

Q we have:

(1) If � = � then
� = �; (�; �) j=l

me Q; and me[fn(Q)] � C

(2a) If � = xy then
� = �; (�; �) j=l

me Q; me[fn(Q)] � C and 8l0 2 Ll: me(y) 2 �out(l
0)(me(x))

(2b) If � = x(y) then
� = � for some � 2 C; (�; �) j=l

me[y 7!�] Q; (me[y 7! �])[fn(Q)] � C; and

8l0 2 Ll: � 2 �out(l
0)(me(x))

(3a) If � = xy, � = �, me(y) 2 C and
me(y) 2

S
l02L(�in(l

0)(me(x)) [ �out(l
0)(me(x))) then

(�; �) j=l
me Q; me[fn(Q)] � C; and 8l0 2 Ll: me(y) 2 �in(l

0)(me(x))

(3b) If � = xy, � = �, � 2
S
l02L(�in(l

0)(me(x))[�out(l0)(me(x))) and y =2 fn(P )
then
(�; �) j=l

me[y 7!�] Q; (me[y 7! �])[fn(Q)] � C; and

8l0 2 Ll: � 2 �in(l
0)(me(x))

Proof. A lengthy proof by induction on the construction of

`lP
��!
�;L

Q

and with subcases depending on whether case (1), (2a), (2b), (3a) or (3b) applies.
The proof makes use of Lemmata 1, 2, 3 and 4.

4 Multi-level Security

System security is typically based on putting objects and subjects into security
classes and preventing information from 
owing from higher levels to lower ones.
Besides the no-leaks property studied in [5], here we o�er another evidence that
Control Flow Analysis helps in statically detecting useful information on security.

The literature reports a security property called no read-up/no write-down
[11, 12]. The security requirement is that a process classi�ed at a high level cannot
write any value to a process of low level, while the converse is allowed. These
requirements are part of a security model, based on a multi-level access control,
see [4, 10]. The no read-up/no write-down property is commonly studied for a
set of processes put in parallel (see, e.g. [29]). We follow this view and consider
in the following only processes of the form hP0i

l0 jhP1i
l1 j : : : jhPni

ln , where each
process Pi has no labelling construct inside.

A dynamic notion. Now we are ready to introduce the dynamic version of the
no read-up/no write-down property.

We assume that the environment is always willing to listen to P , i.e. its
sub-processes at any level can perform free outputs to the environment. On the
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contrary, some parts of P are reachable only if the environment supplies some
information to a sub-process R with a particular clearance. To formalize the
intentions of the environment, we use a function

& : L ! (C ! }(C))

that associates a label l and a channel � with the set of channels that the
environment considers secure to communicate to R.

De�nition 4. Given P;meP ; &, a granted step is (P;meP )
�=)
�;L

(Q;meQ),

and is de�ned whenever

1. `#P
��!
�;L

Q, and

2. if � = xy, then

(
(a) meP (y) 2 &(#)(meP (x)) if � = �

(b) � 2 &(#)(meP (x)) and y 62 fn(P ) if � = �

where meQ =

�
meP if � = �
meP [obj(�) 7! �] if � = �

A granted computation (P;meP ) =)� (Q;meQ) is made of granted steps.

The de�nition of our version of the no read-up/no write-down property fol-
lows. Essentially, it requires that in all the communications performed by a
process, the sender Ro has a clearance level lower than the clearance level of the
receiver Ri.

De�nition 5. A process P is no read-up/no write-down (nru/nwd for short)
with respect to &;meP if and only if the following holds:

whenever (P;meP ) =)� (P 0;meP 0)
�=)
�;L

(Q;meQ) where the last granted step is

a communication (between Ro and Ri) that has been deduced with either

(a) the rule Com, using the premises `lRo
xy�!
�;Lo

R0o and `lRi
xy�!
�;Li

R0i, or

(b) the rule Close, using the premises `lRo
x(y)�!
�;Lo

R0o and `lRi
xy�!
�;Li

R0i,

then no element of Lo is strictly greater than any element of Li.

A static notion. We de�ne now a static property that guarantees that a process
is nru/nwd. Besides �nding a solution (�; �) for a process P , we require that the
channels read along � should include those that the environment is willing to
supply, expressed by & . The last condition below requires that the same channel
cannot be used for sending an object from a process with high level l00 to a
process with low level l0.
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De�nition 6. Let P;me be such that me[fn(P )] � C. Then P is discreet (w.r.t.
&;me) if and only if there exists (�; �) such that

1. (�; �) j=#
me P

2. 8l 2 L; � 2 C : �in(l)(�) � &(l)(�)

3. 8l0; l00 2 L; l0 < l00 and 8� 2 C : �out(l
00)(�) \ �in(l

0)(�) = ;.

The property of discreetness can be checked in low polynomial time by build-
ing on the techniques mentioned in Section 3.2. Below, we show that the property
of being discreet is preserved under granted steps.

Lemma 5 (Subject reduction for discreetness).

If P is discreet with respect to &;meP , and (P;meP )
�=)
�;L

(Q;meQ), then Q is

discreet with respect to &;meQ.

Proof. Theorem 2 su�ces for proving that meQ[fn(Q)] � C and (�; �) j=#
me Q.

The proof of the second and third items is immediate, because the solution
does not change. The only delicate point for the application of Theorem 2 is
when the granted step is an input. Consider �rst, the case in which � = �.
It su�ces to make sure that me(y) 2 C and that me(y) 2 �in(#)(me(x)).
Condition 2 of Def. 6 guarantees that �in(#)(me(x)) � &(#)(me(x)). In turn
me(y) 2 &(#)(me(x)) � C because the step is granted. The case when � = � is
just the same, while in the other cases the proof is trivial.

The following lemma further illustrates the links between the transitions of
processes and the results of our static analysis. It will be used in proving that
discreetness is su�cient to guarantee that P enjoys the nru/nwd property.

Lemma 6. If `lP
��!
�;L

Q has been deduced with premise `l
0

R
��!

�0;L0 R0, and

(�; �) j=l
me P , then there exists me0 such that (�; �) j=l0

me0 R.

Proof. The proof is by induction on the derivation of the transition.

Theorem 3.
If P is discreet (w.r.t. &;me), then P is nru/nwd (w.r.t. &;me).

Proof. By Lemma 5 it is enough to check that, if (P;meP )
�=)
�;L

(Q;meQ), then

Q is nru/nwd, with � being a communication between Ro and Ri, de�ned as in
Def. 5. Assume, per absurdum, that an element lo 2 Lo is strictly greater than
an element element li 2 Li. By Lemma 6, (�; �) j=l

me Ro and (�; �) j=l
me Ri.

Consider �rst the case (a) of Def. 5. The analysis and Theorem 2 tell us that
8l0 2 Lo: me(y) 2 �out(l

0)(me(x)) and 8l0 2 Li: me(y) 2 �in(l
0)(me(x)). But

this contradicts item 3 of Def. 6, because, in particular,me(y) 2 �out(lo)(me(x))
as well as me(y) 2 �in(li)(me(x)):
As for case (b) of Def. 5, just replace � for me(y) and proceed as in case (a).

130 Chiara Bodei  et al.



Example 2. Consider again the process S validated in Example 1:

!(hab:ab:bcilR j ha(x�x):xxilQ j ha(y�y ):y(z�z):([y = z]ya + y(w�w))ilP );

and suppose that lR < lQ < lP . Then it is easy to prove that the process is
discreet. In particular the following �ve conditions hold.

{ �out(lQ)(�fv ) \ �in(lR)(�fv ) = �out(lQ)(�fv ) \ ; = ;;

{ �out(lP )(�fv ) \ �in(lR)(�fv ) = �out(lP )(�fv ) \ ; = ;;

{ �out(lP )(�a) \ �in(lQ)(�a) = ; \ f�bg = ;:

{ �out(lP )(�b) \ �in(lQ)(�b) = f�ag \ ; = ;:

{ �out(lP )(�c) \ �in(lQ)(�c) = ; \ ; = ;:

Note that the clearance levels of processes introduced here are orthogonal to
the security levels of channels as de�ned in [5]. There channels are partitioned
into secret and public and a static check is made that secret channels never
pass along a public one. Therefore channels have always the same level. On the
contrary, here it is possible that a channel a can be sent along b by one process but
not by another. Discreetness cannot be checked with the analysis of [5], because
in that analysis a can be either sent on b always or never. The combination of
the two analyses may permit a static check of even more demanding properties.

5 Conclusions

There is a vast literature on the topics of our paper. Here we only mention very
brie
y some papers related to security issues.

The �rst studies in system security reach back to the 1970's and were mainly
carried out in the area of operating systems; see the detailed survey by Landwehr
[17] and Denning's book [10] reporting on the static detection of secure 
ow
violation while analysing the code.

Recently, security classes have been formalized as types and the control of

ow is based on type checking. Heintze and Riecke [15] study a non-interference
property on the SLam Calculus (Secure �-calculus). Volpano, Smith and Irvine
develop a type system to ensure secure information 
ow in a sequential imper-
ative language in [30], later extended by the �rst two authors in a concurrent,
shared memory based setting [29]. Abadi studies in [1] the secrecy of channels
and of encrypted messages, using the spi-calculus, an extension of the �-calculus
devised for writing secure protocols. Venet [27, 28] uses Abstract Interpretation
techniques to analyse processes in a fragment of the �-calculus, with particular
attention to the usage of channels.

Other papers interesting for this area are [24, 26, 13, 8, 3, 9, 25, 16]. Particu-
larly relevant are Hennessy and Riely's papers [25, 16] who give a type system for
D�, a variant of the �-calculus with explicit sites that harbour mobile processes.
Cardelli and Gordon [6] propose a type system for the Mobile Ambient calculus
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ensuring that a well-typed mobile computation cannot cause certain kinds of
run-time faults, even when capabilities can be exchanged between processes.

The idea of static analysis for security has been followed also in the Java
world, for example in the Java Bytecode Veri�er [18], and in the techniques of
proof-carrying code [23]. Also Abadi faces in [2] the problem of implementing
secure systems and proposes to use full abstraction to check that the compile
code enjoys the same security properties as the source program.

A di�erent approach consists in dynamically checking properties. This point
of view has been adopted by a certain number of information 
ow models [14,
19, 20, 11, 12] (to cite only a few), mainly concerned with checking (variants of)
the security property we studied here. All these papers, consider the external
observable behaviour only as the object of the analysis.

Here, we presented a Control Flow Analysis for the �-calculus that stati-
cally predicts how names will be bound to actual channels at run-time. The
only extensions made to the syntax of processes are that a channel � is ex-
plicitly assigned to a restricted name, and that an input action has the form
x(y�), making explicit the rôle of the placeholder y; this change was motivated
by the inclusion of �-conversion in the semantics. Our intention was to apply
our analysis for detecting violations of a security property that needs security
levels, so processes may carry labels expressing their clearance. The result of our
analysis for a process P is a solution (�; �). The abstract environment � gives
information about which channels a binder � may be bound to, by means of
communication. The abstract communication environment � gives information
about the channels sent and received by a process with clearance l. All the so-
lution components approximate the actual solution, because they may give a
super-set of the corresponding actual values.

We de�ned judgements of the form (�; �) j=l
me P and a set of clauses that

operate on them so as to validate the correctness of the solution. The additional
marker environment me binds the free names of P to actual channels. The label
l records the security level of P . We proved that a best solution always exists. In
the full paper we shall give a constructive procedure for generating solutions that
essentially generates a set of constraints corresponding to the checks necessary
to validate solutions. These constraints can be solved in low polynomial time.

We used our analysis to establish the no read-up/no write-down security
property of Bell and LaPadula. This property requires that a process with
high clearance level never sends channels to processes with a low clearance.
We de�ned a static check on solutions and proved that it implies the no read-
up/no write-down property. Also, the check that a process P is discreet with
respect to given & ,me has a polynomial time complexity. A web-based system
that validates the solutions and checks discreetness can be found at the URL:
http://www.daimi.au.dk./�rrh/discreet.html.

We have not considered here the more general notion of the no read-up/no
write-down property, that assigns levels of con�dentiality also to the exchanged
data (i.e. the objects of input and output actions). Processes with low level
clearance are then not allowed to access (i.e. they can neither send nor receive)
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highly classi�ed data. The reason is that the dynamic version of this property
is surprisingly more intricate than its static version. The latter, that entails the
former, only requires an additional check on the second component of a solution
(i.e., 8� 2 �in(l)(�

0) the con�dentiality level of �, possibly read along channel
�0, should be smaller than the security level of the process under check, namely
l; similarly for �out).

Other properties that deserve further investigation are connected with the so-
called \indirect 
ow" of information, i.e. on the possibility of a low level process
to detect the value of some con�dential datum by \observing" the behaviour of
higher level processes.
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Abstract. A sound and complete Hoare-style proof system is presented
for a sequential object-oriented language, called SPOOL. The proof sys-
tem is based on a weakest precondition calculus for aliasing and object-
creation.

1 Introduction

This paper introduces a Hoare-style proof system for an object-oriented lan-
guage, called SPOOL. SPOOL is a sequential version of the parallel object-
oriented language POOL [2].

The main aspect of SPOOL that is dealt with is the problem of how to rea-
son about pointer structures. In SPOOL, objects can be created at arbitrary
points in a program, references to them can be stored in variables and passed
around as parameters in messages. This implies that complicated and dynam-
ically evolving structures of references between objects can occur. We want to
reason about these structures on an abstraction level that is at least as high as
that of the programming language. In more detail, this means the following: The
only operations on \pointers" (references to objects) are testing for equality and
dereferencing (looking at the value of an instance variable of the referenced ob-
ject). Furthermore, in a given state of the system, it is only possible to mention
the objects that exist in that state. Objects that do not (yet) exist never play a
role.

Strictly speaking, direct dereferencing is not even allowed in the programming
language, because each object only has access to its own instance variables.
However, for the time being we allow it in the assertion language. Otherwise, even
more advanced techniques would be necessary to reason about the correctness
of a program.

The above restrictions have quite severe consequences for the proof system.
The limited set of operations on pointers implies that �rst-order logic is too
weak to express some interesting properties of pointer structures (for example,
the property, as considered in [9], that it is possible to go from one object to
the other by following a �nite number of x-links). Therefore we have to extend
our assertion language to make it more expressive. In this paper we do so by
allowing the assertion language to reason about �nite sequences of objects.

The proof system itself is based on a weakest precondition calculus for aliasing
and object-creation. This means that in the proof system aliasing and object-
creation are modelled by substitutions which, when applied to a given postcon-
dition, yield the corresponding weakest precondition.

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 135-149, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



Plan of the paper In the following section we introduce the programming lan-
guage SPOOL. In section 3 the assertion language for describing object struc-
tures is introduced. The proof system is discussed in section 4. In the �nal section
related work is discussed and some general conclusions are drawn.

2 The language SPOOL

The most important concept of SPOOL is the concept of an object. This is
an entity containing data and procedures (methods) acting on these data. The
data are stored in variables, which come in two kinds: instance variables, whose
lifetime is the same as that of the object they belong to, and temporary variables,
which are local to a method and last as long as the method is active. Variables
can contain references to other objects in the system (or even the object under
consideration itself). The object a variable refers to (its value) can be changed
by an assignment. The value of a variable can also be nil, which means that it
refers to no object at all.

The variables of an object cannot be accessed directly by other objects. The
only way for objects to interact is by sending messages to each other. If an
object sends a message, it speci�es the receiver, a method name, and possibly
some parameter objects. Then control is transferred from the sender object to
the receiver. This receiver then executes the speci�ed method, using the param-
eters in the message. Note that this method can, of course, access the instance
variables of the receiver. The method returns a result, an object, which is sent
back to the sender. Then control is transferred back to the sender which resumes
its activities, possibly using this result object.

The sender of a message is blocked until the result comes back, that is, it
cannot answer any message while it still has an outstanding message of its own.
Therefore, when an object sends a message to itself (directly or indirectly) this
will lead to abnormal termination of the program.

Objects are grouped into classes. Objects in one class (the instances of the
class) share the same methods, so in a certain sense they share the same be-
haviour. New instances of a given class can be created at any time. There are
two standard classes, Int and Bool, of integers and booleans, respectively. They
di�er from the other classes in that their instances already exist at the beginning
of the execution of the program and no new ones can be created. Moreover, some
standard operations on these classes are de�ned.

A program essentially consists of a number of class de�nitions, together with
a statement to be executed by an instance of a speci�c class. Usually, but not
necessarily, this instance is the only non-standard object that exists at the be-
ginning of the program: the others still have to be created.

In order to describe the language SPOOL, which is strongly typed, we use
typed versions of all variables, expressions, etc. These types however are implic-
itly assumed in the language description below.

We assume the following sets to be given: A set C of class names, with typical
element c (this means that metavariables like c; c0; c1; : : : range over elements of
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the set C ). We assume that Int;Bool =2 C and de�ne the set C+ = C[fInt;Boolg,
with typical element d. For each c 2 C ; d 2 C+ we assume a set IVarcd, with
typical element x, of instance variables in class c which are of type d. For each
d 2 C we assume a set TVard of temporary variables of type d, with typical
element u. Finally, for each c 2 C and d0; : : : ; dn 2 C+ (n � 0) we assume a
set MNamecd0;:::;dn of method names of class c with result type d0 and parameter
types d1; : : : ; dn. The set MNamecd0;:::;dn will have m as a typical element.

Now we can specify the syntax of our (strongly typed) language (we omit
the typing information).

De�nition1. For any c 2 C and d 2 C+ the set Expcd of expressions of type d
in class c, with typical element e, is de�ned as usual. We give the following base
cases.

e ::= x j u j nil j self � � �

The set SExpcd of expressions with possible side e�ect of type d in class c, with
typical element s, is de�ned as follows:

s ::= e j new j e0!m(e1; : : : ; en)

The �rst kind of side e�ect expression is a normal expression, which has no actual
side e�ect, of course. The second kind is the creation of a new object. This new
object will also be the value of the side e�ect expression. The third kind of side
e�ect expression speci�es that a message is to be sent to the object that results
from e0, with method name m and with arguments (the objects resulting from)
e1; : : : ; en.

The set Statc of statements in class c, with typical element S, are constructed
from assignments by means of the standard sequential operations of sequential
composition, (deterministic) choice and iteration.

De�nition2. The set MethDef c of method de�nitions in class c, with typical
element �, is de�ned by:

� ::= (u1; : : : ; un : S " e)

Here we require that the ui are all di�erent and that none of them occurs at the
left hand side of an assignment in S 2 Statc (and that n � 0).

When an object is sent a message, the method named in the message is
invoked as follows: The variables u1; : : : ; un (the parameters of the method) are
given the values speci�ed in the message, all other temporary variables (i.e. the
local variables of the method, are initialized to nil, and then the statement S is
executed. After that the expression e is evaluated and its value, the result of the
method, is sent back to the sender of the message, where it will be the value of
the send-expression that sent the message.

De�nition3. The set ClassDef c of de�nitions of class c, with typical element D,
is de�ned by:

D ::= c : hm1 = �1; : : : ; mn = �ni

where we require that all the method names are di�erent (and n � 0).
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De�nition4. Finally, the set Progc of programs in class c, with typical ele-
ment �, is de�ned by:

� ::= hU jc : Si

where U denotes a �nite set of class de�nitions and S 2 Statc. The interpretation
of such a program is that the statement S is executed by some object of class c
(the root object) in the context of the declarations contained in the unit U .
In many cases (including the following example) we shall assume that at the
beginning of the execution this root object is the only existing non-standard
object.

Example 1. The following program generates prime numbers using the sieve
method of Eratosthenes.

hSieve : hinput ( (q) : if next = nil
then next := new;

p := q
else if q mod p 6= 0

then next ! input(q)
�

�
" self i;

Driver : h i
j
Driver : i := 2;

�rst := new;
while i < bound
do �rst ! input(i);

i := i + 1
od

i

Figure 1 represents the system in a certain stage of the execution of the
program.

3 The assertion language

In this section a formalism is introduced for expressing certain properties of a
complete system, or con�guration, of objects. Such a system consists for each
class of a set of existing objects in that class (i.e. the objects in that class which
have been created sofar) together with their internal states (i.e. an assignment of
values to their own instance variables), and the currently active object together
with an assignment of values to its temporary variables.

One element of this assertion language will be the introduction of logical
variables. These variables may not occur in the program, but only in the assertion
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Fig. 1. Objects in the sieve program in a certain stage of the execution

language. Therefore we are always sure that the value of a logical variable can
never be changed by a statement. Apart from a certain degree of cleanliness,
this has the additional advantage that we can use logical variables to express
the constancy of certain expressions (for example in the proof rule for message
passing). Logical variables also serve as bound variables for quanti�ers.

The set of expressions in the assertion language is larger than the set of pro-
gramming language expressions not only because it contains logical variables,
but also because by means of a dereferencing operator it is allowed to refer to
instance variables of other objects. Furthermore we include conditional expres-
sions in the assertion language. These conditional expressions will be used for
the analysis of the phenomenon of aliasing which arises because of the presence
of a dereferencing operator.

In two respects our assertion language di�ers from the usual �rst-order pred-
icate logic: Firstly, the range of quanti�ers is limited to the existing objects in
the current state of the system. For the classes di�erent from Int and Bool this
restriction means that we cannot talk about objects that have not yet been
created, even if they could be created in the future. This is done in order to
satisfy the requirements on the proof system stated in the introduction. Because
of this the range of the quanti�ers can be di�erent for di�erent states. More in
particular, a statement can change the truth of an assertion even if none of the
program variables accessed by the statement occurs in the assertion, simply by
creating an object and thereby changing the range of a quanti�er. (The idea of
restricting the range of quanti�ers was inspired by [11].)

Secondly, in order to strengthen the expressiveness of the logic, it is aug-
mented with quanti�cation over �nite sequences of objects. It is quite clear that
this is necessary, because simple �rst-order logic is not able to express certain
interesting properties.

De�nition5. For each d 2 C+ we introduce the symbol d� for the type of all
�nite sequences with elements from d, we let C � stand for the set fd�jd 2 C+g,
and we use C y, with typical element a, for the union C+ [C �. We assume that
for every a in C y we have a set LVara of logical variables of type a, with typical
element z.
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De�nition6. We give the following typical elements of the set LExpca of logical
expressions of type a in class c (we omit the typing information):

l ::= e j z j l:x j if l0 then l1 else l2 �

An expression e is evaluated in the internal state of the currently active object
which is denoted by self. The di�erence with the set Expcd of expressions in the
programming language is that in logical expressions we can use logical variables,
refer to the instance variables of other objects (the expression l:x refers to the
local value of the instance variable x of the object denoted by l), and write condi-
tional expressions. Furthermore, we extended the domain of discourse by means
of logical variables ranging over sequences. In order to reason about sequences
we assume the presence of notations to express, for example, the length of a
sequence (denoted by jlj) and the selection of an element of a sequence (denoted
by l(n), where n is an integer expression).

De�nition7. The set Assc of assertions in class c, with typical elements P
and Q, is de�ned by:

P ::= l j P ^Q j :P j 9zP

Here l denotes a boolean expression (i.e. l 2 Expc
Bool

).

As already explained above, a formula 9zP , with z of some type c 2 C states
that P holds for some existing object in class c. A formula 9zP , with z of a
sequence type c�, states the existence of a sequence of existing objects in class
c.

Example 2. The formula 9z true, where z is of some type c 2 C , thus states the
existence of an object in class c. As such this formula is false in case no such
objects exist. As another example, the following formula states the existence of
a sequence of objects in class Sieve (of the example program in the previous
section) such that the value of p of the nth element in this sequence is the nth
prime number and next refers to the next element, i.e. the n + 1th element, in
the sequence.

9z8n

0
@

(0 < n ^ n � jzj ! z(n):p = prime(n))
^

(0 < n ^ n < jzj ! z(n):next = z(n + 1))

1
A

Here n denotes a logical variable ranging over integers and z ranges over se-
quences of objects in class Sieve. The predicate prime(n) holds if n is a prime.

De�nition8. A correctness formula in class c is a Hoare triple of the form
fPg�fQg, where P;Q 2 Assc and � 2 Progc.

A Hoare-triple fPg�fQg expresses a partial correctness property of the pro-
gram �: It holds if every successfully terminating execution of the program � in
a system of objects which satis�es the precondition P results in a �nal con�gu-
ration which satis�es the postcondition Q.

140 F.S de Boer



4 The proof system

In this section we present a Hoare-style proof system which provides a view of
programs in SPOOL as predicate-transformers.

Simple assignmentsWe shall call a statement a simple assignment if it is of
the form x := e or u := e (that is, it uses the �rst form of a side e�ect expression:
the one without a side e�ect). For the axiomatization of simple assignments to
temporary variables the standard assignment axiom su�ces because objects are
only allowed to refer to the instance variables of other objects and therefore
aliasing, i.e. the situation that di�erent expressions refer to the same variable,
does not arise in case of temporary variables.

In the case that the target variable of an assignment statement is an instance
variable, we use the following axiom:

n
P [e=x]

o
hU jc : x := ei

n
P
o

The substitution operation [e=x] has to account for possible aliases of the
variables x, namely, expressions of the form l:x: It is possible that, after substi-
tution, l refers to the currently active object (i.e. the object denoted by self),
so that l:x is the same variable as x and should be substituted by e. It is al-
so possible that, after substitution, l does not refer to the currently executing
object, and in this case no substitution should take place. Since we cannot de-
cide between these possibilities by the form of the expression only, a conditional
expression is constructed which decides \dynamically".

De�nition9. We have the following main cases of the substitution operation
[e=x]:

l : x [e=x] = if (l[e=x]) = self then e else (l[e=x]) : x �
l : x0 [e=x] = (l[e=x]) : x0 if x0 6= x

The de�nition is extended to assertions other than logical expressions in the
standard way.

Object creation Next we consider the creation of objects. We will introduce
two di�erent axiomatizations of object-creation which are based on the logical
formulation of the weakest precondition and the strongest postcondition, respec-
tively. First we consider a weakest precondition axiomatization.

For an assignment of the form u := new we have a axiom similar to the
previous two: n

P [new=u]
o
hU jc : u := newi

n
P
o

We have to de�ne the substitution [new=u]. As with the notions of substi-
tution used in the axioms for simple assignments, we want the expression after
substitution to have the same meaning in a state before the assignment as the
unsubstituted expression has in the state after the assignment. However, in the
case of a new-assignment, there are expressions for which this is not possible,
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because they refer to the new object (in the new state) and there is no expression
that could refer to that object in the old state, because it does not exist yet.
Therefore the result of the substitution must be left unde�ned in some cases.

However we are able to carry out the substitution in case of assertions, assum-
ing, without loss of expressiveness, that in the assertion language the operations
on sequences are limited to jlj, i.e. the length of the sequence l, and l(n), i.e.
the operation which yields the nth element of l. The idea behind this is that
in an assertion the variable u referring to the new object can essentially occur
only in a context where either one of its instance variables is referenced, or it
is compared for equality with another expression. In both of these cases we can
predict the outcome without having to refer to the new object.

De�nition10. Here are the main cases of the formal de�nition of the substi-
tution [new=u] for logical expressions. As already explained above the result of
the substitution [new=u] is unde�ned for the expression u. Since the (instance)
variables of a newly created object are initialized to nil we have

u:x[new=u] = nil

If neither l1 nor l2 is u or a conditional expression they cannot refer to the newly
created object and we have

�
l1 = l2

�
[new=u] =

�
l1[new=u]

�
=
�
l2[new=u]

�

If either l1 is u and l2 is neither u nor a conditional expression (or vice versa)
we have that after the substitution operation l1 and l2 cannot denote the same
object (because one of them refers to the newly created object while the other
one refers to an already existing object):

�
l1 = l2

�
[new=u] = false

On the other hand if both the expressions l1 and l2 equal u we obviously have
�
l1 = l2

�
[new=u] = true

We have that l[new=u] is de�ned for boolean expressions l.

De�nition11. We extend the substitution operation [new=u] to assertions other
than logical expressions as follows (we assume that the type of u is d 2 C ):

(P ! Q)[new=u] = (P [new=u])! (Q[new=u])
(:P ) [new=u] = :(P [new=u])
(9z P ) [new=u] = (9z(P [new=u]))_ (P [u=z][new=u])
(9z P ) [new=u] = 9z 9z0 (jzj = jz0j ^ (P [z0; u=z][new=u]))
(9z P ) [new=u] = (9z(P [new=u]))

In the third and fourth clause the (bound) variable z is assumed to be of type
d and d�, respectively. The type of the variable z in the last clause is of a type
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di�erent from d and d�. The (bound) variable z0 in the fourth clause is assumed
to be of type boolean (this variable is also assumed not to occur in P ).

The idea of the application of [new=u] to (9z P ) (in case z is of the same type
as u) is that the �rst disjunct (9z(P [new=u])) represents the case that the object
for which P holds is an `old' object (i.e. which exists already before the creation
of the new object) whereas the second disjunct P [u=z][new=u] represents the
case that the new object itself satis�es P .

The idea of the fourth clause is that z and z0 together code a sequence of
objects in the state after the new-statement. At the places where z0 yields true
the value of the coded sequence is the newly created object. Where z0 yields false
the value of the coded sequence is the same as the value of z. This encoding is
described by the substitution operation [z0; u=z] the main characteristic cases of
which are:

z[z0; u=z] is unde�ned�
z(l)
�
[z0; u=z] = if z0(l0) then u else z(l0) �; where l0 = l[z0; u=z]

This substitution operation [z0; u=z] is de�ned for boolean expressions.

Example 3. Let z be a logical variable of the same type as u. We have
�
9z(u = z)

�
[new=u] ��

9z(u = z)[new=u]
�
_ (u = u)[new=u] �

9z false _ true

where the last assertion obviously reduces to true, which indeed is the weakest
precondition of 9z(u = z) with respect to u := new.

Note that we cannot apply the substitution operation [new=u] directly to
assertions involving more high-level operations on sequences. For example, an
assertion like l1 � l2, which expresses that the sequence l1 is a pre�x of l2,
we have �rst to reformulate into a logically equivalent one which uses only the
sequence operations jlj and l(n). Thus, l1 � l2 should be �rst translated into

8n(0 < n ^ n � jl1j ! l1(n) = l2(n))

If our assignment is of the form x := new we have the following axiom:
n
P [new=x]

o
hU jc : x := newi

n
P c
o

The substitution operation [new=x] is de�ned by: P [u=x] [new=u], where u is a
temporary variable that does not occur in P . (It is easy to see that this de�nition
does not depend on the actual u used.)

Thus we see that we are able to compute the weakest precondition of a new-
statement despite the fact that we cannot refer to the newly created object in
the state prior to its creation. Alternatively, we have the following strongest
postcondition axiomatization of object-creation. Let u be a temporary variable
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of type c, and the logical variables z and z0 be of type c� and c, respectively.
Moreover, let V be a �nite set of instance variables in class c. For an assignment
of the form u := new we have the following axiom.

n
P
o
hU jc : u := newi

n
9z
�
P 0 # z ^Q(V; z)

�o

where P 0 = 9z0(P [z0=u]) and Q(V; z) denotes the following assertion

u 62 z ^ 8z0(z0 2 z _ z0 = u) ^
^
x2V

u:x = nil

The operation # z applied to an assertion R restricts all quanti�cations in R
to z. It is described in more detail below. Let us �rst explain the role of the
logical variables z and z0 (which are assumed not to occur in P ). The logical
variable z in the postcondition is intended to the store all the objects in class
c which exist in the state prior to the creation of the new object. The logical
variable z0 is intended to represent the old value of u. Given that z0 denotes
the old value of u, that P holds for the old value of u then can be expressed in
the postcondition simply by P [z0=u]. However the quanti�cation 9z0(P [z0=u]) in
the postcondition will also include the newly created object. In general we thus
have to take into account the changing scope of the quanti�ers. For example,
consider P = 8z00:false (with z00 of type c). Obviously P , which states that there
do not exist objects in class c, does not hold anymore after the creation of a
new object in class c. Our solution to this problem is to restrict the scope of all
quanti�cations involving objects in class c to the old objects in class c, which are
given by z. This restriction operation is denoted by R # z. Its main characteristic
de�ning clauses are the following two:

(9z00R) # z = 9z00(z00 2 z ^R # z)
(9z00R) # z = 9z00(z00 � z ^R # z)

where in the �rst clause z00 is of type c while in the second clause z00 is of type
c� (for convenience we assume the presence of the relation `is an element of the
sequence', denoted by 2, and the containment-relation �, which holds whenever
all the elements of its �rst argument occur in its second argument). Finally, the
assertion Q(V; z) in the postcondition of axiom above expresses that u denotes
the newly created object and speci�es the initial values of the variables in V (of
the newly created object).

For new-statements involving instance variables we have a similar axiom char-
acterizing its strongest postcondition semantics.

It is of interest to observe here that the strongest postcondition axiomatiza-
tion does not require a restricted repetoire of primitive sequence operations.

Method calls Next we present proof rules for verifying the third kind of assign-
ments: the ones where a message is sent and the result stored in the variable on
the left hand side. We present here a rule for non-recursive methods (recursion
is handled by a straightforward adaptation of the classical recursion rule, see for
example [3]).
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For the statement x := e0!m(e1; : : : ; en), we have the following proof rule (for
the statement u := e0!m(e1; : : : ; en) we have a similar rule):

n
P ^

Vk

i=1 vi = nil ^ self 62 �c0
o
hU jc0 : Si

n
Q[e=r]

o
; Q0[ �f=�z]! R[r=x]

n
P 0[ �f=�z]

o
hU jc : x := e0!m(e1; : : : ; en)i

n
R
o

where S 2 Statc
0

and e 2 Expc
0

d0
are the statement and expression occurring in

the de�nition of the method m in the unit U , u1; : : : ; un are its formal parame-
ters, v1; : : : ; vk is a row of temporary variables that are not formal parameters
(k � 0), r is a logical variable of type of the result of the method m (it is as-
sumed that r does not occur in R), �f is an arbitrary row of expressions (not
logical expressions) in class c, and �z is a row of logical variables, mutually dif-
ferent and di�erent from r, such that the type of each zi is the same as the type
of the corresponding fi. Furthermore, we assume given for each d 2 C , a logi-
cal variable �d of type d�. These variables will store the objects in class d that
are blocked (as will be explained below). Finally, P 0 and Q0 denote the result
of applying to P and Q a simultaneous substitution having the \components"
[e0=self]; [�c � self=�c]; [e1=u1]; : : : ; [en=un] (a formal de�nition will follow). We re-
quire that no temporary variables other than the formal parameters u1; : : : ; un
occur in P or Q.

Before explaining the above rule let us �rst summerize the execution of a
method call: First, control is transferred from the sender of the message to the
receiver (context switching). The formal parameters of the receiver are initialized
with the values of the expressions that form the actual parameters of the message
and the other temporary variables are initialized to nil. Then the body S of the
method is executed. After that the result expression e is evaluated, control is
returned to the sender, the temporary variables are restored, and the result
object is assigned to the variable x.

The �rst thing, the context switching, is represented by the substitutions
[e0=self], [�c � self=�c] (the append operation is denoted by �), and [�e=�u] (where
�e = e1; : : : ; en and �u = u1; : : : ; un).

The transfer of control itself corresponds with a `virtual' statement self :=
e0. Thus we see that if P [e0=self] holds from the viewpoint of the sender then
P holds from the viewpoint of the receiver after the transfer of control (i.e.
after self := e0). Or, in other words, an assertion P as seen from the receiver's
viewpoint is equivalent to P [e0=self] from the viewpoint of the sender.

De�nition12. We have the following main cases of the substitution operation
[e=self]: x[e=self] = e : x and self[e=self] = e.

Note that this substitution changes the class of the assertion: P [e0=self] 2

Assc whereas P 2 Assc
0

.

The (standard) substitution [�c � self=�c] models the other aspect of the con-
text switch, namely that the sender of the message is blocked when the receiver
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is active. This aspect of the control switch thus corresponds with a virtual state-
ment �c := �c � self. Moreover, the implicit check that the receiver itself is not
blocked is expressed by the additional information self 62 �c0 in the precondition
of the receiver (below is given an example of how this information can be used).

Now the passing of the parameters is simply represented by the simultaneous
substitution [�e=�u]. (Note that we really need simultaneous substitution here, be-
cause ui might occur in an ej with j < i, but it should not be substituted again.)
In reasoning about the body of the method we may also use the information that
temporary variables that are not parameters are initialized to nil.

The second thing to note is the way the result is passed back. Here the logical
variable r plays an important role. This is best understood by imagining after
the body S of the method the statement r := e (which is syntactically illegal,
however, because r is a logical variable). In the sending object one could imagine
the (equally illegal) statement x := r. Now if the body S terminates in a state
where Q[e=r] holds (a premiss of the rule) then after this \virtual" statement r :=
e we would have a situation in which Q holds. Otherwise stated, the assertion Q
describes the situation after executing the method body, in which the result is
represented by the logical variable r, everything seen from the viewpoint of the
receiver. Now if we context-switch this Q to the sender's side, and if it implies
R[r=x], then we know that after assigning the result to the variable x (our second
imaginary assignment x := r), the assertion R will hold.

Now we come to the role of �f and �z. We know that during the evaluation
of the method the sending object becomes blocked, that is, it cannot answer
any incoming messages. Therefore its instance variables will not change in the
meantime.The temporary variables will be restored after the method is executed,
so these will also be unchanged and �nally the symbol self will retain its meaning
over the call. All the expressions in class c (and in particular the fi) are built
from these expressions plus some inherently constant expressions and therefore
their value will not change during the call. However, the method can change the
variables of other objects and new objects can be created, so that the properties
of these unchanged expressions can change. In order to be able to make use
of the fact that the expressions �f are constant during the call, the rule o�ers
the possibility to replace them temporarily by the logical variables �z, which
are automatically constant. So, in reasoning from the receiver's viewpoint (in
the rule this applies to the assertions P and Q) the value of the expression fi is
represented by zi, and in context switching fi comes in again by the substitution
[ �f=�z]. Note that the constancy of �f is guaranteed up to the point where the result
of the method is assigned to x, and that x may occur in fi, so that it is possible
to make use of the fact that x remains unchanged right up to the assignment of
the result.

Example 4. Let us illustrate the use of the above rule by a small example.
Consider the unit U = c : hm ( (u0) : x1 := u0 " x2i and the program
� = hU jc : x1 := u1!m(x2)i. We want to show

n
u1 : x1 = x1 ^ :u1 = self

o
�
n
u1 : x1 = x2 ^ x1 = u1 : x2

o
:
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Fig. 2. The situation before and after sending the message (example 4)

So let us apply the rule (MI) with the following choices:

P � x1 = z1 ^ :self = z2
Q � x1 = u0 ^ r = x2 ^ :self = z2
R � u1 : x1 = x2 ^ x1 = u1 : x2
k = 0 (we shall use no vi)
f1 � x1 (represented by z1 in P and Q)
f2 � self (represented by z2 in P and Q)

First notice that P [u1; x2=self; u0][x1; self=z1; z2] � u1 : x1 = x1 ^ :u1 = self
so that the result of the rule is precisely what we want.

For the �rst premiss we have to prove
n
x1 = z1 ^ :self = z2

o
hU jc : x1 := u0i

n
x1 = u0 ^ x2 = x2 ^ :self = z2

o
:

This is easily done with the appropriate assignment axiom and the rule of con-
sequence.

With respect to the second premiss, we have

Q[u1; x2=self; u0][x1; self=z1; z2] � u1 : x1 = x2 ^ r = u1 : x2 ^ :u1 = self
R[r=x1] � if u1 = self then r else u1 : x1 � = x2 ^ r = u1 : x2

It is quite clear that the �rst implies the second, and we can use this implication
as an axiom.

In the above example we did not need to use the information represented
by the logical variables �c. The following example illustrates the use of these
variables in reasoning about deadlock.

Example 5. Consider the program � = hU j c : x := self!mi, where m is de�ned
in U without parameters. Since this program obviously deadlocks (in general we
will have to deal with longer cycles in the calling chain) we have the validity ofn
true

o
�
n
false

o
. This can be proved simply by observing that true is equivalent

to self 2 �c � self and that the latter assertion can be obtained by applying the
substitution [�c �self=�c] to the assertion self 2 �c. But this latter assertion, which
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by the above we can use as the part P of the precondition of the receiver in the
rule (MI), obviously contradicts the additional assumption that self 62 �c. Thus
the entire precondition of the receiver reduces to false from which we can derive
false as the postcondition of the body of the method m. From which in turn we
can derive easily by rule (MI) the correctness formula above.

5 Conclusions

In this paper we have given a proof system for a sequential object-oriented
programming language, called SPOOL, that ful�lls the requirements we have
listed in the introduction.

In [6] detailed proofs are given of both soundness (i.e. every derivable cor-
rectness formula is valid) and (relative) completeness (every valid correctness
formula is derivable, assuming, as additional axioms, all the valid assertions).
These proofs are considerable elaborations of the corresponding proofs of the
soundness and completeness of a simple sequential programming language with
recursive procedures (as described in, for example, [3] and [5]).

Related work To the best of our knowledge the proof system presented is the
�rst sound and complete proof system for a sequential object-oriented language.
In [1] and [10] di�erent Hoare-style proof systems for sequential object-oriented
languages are given which are based on the global store model as it has been
developed for the semantics of Algol-like languages. This model however intro-
duces a di�erence between the abstraction level of the assertion language and
that of the programming language itself. Moerover, as observed in [1], the global
store model gives rise to incompleteness.

Future research The proof rule for message passing, incorporating the passing
of parameters and result, context switching, and the constancy of the variables of
the sending object, is rather complex. It seems to work �ne for our proof system,
but its properties have not yet been studied extensively enough. It would be
interesting to see whether the several things that are handled in one rule could
be dealt with by a number of di�erent, simpler rules.

We have considered in this paper only partial correctness. But we are cur-
rently working on extensions which allow one to prove absence of deadlock and
termination.

In the present proof system the protection properties of objects are not re-

ected very well. While in the programming language it is not possible for one
object to access the internal details (variables) of another one, in the assertion
language this is allowed. In order to improve this it might be necessary to devel-
op a system in which an object presents some abstract view of its behaviour to
the outside world. Such an abstract view of an object we expect to consist of a
speci�cation of the interface of an object as it is used in [4, 6, 7, 8] for reasoning
about systems composed of objects which execute in parallel.

Related to the above is the problem of a formal justi�cation of the appro-
priateness of the abstraction level of a formalism for describing properties of
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dynamically evolving object structures. We expect that such a formal justi�-
cation involves a fully abstract semantics of the notion of on object. A related
question, as already described above, is to what extent the problems with the
incompleteness of the global store model are due to the particular choice of the
abstraction level.

In any case, we expect that our approach provides an appropriate basis for
specifying such high-level object-oriented programmingmechanisms like subtyp-
ing, abstract types and inheritance.
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Abstract. Several extensions of tree automata have been de�ned, in
order to take in account non-linearity in terms. Roughly, these automata
allow equality or disequality constraints between subterms. They have
been used to get decision results, e.g. in term rewriting. One natural
question arises when we consider a language recognized by such an au-
tomaton: is this language recognizable, i.e. are the constraints necessary?
Here we study this problem in the class REC6= corresponding to com-
parisons between brothers and we prove its decidability. It gives e.g. a
decision procedure for testing whether the image by a quasi-alphabetic
homomorphism of a recognizable tree language is recognizable.

1 Introduction

Even if many concepts in tree languages can be viewed as extensions of the
word case, some new di�culties and phenomena arise when we consider trees,
in particular "non-linearity" (a term is non linear if it contains two occurrences
of the same variable). For example, the family of recognizable sets is not closed
under non-linear homomorphism. Actually tree automata can't deal with non
linear terms: e.g. the set of terms containing an occurrence of f(x; x) is not
recognizable. As non linear terms occur very often, e.g. in logic or equational
programming, several extensions of tree automata have been de�ned, in order
to take in account non-linearity in terms.
The �rst one is the class of automata with equality tests (Rateg automata)
[13]; unfortunately, the emptiness property is undecidable for this class. Several
"decidable" classes have then been de�ned, dealing with restrictions to the tests
in order to keep good decidability and closure properties.
First, Bogaert and Tison [3] introduced REC6= automata (tree automata with
comparisons between brothers) and denoted REC6= the set of languages recog-
nized by these automata. The rules use tests in order to impose either equal-
ities, or di�erences between brother terms: rules like f(q; q)[x1 = x2] ! q1 or
f(q; q)[x1 6= x2] ! q2 are allowed. The emptiness problem in REC6= has been
proved decidable in [3] and the class has good closure properties.
One more general class with good decidability properties has then been intro-
duced (Caron et al. [5,4,6]): the class of reduction automata, which roughly allow
arbitrary disequality constraints but only �nitely many equality constraints on
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each run of the automaton. By using these classes interesting decision results
have been got; for example, the encompassment theory 1 can be shown decid-
able by using reduction automata and decidability of ground reducibility is a
direct consequence of this result ([7]).

One natural question arises when we consider a language recognized by an au-
tomaton with tests: is this language recognizable, and in this case can we com-
pute the corresponding "classic" automaton? In other words, can we decide
whether "constraints are really necessary to de�ne the language"? Getting rid of
constraints allows e.g. to use classical algorithms for recognizable sets. For the
class of reduction automata, this problem contains strictly the decidability of
recognizability for the set of normal forms of a rewrite system, problem solved
but whose proofs are very technical [12,14].

Here we give a positive answer to this problem for REC6= languages: we can
decide whether such a language is recognizable (and compute a classic automa-
ton when it exists). This partial result has some interesting corollaries; it gives
e.g. a decision procedure for testing whether the image by a quasi-alphabetic
homomorphism of a recognizable tree language is recognizable. (This result can
be connected with the cross-section theorem; the cross-section theorem is false in
general for trees; it is true when the morphism is linear [1], or when the morphism
is quasi-alphabetic and the image is recognizable. It is conjectured true when
the image is recognizable [8]). The result can also be used to decide properties
of term rewrite systems. When a rewrite system R has "good" properties (same
occurrences of a variable are "brothers": it includes the case of shallow systems
[11]), it gives a procedure to test recognizability of the set of normal forms of
R which is much easier than the general one and it allows testing whether the
set of direct descendants R(L) is recognizable for a recognizable language L:
testing these properties can be useful e.g for computing normalizing terms, for
computing reachable terms... ([15],[10]).

The spirit of the proof is natural: we de�ne a kind of "minimization" very sim-
ilar to the classical one (Myhill-Nerode theorem for tree languages [9,6]). The
di�culty is to extend the notion of context by adding equality or disequality
constraints. Then the point is that in the "minimized" automaton, it should
appear "clearly" whether the constraints are necessary or not: e.g., when we
get two rules f(q; q)[x1 = x2] ! q1 and f(q; q)[x1 6= x2] ! q2, with q1 and q2
non equivalent, it should mean that we need the constraints and so that the
language is not recognizable. Actually, the proof is a little more intricate and �-
nite languages can disturb the "natural" minimization. E.g. the "minimized"
automaton associated with the recognizable language h�(ff(a; a); f(b; b)g) is
a ! q; b ! q; f(q; q)[x1 = x2] ! qf ; h(qf ) ! qf and then uses constraints.
So, a �rst step of the proof is devoted to eliminate these degenerate cases.

After basic de�nitions given in Section 2, REC6= automata are introduced in
Section 3. The Section 4 is devoted to the proof.

1 The encompassment theory is the set of �rst order formula with predicates redt(x),
t term. In the theory redt(x) holds if and only if x is a ground term encompassing t

i.e. an instance of t is a subterm of x.
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2 Preliminaries

The set of nonnegative integers is denoted N and N� denotes the set of �nite{
length strings over N. For n 2 N, [n] denotes the set f1; : : : ; ng, so that [0] is
another name for the empty set ;.

An alphabet � is ranked if � =
S
p�p where �p 6= ; only for a �nite number

of p's and the non empty �p are �nite and pairwise disjoint. Elements of �p are
said to be of arity p. Elements of arity 0 are called constants. We suppose that
� contains at least one constant.

Let X be a set of variables. A term over �[X is a partial function t : N�! �[X
with domain Pos(t) satisfying the following properties:

- Pos(t) is nonempty and pre�x-closed;
- If t(�) 2 �n, then fi 2 N j �i 2 Pos(t)g = f1; 2; : : : ; ng;
- If t(�) 2 X , then fi 2 N j �i 2 Pos(t)g = ;.

The set of all terms (or trees) is denoted by T�(X ). If X = ; then T�(X ) is
denoted by T� . Each element of Pos(t) is called a position.
Let t 2 T�(X ) and p 2 Pos(t). We denote by tjp the subterm of t rooted at
position p and by t(p) the label of t at position p. 8i 2 [n] such that pi 2 Pos(t),
tjpi is said to be a son of the label t(p).
Let Xn be a set of n variables. A term C 2 T�(Xn) where each variable occurs
at most once in C is called a context. The term C[t1; : : : ; tn] for t1; : : : ; tn 2 T�
denotes the term in T� obtained from C by replacing for each i 2 [n] xi by ti.
We denote by Cn(�) the set of contexts over n variables fx1; : : : ; xng and C(�)
the set of contexts containing a single variable.

3 Tree Automata with Comparisons between Brothers

Automata with comparisons between brothers (REC6= automata) have been
introduced by Bogaert and Tison [3]. They impose either equalities, or dif-
ferences between brother terms. These equalities and di�erences are expressed
by constraint expressions. Here we will restrict to de�ne normalized-complete
REC 6= automata (each REC6= automaton is equivalent to a automaton called
normalized-complete REC 6= automaton [3]).
Rules of normalized-complete REC6= automata impose, for each pair (pi; pj) of
positions of a term t where p is a position and i 6= j 2 N, that tjpi = tjpj or
tjpi 6= tjpj. These comparisons are expressed by full constraint expressions.
First, we de�ne the notion of full constraint expressions. Then we give the de�-
nition of normalized-complete REC6= automata.

De�nition 1. A full constraint expression c over n variables (xi)i2[n], n 2 N,

(in the following xi will always denote the ith son of a node) is a conjunction of
equalities xi = xj and of disequalities xi 6= xj such that there exists a partition
(Ei)i2[m] of [n], m � n satisfying:

c =
^

k2[m]

^
l;l02Ek

xl = xl0 ^
^

k;k02[m];k 6=k0

^
l2Ek;l02Ek0

xl 6= xl0 (1)

We denote c = (Ei)i2[m] in order to simplify the notation, card(c) = m the
cardinality of c and CE0

n the set of full constraint expressions over n variables.
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For example, CE0
3 = f(f1; 2; 3g); (f1;2g;f3g); (f1;3g;f2g); (f2;3g;f1g); (f1g;

f2g; f3g)g.
In the case n = 0, the full constraint expression over no variable is denoted by
> (null constraint).

De�nition 2. A tuple of terms (ti)i2[n] satis�es a full constraint expression c
i� the evaluation of c for the valuation (8i � n; xi = ti) is true, when \=" is
interpreted as equality of terms, \ 6=" as its negation, \>" as true, ^ as the usual
boolean function and. For example, the tuple of constants (a; b; a) satis�es the
full constraint expression x1 6= x2 ^ x1 = x3 ^ x2 6= x3.

Let us remark that if c and c0 are full constraint expressions over n variables
then c ^ c0 is unsatis�able if c 6= c0.

De�nition 3. Let c be a full constraint of CE0
n and (qi)i2[n] be a n-tuple of

states. We say that (qi)i2[n] satis�es the equality constraints of c if for 8k; l 2
[n]; (c) (xk = xl))) (qk = ql).

Let us now de�ne normalized-complete REC6= automata.

De�nition 4. A normalized-complete automaton A with comparisons between
brothers (normalized-complete REC6= automaton) is a tuple (�;Q;F;R) where
� is a ranked alphabet, Q a �nite set of states, F � Q a set of �nal states and
R �

S
i�i�CE0

i�Qi+1 a set of rules (a rule (f; c; q1; : : : ; qn; q) will be denoted
f(q1; : : : ; qn)[c]! q) with:

� A deterministic i.e. for all rules f(q1; : : : ; qn)[c]! q and f(q1; : : : ; qn)[c]!
q0, q = q0;

� For each letter f 2 �n, each n-tuple (qi)i2[n] 2 Q, each constraint c of
CE0

n such that (qi)i2[n] satis�es the equality contraints of c, there exists at
least one rule f(q1; : : : ; qn)[c]! q;

� And for each letter f 2 �n, each n-tuple (qi)i2[n] 2 Q, each constraint c
of CE0

n such that (qi)i2[n] doesn't satisfy the equality contraints of c, there
exists no rule f(q1; : : : ; qn)[c]! q 2 R.

Let f 2 �n and (ti)i2[n] be terms of T�. The relation
�
!A is de�ned as follows:

f(t1; : : : :tn)
�
!A q if and only if�

9f(q1; : : : ; qn)[c]! q 2 R such that 8i 2 [n]; ti
�
!A qi

and (ti)i2[n] satis�es the constraint c

�

Let q be a state of Q. We denote by LA(q) the set of terms t such that t
�
!A q.

A tree t 2 T� is accepted by A if there exists a �nal state q such that t 2 LA(q).
The language L(A) recognized by A is the set of accepted terms. We denote by
REC 6= the set of tree languages recognized by the class of REC6= automata.

Example 5. Let A = (fa; h; fg; fq; qf; qpg; fqfg;R) with R:

a! q h(q)! q h(qf )! qp
h(qp)! qp f(q; q; q)[c]! qf f(q; q; q)[c0]! qp 8c0 2 CE0

3 n fcg
f(q1; q2; q3)[c

0]! qp 8(q1; q2; q3) 2 Q3 n f(q; q; q)g; 8c0 2 CE0
3

where c is the full constraint expression x1 = x2 ^ x3 6= x1 ^ x3 6= x2. Then A
recognizes the language ff(hn(a); hn(a); hm(a)) j m;n 2 N;m 6= ng.
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4 Recognizability Problem

We consider the recognizability problem in the class REC6=:
Input: A ranked alphabet � and a language F 2 REC6=.

Question: Is F recognizable?

We will prove that the recognizability problem is decidable; furthermore, when
the input language is recognizable, our algorithm computes a corresponding tree
automaton.
The idea of the algorithm is the following: we de�ne a kind of minimization, close
to the classic one (Myhill-Nerode theorem for tree languages [9,6]) but dealing
with constraints: roughly, two states will be equivalent, when they have the same
behaviour for the same context with constraints. This needs de�ning constrained
terms which are terms labeled with equality and disequality constraints. Then,
the point is that, when the reduction works well, it should be the case that non
necessary constraints are dropped. For example, let us suppose that we have
two rules f(q; q)[x1 = x2] ! q1 and f(q; q)[x1 6= x2] ! q2; when q1 and q2 are
equivalent, it means that the constraints are not necessary.
However, the reasoning fails when the language associated with a state is �nite:
a ! q; b ! q; f(q; q)[x1 = x2] ! qf use constraints to de�ne the �nite (thus
recognizable) language ff(a; a); f(b; b)g. So in a �rst step, we eliminate states q
s.t. LA(q) is �nite (section 4.1). Then we extend the notion of context to take
in account equality and disequality constraints (section 4.2) and then, we de�ne
and compute "the" reduced automaton (section 4.3). Finally, we prove that the
language is recognizable i� the reduced automaton is not "constraint-sensitive"
(section 4.4), i.e. two rules whose left-hand-side di�er only by constraints have
the same right-hand-side. We deduce decidability of the recognizability problem
in the class REC6= and obtain an e�ective construction of the corresponding
automaton, when the language is recognizable.

4.1 How to reduce to the "in�nite" case

Let F 2 REC 6= and A = (�;Q;F;R) be a normalized-completeREC6= automa-
ton recognizing F . Let us suppose that there exists at least a state q of A such
that LA(q) is �nite. Let us denote:

F1 =
[

q2F;LA(q) �nite

LA(q) and F2 =
[

q2F;LA(q) in�nite

LA(q):

Since L(A) = F1[F2 and F1 is �nite, L(A) is recognizable i� F2 is recognizable.
The language F2 is recognized by the REC6= automatonB = (�;Q;F 0;R) where
F 0 = fqjq 2 F;LA(q) in�niteg. We construct a new alphabet � by encoding, for
each state q such that LB(q) is �nite, the terms of LB(q) in the symbols of � .
We de�ne a REC6= automaton B0 on � and a linear morphism ' from T� (X )
onto T�(X ) such that for each state q of B0, LB0(q) is in�nite and such that
'(L(B0)) = L(B) and '�1(L(B)) = L(B0). We deduce that (L(B) is recognizable)
, (L(B0) is recognizable) since ' is linear (the entire proof can be found in [2]).
We deduce that the general case can be reduced to the in�nite case since for
each state q of the automaton B0, LB0(q) is in�nite.
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Before studying the "in�nite" case, let us give an example of construction of
B0 and '. Let � = fa=0; f=2g and B = (�;Q;F 0;R) where Q = fq; qp; qfg,
F 0 = fqfg and R is composed of the following rules:

a! q f(q; q)[x1 = x2]! qf
f(qf ; qf)[x1 = x2]! qf f(qp; qp)[x1 = x2]! qp
f(q1; q2)[x1 6= x2]! qp 8(q1; q2) 2 (Q� Q)

B is a normalized-complete REC6= automaton. Obviously LB(q) = fag and,
LB(qp) and LB(qf ) are in�nite. Then we consider 2 a symbol not in � and we
de�ne the alphabet � = ff(2;2); f(2;a); f(a;2); f(a;a)g.
Then B0 = (�;Q0; F 0;R0) is the REC6= automaton where Q0 = fqp; qfg and R0

is composed of the following rules:

f(a;a) ! qf f(2;2)(q1; q2)[x1 6= x2]! qp 8(q1; q2) 2 (Q0 � Q0)
f(2;a)(q1)! qp 8q1 2 Q0 f(2;2)(qf ; qf)[x1 = x2]! qf
f(a;2)(q2)! qp 8q2 2 Q0 f(2;2)(qp; qp)[x1 = x2]! qp

And ' : T� (X )! T�(X ) is the linear morphism de�ned as follows:

'(f(a;a)) = f(a; a) '(f(2;a))(x1) = f(x1; a)
'(f(2;2))(x1; x2) = f(x1; x2) '(f(a;2))(x1) = f(a; x1)

So we can suppose in the rest of the proof that for each state q of the normalized-
complete automaton A = (�;Q;F;R) recognizing F , LA(q) is in�nite.

4.2 Constrained Terms
In the class of recognizable tree languages, an equivalence relation using contexts
is used in order to minimize the automata (Myhill-Nerode theorem for tree
languages [9,6]). We de�ne a similar notion in the class of REC6= automata.
As the rules of REC 6= automata contain comparisons between brother terms,
we introduce the notion of terms imposing equalities and disequalities between
brother terms, these comparisons being expressed by full constraint expressions.
Such terms are called constrained terms. The label of a constrained term at a
position p is the combination of a symbol and of a full constraint expression
c such that the equality constraints of c are satis�ed by the sons of the label
and such that there is no disequality constraint between equal ground sons of
the label. Leaves of a constrained term may also be states or occurences of an
unique variable.
More formally, let x be a variable and �0 be the ranked alphabet de�ned by
8n 2 N, �0

n = ffc j f 2 �n; c 2 CE0
ng. A constrained term C over � [ Q is

a term of T�0(Q [ fxg) where the states of Q are constants and 8p non leaf
position of C, 9n > 0, such that C(p) = fc 2 �0

n with:

� The n-tuple (Cjpi)i2[n] satis�es the equality constraints of c;

� c contains no disequality constraint between equal ground sons i.e. 8i; j 2
[n]; (Cjpi 2 T�0 and Cjpi = Cjpj)) (c) (xi = xj)).

Example 6. Let g; f 2 �2 and q1; q2 2 Q. Then fc(gc0 (q1; x); gc0(q2; x)) with
c = [x1 = x2] and c0 = [x1 6= x2] is not a constrained term since gc0(q1; x) 6=
gc0(q2; x). But fc(gc0(q1; x); gc0(q1; x)) with c = [x1 = x2] and c0 = [x1 6= x2] is a
constrained term.
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Constrained terms are terms hence we use the usual notion of height of a term on
constrained terms with height(c) = 0 if c 2 Q[fxg and height(c) = 1 if c 2 �0

0.
Let C be a constrained term and q 2 Q, we denote by C[q] the constrained term
obtained from C by replacing each occurence of x by q.

Run on constrained terms We extend the notion of run on terms to run on
constrained terms. Let C be a constrained term and q; q0 be states. We denote
C[q]

�
!A q0 i�

� Either C = q0 or (C = x and q = q0);

� Or C = fc(C1; : : : ; Cn) with fc 2 �0
n, (Ci)i2[n] constrained terms such that

8i 2 [n]Ci[q]
�
!A qi and f(q1; : : : ; qn)[c]! q0 2 R.

Let us now extend the notion of run to run between constrained terms. Let C;C0

be constrained terms and q be a state. We denote C[q]
�
!A C0 i� there exists a

set P of positions of C such that:

� 8p 2 P , C0jp 2 Q and C[q]jp
�
!A C0jp;

� 8p 2 Pos(C) not pre�xed by a position of P , C0(p) = C[q](p).

4.3 Minimization

De�nition 7. let �A be the relation on Q de�ned by for all q; q0 2 Q, q �A q0

if for each constrained term C, (C[q]
�
!A q1 2 F , C[q0]

�
!A q2 2 F ).

The relation �A is obviously an equivalence relation. In the following, we as-
sociate with the automaton A a normalized-complete REC 6= Am said "mini-
mized" whose states are the equivalence classes of the relation �A and such that
L(A) = L(Am).
First we prove that the equivalence classes of the relation �A are computable.
Then we de�ne the automaton Am.

Equivalence Classes Algorithm EQUIV

input: Normalized-complete REC6= automaton A := (�;Q;F;R)
begin

Set P to fF;Q n Fg /* P is the initial equivalence relation*/
repeat

P 0 := P
/* Re�ne equivalence P 0 in P */
qPq0 if qP 0q0 and 8C constrained term of height 1,

C[q]
�
!A q1 and C[q0]

�
!A q2 with q1P

0q2
until P 0 = P

output: P set of equivalence classes of �A

end

We denote by ~q the equivalence class of a state q w.r.t. P , the set computed by
the algorithm EQUIV. Let us prove that the algorithm EQUIV is correct i.e.
that P is the set of equivalence classes of �A (Lemma 10). First we consider
two rules whose left hand sides di�er only by replacing all occurences of one
state bounded by equalities imposed by the constraint by a state of the same
equivalence class w.r.t. P . Then we prove that the right hand side of the two
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rules belong to the same equivalence class w.r.t. P (Lemma 8). We deduce that
the equivalence classes w.r.t. P are compatible with the rules of the automaton
A (Corollary 9).

Lemma 8. Let f(q1; : : : ; qn)[c] ! q 2 R and f(q01; : : : ; q
0
n)[c] ! q0 2 R such

that there exists j 2 [n] such that qj 2 ~q0j, 8i 2 [n]; ((c ) xi = xj) ) q0i = q0j)

and ((c) xi 6= xj)) q0i = qi). Then q 2 ~q0.

Proof. First the rule f(q01; : : : ; q
0
n)[c] ! q0 is well de�ned since we can prove

that (q0)i2[n] satis�es the equality constraints of c. Let us now consider the
constrained term C de�ned by head(C) = fc and for each i 2 [n] if c) xi = xj
then C(i) = x else C(i) = qi.
Obviously 8i 2 [n]; C[qj]ji = f(q1; : : : ; qn)ji then C[qj]!A q. Let us now prove
that 8i 2 [n]; C[q0j]ji = f(q01; : : : ; q

0
n)ji. Let i 2 [n]. If c ) xi = xj then q0i = q0j.

Then C[q0j]ji = q0j = q0i = f(q01; : : : ; q
0
n)ji. If c) xi 6= xj then C[q0j]ji = qi = q0i =

f(q01; : : : ; q
0
n)ji. Hence 8i 2 [n]; C[q0j]ji = f(q01; : : : ; q

0
n)ji then C[q0j]!A q0.

Moreover C is a constrained term of height 1 hence according to the EQUIV
algorithm, we have q 2 ~q0 since qj 2 ~q0j which ends the proof of Lemma 8.

Corollary 9. Let f(q1; : : : ; qn)[c] ! q 2 R and f(q01; : : : ; q
0
n)[c] ! q0 2 R such

that 8j 2 [n] qj 2 ~q0j. Then q 2 ~q0.

Let us now prove that the algorithm EQUIV is correct.

Lemma 10. P is the set of equivalence classes of �A i.e.:

8q; q0 2 Q (q �A q0), (q 2 ~q0:)

Proof. First, we can prove that 8q; q0 2 Q (q 62 ~q0) ) (q 6�A q0) by induction
on the step of the algorithm EQUIV where q 62 ~q0 appears. We deduce that
8q; q0 2 Q (q �A q0)) (q 2 ~q0).
In order to prove the implication(, we �rst prove that:

8q; q0 2 Q; q 2 ~q0 )

 
8C constrained term

(
C[q]

�
!A s

C[q0]
�
!A s0

) (s 2 ~s0)

!

by induction on the height of the constrained term. Let q; q0 2 Q such that q 2 ~q0

and C a constrained term such that C[q]
�
!A s and C[q0]

�
!A s0.

C of height 0: Either C 2 Q: Hence 9q" 2 Q such that C = q". C[q] =
C[q0] = q" hence s = s0 = q". Finally s 2 ~s0;

Or C = x: C[q] = q and C[q0] = q0 hence s = q and s0 = q0. Finally s 2 ~s0

since q 2 ~q0.
Induction hypothesis: Let k 2 N. Let us suppose that the property is true

for all constrained term C of height less than or equal to k. Let C be a
constrained term of height k+1. There exists f 2 �n; c 2 CE0

n; (Ci)i2[n]
constrained terms such that C = fc(C1; : : : ; Cn). According to induction

hypothesis, 8i 2 [n]; Ci[q]
�
!A qi and Ci[q0]

�
!A q0i with qi 2 ~q0i.
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(Ci)i2[n] satis�es the equality constraints of c. Moreover A is deterministic
hence 8k; l 2 [n] such that c) (xk = xl), we have qk = ql and q0k = q0l since
Ck = Cl. We deduce (qi)i2[n] and (q0i)i2[n] satis�es the equality constraints
of c. Hence since A is normalized-complete, there exists f(q1; : : : ; qn)[c] !
s 2 R and f(q01; : : : ; q

0
n)[c]! s0 2 R.

Moreover 8i 2 [n]; qi 2 ~q0i. We deduce from the Corollary 9 that s 2 ~s0.

At the beginning of the execution of EQUIV, P = fF;Q n Fg, hence:

8q 2 F; 8q0 2 Q; (q0 2 ~q)) (q0 2 F ) (2)

since at each step of the algorithm qPq0. We deduce that 8q; q0 2 Q (q 6�A q0))
(q0 62 ~q) which ends the proof of Lemma 10.

Let us now de�ne the automaton Am. Let us denote ~q the equivalence class of a
state q w.r.t. �A. Let Am = (�;Qm; Fm;Rm) de�ned as follows:

� Qm is the set of equivalence classes of �A.

� Fm = f~q j q 2 Fg.

� Rm = ff( ~q1; : : : ; ~qn)[c]! ~q j 8i 2 [n] 9q0i 2 ~qi; 9q0 2 ~q
such that f(q01; : : : ; q

0
n)[c]! q0 2 Rg:

We prove now that Am is a normalized-complete REC 6= automaton (Lemma 11)
and that L(A) = L(Am) (Lemma 12).

Lemma 11. Am is a normalized-complete REC6= automaton.

Proof. First we prove that Am is deterministic. Let f( ~q1; : : : ; ~qn)[c] ! ~q 2 Rm

and f( ~q1; : : : ; ~qn)[c]! ~s 2 Rm. According to the de�nition of Rm:

� 8i 2 [n]; 9q0i 2 ~qi; 9q0 2 ~q such that f(q01; : : : ; q
0
n)[c]! q0 2 R.

� 8i 2 [n]; 9q00i 2 ~qi; 9s0 2 ~s such that f(q001 ; : : : ; q
00
n)[c]! s0 2 R.

8i 2 [n] q00i 2
~q0i hence according to Lemma 8, s0 2 ~q0. Then ~q = ~s since ~q = ~q0,

~s = ~s0 and ~q0 = ~s0. Finally Am is deterministic. Let us now prove that Am

is normalized-complete. Let f 2 �n, ~q1; : : : ; ~qn 2 Qm and c 2 CE0
n such that

( ~qi)i2[n] satis�es the equality contraints of c.
Let (q0i)i2[n] such that 8i 2 [n] q0i 2 ~qi and 8k; l 2 [n] (c ) (xk = xl)) )
(q0k = q0l). The last condition is possible since 8k; l 2 [n] (c ) (xk = xl)) )
( ~qk = ~ql) and ( ~qi)i2[n] satis�es the equality contraints of c. (q0i)i2[n] satis�es the
equality contraints of c and A is complete hence 9f(q01; : : : ; q

0
n)[c] ! q 2 R.

Hence f( ~q01; : : : ; ~q
0
n)[c]! ~q 2 Rm according to the EQUIV algorithm. Moreover

8i 2 [n], we have ~qi = ~q0i hence f( ~q1; : : : ; ~qn)[c]! ~q 2 Rm.
Finally, we deduce Am is a normalized-complete REC 6= automaton which ends
the proof of Lemma 11.

Lemma 12. L(A) = L(Am).

158 Bruno Bogaert  et al.



Proof. First we can prove by induction on the height of t that 8t 2 T�; 8q 2
Q; (t

�
!A q)) (t

�
!Am ~q). We deduce that L(A) � L(Am).

Then we deduce L(Am) � L(A) from the property (2) and the following prop-
erty:

8t 2 T� ; 8q 2 Q; (t
�
!Am ~q)) (9q0 2 ~q such that t

�
!A q0):

We deduce that L(A) = L(Am) which ends the proof of Lemma 12.

Remark 13. We can prove easily that 8q 2 Qm;LAm(q) is in�nite and that
8q; q0 2 Qm; (q �Am q0), (q = q0).

4.4 Characterization

Let A be a normalized-completeREC6= automaton. According to the Section 4.3,
we can consider automata satisfying properties of Remark 13. We give now
a necessary and su�cient condition for the language recognized by A to be
recognizable.

Proposition 14. Let A = (�;Q;F;R) be a normalized-complete REC6= au-

tomaton such that for each state q of A, LA(q) is in�nite and such that 8q; q0 2
Q, (q �A q0) , (q = q0). Then L(A) is recognizable if and only if for all rules

f(q1; : : : ; qn)[c]! q, f(q1; : : : ; qn)[c0]! q0 of R, we have q = q0.

In order to prove Proposition 14, we need some technical lemmas. First, since the
language recognized by each state of A is in�nite, we prove that we can "instan-
tiate" each constrained term to a ground term. In fact we prove (De�nition 15
and Lemma 16) that we can associate with each constrained term over � [Q a
constrained term over � without occurence of x by replacing each occurence of
a state q by an element of LA(q) and each occurence of x by an element of an
in�nite set of ground terms.

De�nition 15. Let C be a constrained term. We denote:

� V(C) the set of variable positions of C: V(C) = fp 2 Pos(C) j C(p) = xg.

� S(C) the set of state positions of C: S(C) = fp 2 Pos(C) j C(p) 2 Qg.

� For each q 2 Q, S(C)(q) = fp 2 S(C) j C(p) = qg.

Lemma 16. Let C be a constrained term over � [ Q and T be an in�nite set

of terms of T� . There exists a constrained term C0 over � without occurence of

x such that:

� 8p 2 Pos(C) n (V(C) [ S(C)); C0(p) = C(p),

� Each variable of C is replaced by a constrained term associated with an

element of T i.e. 8p 2 V(C); 9t 2 T; C0jp = labt,

� Each state of C is replaced by a constrained term associated with an ele-

ment of the language recognized by the state i.e. 8q 2 Q; 8p 2 S(C)(q); 9t 2
LA(q); C

0jp = labt,

where labt denotes for each term t the constrained term over � obtained from

t, i.e. 8p 2 Pos(t), if t(p) = f 2 �n, n > 0, then labt(p) = fc with c the full

constraint satis�ed by (tjpi)i2[n], else labt(p) = t(p).
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Proof. Let C be a constrained term over �[Q and T be an in�nite set of terms
of T�. First let us deduce from the full constraint expressions of each position
of C, full constraint expressions between the positions of C where the variable
x occurs and between the positions of C where the same state occurs.
In fact if we consider the positions where the variable x occurs (positions of
V(C)), we express all the equalities between these positions imposed by the con-
straints of C. When none equality is imposed between two positions we impose
a disequality since :

� Constraints impose only equalities between brothers hence between terms
whose positions have the same length.

� According to the de�nition of constrained terms, equalities are only im-
posed between equal terms in a constrained term.

We can do the same for positions of S(C)(q) for each q of Q.
More formally, for each position p of C such that C(p) 2 �0, we denote contC(p)
the constraint obtained by projection from �0 onto CE0

n and we de�ne 8p 2
S(C) [ V(C) a variable zp. We denote cV(C) the full constraint expression over
(zp)p2V(C) and 8q 2 Q; cS(C)(q) the full constraint expression over (zp)p2S(C)(q)

de�ned as follows:

1. We express the equalities imposed by the constraints:
8p 2 Pos(C), 8i; j (contC(p)) (xi = xj))) 8
 such that zpi
 de�ned�

zpi
 2 V(C) ) (zpi
 = zpj
) 2 cV(C)

zpi
 2 S(C)(q); q 2 Q) (zpi
 = zpj
) 2 cS(C)(q)

�
2. We apply the transitive closure to express all equalities:

(zp1 = zp2 ^ zp2 = zp3 ) 2 cV(C) ) (zp1 = zp3) 2 cV(C).
8q 2 Q; (zp1 = zp2 ^ zp2 = zp3) 2 cS(C)(q) ) (zp1 = zp3) 2 cS(C)(q).

3. 8p; p0 2 V(C); p 6= p0; (zp = zp0 ) 62 cV(C) ) (zp 6= zp0) 2 cV(C);
4. 8q 2 Q; 8p; p0 2 S(C)(q); p 6= p0; (zp = zp0) 62 cS(C)(q) ) (zp 6= zp0) 2

cS(C)(q).

Since T is in�nite and 8q 2 Q, LA(q) is in�nite, there exists (tp)p2V(C) 2 T and
8q 2 Q, (tp)p2S(C)(q) 2 LA(q) such that:

1. 8p 2 V(C)[S(C), tp is of height strictly greater than height of C and strictly
greater than height of terms of the set ftp0 j p0 2 V(C) [ S(C), length of p0

strictly less than length of pg.
2. 8p 2 V(C); 8p0 2 S(C), tp 6= tp0 .
3. 8q; q0, q 6= q0, 8p 2 S(C)(q); 8p0 2 S(C)(q0), tp 6= tp0 .
4. (tp)p2V(C) satis�es cV(C).
5. 8q 2 Q; (tp)p2S(C)(q) satis�es cS(C)(q).

Let us remark that point point3 is satis�ed for all families of terms since A is
deterministic. Let C0 be the term of T�0 de�ned as follows:

� 8p 2 Pos(C) n (V(C) [ S(C)) C0(p) = C(p);

� 8p 2 V(C) [ S(C) C0jp = labtp .
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For each p 2 V(C), p0 2 S(C), constraints of C impose zp 6= zp0 since C(p) 6=
C(p0). This constraint is satis�ed by labtp and labtp0 according to previous
points 1 and 2. Similarly for each p 2 S(C)(q), p0 2 S(C)(q0), q 6= q0, con-
straints of C impose zp 6= zp0 . This constraint is satis�ed by labtp and labtp0
according to previous points 1 and 3. We deduce that C0 is a constrained term
over � without occurence of x which ends the proof of Lemma 16.

Let us now prove that we can "instantiate" each constrained term over � [ Q
to a constrained term over � by replacing each occurence of a state q by an
element of LA(q) (De�nition 17 and Lemma 18); similarly, given an in�nite
set of ground term T , we can "instantiate" each constrained term over � by
replacing each occurence of x by a constrained term associated with an element
of T (Lemma 19).

De�nition 17. Let C be a constrained term over � [Q. A state-instance of C
is a constrained term obtained from C, replacing each state q by a constrained
term labt; t 2 LA(q).

Lemma 18. There exists a state-instance of each constrained term.

Proof. Let C be a constrained term and C0 be a constrained term obtained from
C according to Lemma 16. Let C00 be the constrained term de�ned by

� 8p 2 Pos(C) n V(C), C00(p) = C0(p);

� 8p 2 V(C), C00jp = x.

C" is obviously a state-instance of C which ends the proof of Lemma 18.

Let us remark that when C0 is a state-instance of a constrained term C, then
8q 2 Q; (C[q]

�
!A s) C0[q]

�
!A s).

Lemma 19. Let C be a constrained term over � and T be an in�nite set of

terms of T� . There exists (tp)p2V(C) 2 T such that C0 de�ned by

� 8p 2 Pos(C) n V(C); C0(p) = C(p);

� 8p 2 V(C); C0
jp = labtp ,

is a constrained term.

This lemma is an immediate corrolary of Lemma 16. Let us now prove that the
condition of Proposition 14 is necessary.

Lemma 20. Let us suppose that there exists two rules of R, f(q1; : : : ; qn)[c]!
q and f(q1; : : : ; qn)[c

0] ! q0 such that c 6= c0 and q 6= q0. Then L(A) is not

recognizable.

Proof. Let us suppose that L(A) is a regular tree language: there exists B =
(�;Q;F;�) a deterministic and complete bottom-up tree automaton recognizing

it. For each q 2 Q, we denote LB(q) the set of terms t of T� such that t
�
!B q(t).

Let us recall the following basic property:
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Property 21. 8C 2 Cn(�); 8q 2 Q; 8(ti)i2[n] 2 LB(q); 8(t
0
i)i2[n] 2 LB(q)

(C[t1; : : : ; tn] 2 L(B), C[t01; : : : ; t
0
n] 2 L(B)):

The sketch of proof is the following: we construct two terms, saying t1 and t2
such that t1 belongs to L(A) and t2 does not. Furthermore, t1 and t2 will di�er
only on some positions p where t1(p) = t2(p) = f but subterms at these positions
in t1 satisfy the constraint c while in t2, subterms at the same positions satisfy
the constraint c0.
From t1 and t2 we deduce a general context Cg, intuitively the common pre�x
of t1 and t2, such that there exists qB state of B, (ui)i2[n] and (u0i)i2[n] terms
of LB(qB), such that Cg[(up)] 2 L(A) and Cg[(u0p)] 62 L(A). This will contradict
Property 21 since we supposed that L(A) is recognizable.

Since A is complete, we can suppose without loss of generality that c and c0

di�er only by the splitting of a set, i.e. 9(Ek)k2K ; I; J � [n] such that:

c = ((Ek)k2K ; I [ J); card(c) = k + 1;

c0 = ((Ek)k2K ; I; J); card(c
0) = k + 2:

q 6= q0 hence q 6�A q0. We deduce that there exists a constrained term C over
� [Q such that (C[q]

�
!A s 2 F , C[q0]

�
!A s0 62 F ). We stand that s 2 F and

according to Lemma 18, there exists �C a state-instance of C. �C[q]
�
!A s since

C[q]
�
!A s and �C[q0]

�
!A s0 since C[q0]

�
!A s0.

Let us consider the constrained term F1 = fc(s1; : : : ; sn) where 8k 2 I[J , sk = x
and 8k 62 I [ J , sk = qk. Lemma 18 ensures the existence of a state-instance F 0

1

of F1. Then F 0
1[qI]

�
!A q since F1[qI]

�
!A q.

Let C1 be the constrained term �C[F 0
1] and qI be the unique state present in the

rule r at positions belonging to I [ J . The run on C1[qI] leads to the �nal state

s since C1[qI] = �C[F 0
1[qI]]

�
!A

�C[q]
�
!A s.

The constrained term F2 is obtained from F1 by replacing the root symbol fc by
fc0 . Hence, F2 and F1 have the same projection onto T�(fxg). From Lemma 18
there exists F 0

2 a state-instance of F2. F 0
2 is choosen in such a way that root

subterms at the same position k 62 I [ J in F 0
1 and F 0

2 are identical (remember

that c and c0 only di�er by the splitting of I[J into I and J). Then F 0
2[qI]

�
!A q0

since F2[qI]
�
!A q0.

In the same way as previously, C2 denotes �C[F 0
2]. Let us notice that F 0

1 (resp.
C1) and F 0

2 (resp. C2) have the same projection onto T�(fxg). The run on C2[qI]

leads to the non �nal state s0 since C2[qI] = �C[F 0
2[qI]]

�
!A

�C[q0]
�
!A s0.

As we supposed that L(A) = L(B) and as LA(qI) is in�nite then there exists qB
state of B such that the set T = LA(qI) \LB(qB) is in�nite.
As T is in�nite, and according to Lemma 19, there exist terms (up)p2V(C1) 2 T
such that C0

1 de�ned by

� 8p 2 Pos(C1) n V(C1); C
0
1(p) = C1(p);

� 8p 2 V(C1); C
0
1jp = labup ,
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is a constrained term. As 8p; labup
�
!A qI, the run of this constrained term is

the �nal state s. The term t1, projection of C0
1 onto T� satis�es t1 2 L(A).

In the same way, there exist terms (u0p)p2V(C2) 2 T such that C0
2 de�ned by

� 8p 2 Pos(C2) n V(C2); C 0
2(p) = C2(p);

� 8p 2 V(C2); C0
2jp = labu0

p
,

is a constrained term and the run of C0
2 is the non �nal state s0. As A is deter-

ministic, t2, the projection of C0
2 over T� does not belong to L(A).

Let Cg be the projection of C1 onto T�(fxg) (which is the same as the projection
of C2). Cg is a context -without labels- over a single variable x.
We replace each occurence of x in Cg by distinct new variables: it results a
context C0

g over distinct new variables (xp)p2V(Cg) de�ned by

� 8p 2 Pos(Cg) n V(Cg); C0
g(p) = Cg(p);

� 8p 2 V(Cg); C0
g(p) = xp.

We can prove that t1 2 L(A) = Cg[(up)] and t2 = Cg[(u0p)]. Moreover, 8p; up
�
!B

qB and u0p
�
!B qB, which contradicts the Property 21 since t1 2 A and t2 62 A.

We deduce that L(A) is not recognizable, which ends the proof of Lemma 20.

Let us now prove that the condition of Proposition 14 is su�cient.

Lemma 22. Let us suppose that for all rules of R, f(q1; : : : ; qn)[c] ! q and

f(q1; : : : ; qn)[c0] ! q0, we have q = q0. Then L(A) is recognizable and we can

compute a tree automaton recognizing L(A).

Proof. Let B = (�;Q;F;�) be the tree automaton whose set of rules � is
de�ned by: 8f 2 �n; 8(qi)i2[n] 2 Q, f(q1; : : : ; qn) ! q 2 � where q is de�ned
by a rule f(q1; : : : ; qn)[c] ! q of R (q is unique according to hypothesis of the
lemma). We easily prove that L(A) = L(B). Hence L(A) is recognizable which
ends the proofs of Lemma 22 and of Proposition 14.

Let A = (�;Q;F;R) be a normalized-complete REC6= automaton such that
for each state q of A, LA(q) is in�nite. According to Remark 13 and Proposi-
tion 14, we deduce that the recognizability problem of L(A) is decidable. Finally,
according to Section 4.1, we deduce the following theorem:

Theorem 23. The recognizability problem in the class REC6= is decidable.

5 Conclusion

We proved here that recognizability problem is decidable in the class REC6=.
It implies e.g. the decidability of recognizability of �(L) where � is a quasi-
algebraic tree homomorphism (i.e. variables occurr at depth one in a letter's
image) and L a recognizable language.
It provides also a rather simple algorithm for testing recognizability of the set of
normal forms (resp. of the set of direct descendants of a recognizable language)
for some subclasses of rewrite systems (like shallow ones).
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Furthermore, the notions we de�ne here -like constrained terms- could perhaps
be extended and help to answer the two following open problems:
Is recognizability decidable in the class of reduction automata?
Can we decide whether the homomorphic image of a recognizable tree language
is recognizable?
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A Theory of \May" Testing

for Asynchronous Languages
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Abstract. Asynchronous communication mechanisms are usually a ba-
sic ingredient of distributed systems and protocols. For these systems,
asynchronous may-based testing seems to be exactly what is needed to
capture safety and certain security properties. We study may testing
equivalence focusing on the asynchronous versions of CCS and �-calculus.
We start from an operational testing preorder and provide �nitary and
fully abstract trace-based interpretations for it, together with complete
inequational axiomatizations. The results throw light on the di�erences
between synchronous and asynchronous systems and on the weaker test-
ing power of asynchronous observations.

1 Introduction

Distributed systems often rely on asynchronous communication primitives for
exchanging information. Many properties of these systems can be conveniently
expressed and veri�ed by means of behavioural equivalences. In particular, may

testing [11] seems to be exactly what is needed for reasoning about safety prop-
erties. In this respect, an assumption of asynchrony can often play a crucial
role.

As an example, consider a trivial communication protocol with two users A
and B sharing a private channel c. The protocol requires that A uses c to send
a bit of information m to B, then B receives two messages on channels a and
b, �nally B sends, on channel d, the message received on a. The ordering of the
inputs on a and b depends on the message received on c. In �-calculus we can
formulate this protocol as follows (the meaning of the various operators is the
usual one; in particular, (� c ) stands for creation of a local channel c):

A = cm

B = c(x):([x = 0]a(y):b(z):dy + [x = 1]b(z):a(y):dy)
S = (� c )(A jB)

Secrecy, i.e. the ability to keep a datum secret, is an important property which
one might want to check of this protocol: externally, it should not be possible
to guess message m from the behaviour of the whole system S. Following [2],
this property can be formalized by requiring that the behaviour of the protocol
should not depend on the bit that A sends to B: in other words, processes
S[0=m] and S[1=m] should be equivalent. The intended equivalence is here the

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 165-179, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



one induced by may testing: a process may pass a `test' performed by an external
observer if and only if the other process may. If one interprets `passing a test' as
`revealing a piece of information', then equivalent processesmay reveal externally
the same information. Now, it is easy to see that an observer could tell S[0=m]
and S[1=m] apart via synchronous communication on a and b (tra�c analysis).
However, S[0=m] and S[1=m] are equivalent in a truly asynchronous scenario, in
which no ordering on the arrival of outgoing messages is guaranteed.

It is therefore important to have a full understanding of may-semantics in
an asynchronous setting. We shall consider asynchronous variants of CCS and
�-calculus: in these models, the communication medium can be understood as
a bag of output actions (messages), waiting to be consumed by corresponding
input actions. This is reminiscent of the Linda approach [13]. In [7], we have
provided an observers-independent characterization of the asynchronous testing
preorders. Here, we use this characterization as a starting point for de�ning a
\�nitary" trace-based model and a complete axiomatization for the may testing
preorder.

When modelling asynchronous processes, the main source of complications is
the non-blocking nature of output primitives. It is demanded that processes be
receptive, i.e. that they be able to receive all messages sent by the environment at
any time. A simple approach to this problem leads to models where all possible
inputs (i.e. outputs from the environment) at any stage are explicitly described.
As a result, in�nitary descriptions are obtained even for simple, non{recursive,
processes. For example, according to [16], the operational description of the null
process 0 is the same as that of recX:a:(a j X), where a stands for any input
action, a is its complementary output and rec is the recursion operator. Similarly,
[5] presents a trace-based model that permits arbitrary \gaps" in traces to take
into account any external in
uence on processes behaviour.

Di�erently from [16], we build on the usual operational semantics of the
language, which just describes what the process intentions are at any stage, and
we take advantage of a preorder, �, between sequences of actions (traces). The
intuition behind � is that whenever a trace s may lead to a successful interaction
with the environment and s0 � s, then s0 may lead to success as well. It turns
out that, when comparing two processes, only their \minimal" traces need to
be taken into account. This leads to a model that assigns �nite denotations to
�nite processes. More precisely, the interpretation of the may preorder (<�

m

)

suggested by the model is as follows: P <�
m

Q if, consuming the same messages,

Q can produce at least the same messages as P .
Building on the above mentioned preorder over traces, we provide a complete

(in-)equational axiomatization for asynchronous CCS that relies on the laws:

(A1) a:b:P v b:a:P and (A2) a:(a j P ) v P :

These two laws are speci�c to asynchronous testing and are not sound for the
synchronous may preorder [11]. The completeness proof relies on the existence
of canonical forms directly inspired by the �nitary trace{based model.

We develop both the model and the axiomatization �rst for asynchronous
CCS, and then for asynchronous �-calculus. The simpler calculus is su�cient to
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isolate the key issues of asynchrony. Indeed, both the trace interpretation and
the axiomatization for �-calculus are dictated by those for CCS.

The rest of the paper is organized as follows. Section 2 introduces asyn-
chronous CCS and the may{testing preorder. Section 3 and 4 present a fully
abstract trace{based interpretation of processes and a complete proof system
for �nite processes, respectively. In Section 5 the results of the previous sections
are extended to �-calculus. The �nal section contains a few concluding remarks
and a brief discussion of related work.

2 Asynchronous CCS

In this section we present syntax, operational and testing semantics of asyn-
chronous CCS (ACCS, for short) [7]. It di�ers from standard CCS because only
guarded choices are used and output guards are not allowed. The absence of
output guards \forces" asynchrony; it is not possible to de�ne processes that
causally depend on output actions.

Syntax We let N , ranged over by a; b; : : :, be an in�nite set of names used to
model input actions and N = fa j a 2 Ng, ranged over by a; b; : : :, be the set of
co{names that model outputs. N and N are disjoint and are in bijection via the
complementation function (�); we de�ne: (a) = a. We let L = N [N be the set
of visible actions, and let l; l0; : : : range over it. We let L� = L [ f�g, where � is
a distinct action, for the set of all actions or labels, ranged over by �. We shall
use A;B;L; : : :, to range over subsets of L. We let X , ranged over by X;Y; : : :,
be a countable set of process variables.

De�nition 1. The set of ACCS terms is generated by the grammar:

E ::= a
�� P

i2I gi:Ei

�� E1 j E2

�� EnL �� Effg ��X �� recX:E
where gi 2 N [f�g, and f : N ! N , called relabelling function, is injective and
such that fl j f(l) 6= lg is �nite. We extend f to L by letting f(a) = f(a). We
let P , ranged over by P , Q, etc., denote the set of closed and guarded terms or
processes (i.e. those terms where every occurrence of any agent variable X lies
within the scope of some recX: and

P
operators).

In the sequel,
P

i2f1;2g gi:Ei will be abbreviated as g1:E1 + g2:E2,P
i2f1g gi:Ei as g1:E1 and

P
i2; gi:Ei as 0; we will also write g for g:0. As

usual, we write E[F=X ] for the term obtained by replacing each free occurrence
of X in E by F (with possible renaming of bound process variables). We write
n(P ) to denote the set of visible actions occurring in P .

Operational Semantics The labelled transition system (P ;L� ;
�
�!) in Figure

1 de�nes the operational semantics of the language.
As usual, we use =) or

�
=) to denote the re
exive and transitive closure

of
�
�! and use

s
=) (resp.

s
�! ) for =)

l
�!

s0

=) (resp.
l
�!

s0

�! ) when
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s = ls0. Moreover, we write P
s

=) for 9P 0 : P
s

=) P 0 (P
s
�! and P

�
�! will

be used similarly). We will call language generated by P the set L(P ) = fs 2

L� j P
s

=)g. We say that a process P is stable if P 6
�
�! .

AR1

P
i2I

gi:Pi

gj
�! Pj j 2 I AR2 a

a
�! 0

AR3
P

�
�! P 0

Pffg
f(�)
�! P 0ffg

AR4
P

�
�! P 0

PnL
�
�! P 0nL

if � 62 L [ L

AR5
P

�
�! P 0

P jQ
�
�! P 0 jQ

AR6
P [recX:P=X]

�
�! P 0

recX:P
�
�! P 0

AR7
P

l
�! P 0, Q

l
�! Q

P jQ
�
�! P 0 jQ0

Fig. 1. Operational semantics of ACCS (symmetric of rule AR5 omitted)

May Semantics We are now ready to instantiate on ACCS the general frame-
work of [11, 15] to obtain the may preorder and equivalence. In the sequel,
observers, ranged over by O, are ACCS processes that can additionally perform
a distinct success action !.

De�nition 2. P <�
m

Q i� for every observer O, P j O
!

=) implies Q jO
!

=) .

We will use '
m

to denote the equivalence obtained as the kernel of the

preorder <�
m

(i.e. '
m

= <
�
m

\ <
�
m

�1
).

Universal quanti�cation on observers makes it di�cult to work with the op-
erational de�nition of the may preorder; an alternative characterization is on
demand. In the synchronous case, this characterization is simply trace inclusion

(see, e.g., [11, 15]). In [7], by taking advantage of a preorder over single traces,
we proved that in case of asynchronous communication a weaker condition is
required; we summarize these results below.

De�nition 3. Let � be the least preorder over L� preserved under trace com-
position and satisfying the following laws

TO1 � � a TO2 la � al TO3 � � aa

The intuition behind the the laws in De�nition 3 is that, whenever a process
interacts with its environment by performing a sequence of actions s, an inter-
action is possible also if the process performs any s0 � s. To put it di�erently, if
the environment o�ers s, then it also o�ers any s0 s.t. s0 � s.

More speci�cally, law TO1 (deletion) says that process inputs cannot be en-
forced. For example, we have bc � abc: if the environment o�ers the sequence
abc, then it also o�ers bc, as there can be no causal dependence of bc upon the
output a. Law TO2 (postponement) says that observations of process inputs can
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be delayed. For example, we have that bac � abc. Indeed, if the environment
o�ers abc then it also o�ers bac. Finally, law TO3 (annihilation) allows the envi-
ronment to internally consume of complementary actions, e.g. b � aab. Indeed,
if the environment o�ers aab it can internally consume a and a and o�er b.

De�nition 4. For processes P and Q, we write P �
m

Q i� whenever P
s

=)

then there exists s0 such that s0 � s and Q
s0

=) .

Theorem5. For all processes P and Q, P <�
m

Q i� P �
m

Q.

One can easily prove that <
�m

is a pre{congruence; the proof relies on the

coincidence between <
�
m

and �
m

(however, the case of parallel composition is

best dealt with by relying on the de�nition of <�
m

).

3 A Finitary Trace-based Model

A fully abstract set-theoretic interpretation for <�
m

can be obtained by inter-

preting each P as the set of traces [[P ]]
m
= fs j there is s0 2 L(P ) : s0 � sg and

then ordering interpretations by set inclusion. However, this naive interpreta-
tion is not satisfactory, because it includes in�nitely many traces even for �nite
processes; for instance, [[0]]

m
= f�; a; aa; aaa; : : : ; b; bb; : : :g.

To obtain a non{redundant interpretation, we shall \minimize" the language
of a process P , L(P ), w.r.t. the trace preorder �. In the sequel, we use [s] to
denote the �-equivalence class of s, i.e. the set fs0 : s0 � s and s � s0g.

De�nition 6.

{ Consider a set D of �-equivalence classes. We say that D is a denotation

if whenever [s]; [s0] 2 D and s � s0 then [s] = [s0]. We call D the set of all
denotations.

{ D is ordered by setting: D1 � D2 i� for each [s] 2 D1 there is [s0] 2 D2

such that s0 � s.

In words, a denotation D is a set of �-equivalence classes which are minimal

elements of D.

Lemma7. (D;�) is a partial order.

De�nition 8. For each P , we interpret P as the denotation

[[P ]]
m

def
= f[s] : s 2 L(P ) and for each s0 2 L(P ) : s0 � s implies [s] = [s0] g :

Example 1.

1. If P
def
= a:(a j b), we have L(P ) = f�; a; aa; ab; aab; abag and that � is minimal

in L(P ) (by TO1{TO3), hence [[a:(a j b)]]
m
= [[0]]

m
= f [�] g.
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2. If P
def
= a j b:c, then L(P ) = f�; a; ab; abc; b; ba; bac; bc; bca g: The

set of �-minimal traces of L(P ) is f �; a; bc; abc; bcag and [[P ]]
m

=
f[�]; [a]; [bc]; [abc]; [bca]g.

3. If P
def
= a j b:c and Q

def
= a:P , then [[P ]]

m
= f[�]; [a]; [bc]; [abc]; [bca]g and

[[Q]]
m
= f [�]; [abc]; [aabc]; [abca] g; hence [[Q]]

m
� [[P ]]

m
.

Lemma9. Let C be a non{empty set of �-equivalence classes. Then C has
minimal elements (w.r.t. the obvious ordering [s0] � [s] i� s0 � s).

Theorem10. P <�
m

Q if and only if [[P ]]
m
� [[Q]]

m
in D.

Proof: We use the alternative characterization �
m

of <�
m

. Suppose that

P �
m

Q; we show that [[P ]]
m
� [[Q]]

m
in D. Let [s] 2 [[P ]]

m
, with P

s
=) .

Then there is s0 s.t. Q
s0

=) and s0 � s. Choose now [s0] which is minimal for the
set f[s00] : s00 2 L(Q) and s00 � s0 g, and which exists by virtue of Lemma 9. By
de�nition of [[�]]

m
, [s0] 2 [[Q]]

m
, and moreover s0 � s. The converse implication

can be proven similarly. 2

It is possible to give a \concrete" representation of equivalence classes.

Proposition11. Let s1 = m1M1 � � �mnMn, n � 0, be any trace, where, for
1 � i � n, mi (resp Mi) is a trace containing only inputs (resp. outputs).
Suppose that s2 � s1 and s1 � s2. Then s2 is of the form m0

1M1 � � �m0
nMn,

where, for 1 � i � n, m0
i is a permutation of mi.

The above proposition allows one to consider equivalence classes of traces as
sequences where multisets of input actions alternate with sequences of output
actions. This model can be further optimized. For example, when de�ning [[�]]

m

it is possible to enrich the theory of � with a commutativity law for outputs
(ab � ba); this permits viewing sequences of outputs as multisets and yields
smaller denotations of processes. For instance, the denotation of process P in
Example 1 would reduce to f[�]; [a]; [bc]; [abc]g. A similar optimization will be
used in the de�nition of canonical traces, in the next section.

4 A Proof System for ACCS

In this section we de�ne a proof system for ACCS and prove that it is sound
and complete with respect to <�

m

for �nite (without recursion) processes.

The proof system, that we callA, is based on the in-equational laws in Table 1
plus the usual inference rules for re
exivity, transitivity and substitutivity in
any context. We use G to range over guarded sums. Given two guarded sums
G =

P
i2I gi:Pi and G0 =

P
j2J gj :Pj , we de�ne G+G0 as

P
k2I[J gk:Pk . Each

equation P = Q is an abbreviation for the pair of inequations P v Q and Q v P .
We write P v

A
Q (P =

A
Q) to indicate that P v Q (P = Q) can be derived

within the proof system A.
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C1 G +G = G

P1 P j 0 = P
P2 P jQ = Q j P
P3 P j (Q j R) = (P jQ) jR

EXP Let G =
P

i2I
gi:Pi and G0 =

P
j2J

g0j :P
0
j ; then:

G jG0 =
P

i2I
gi:(Pi jG

0) +
P

j2J
g0j :(G j P 0

j)

R1 (
P

i2I
gi:Pi)ffg =

P
i2I

f(gi):Piffg
R2 (P jQ)ffg = Pffg jQffg
R3 affg = f(a)

H1 (
P

i2I
gi:Pi)nL =

P
i2I^gi 62L[L

gi:PinL

H2 (P jQ)nL = P jQnL L \ n(P ) = ;
H3 (PnL1)nL2 = PnL1 [ L2

H4 (a j g:P )na = g:(a j P )na g 6= a
H5 (a j g:P )na = Pna g = a

T1 a j
P

i2I
gi:Pi =

P
i2I

�:(a j gi:Pi)

T2 g:
P

i2I
gi:Pi =

P
i2I

g:gi:Pi

T3 P = �:P
T4 G v G+G0

T5 a:(b j P ) v b j a:P
T6 P v a j a:P

A1 a:b:P v b:a:P
A2 a:(a j P ) v P

Table 1. Laws for ACCS

Laws A1 and A2 di�erentiate asynchronous from synchronous may testing:
they are not sound for the synchronous may preorder [11]. In particular, law
A1 states that processes are insensitive to the arrival ordering of messages from
the environment, while law A2 states that any execution of P that depends on
the availability of a message a is worse than P itself, even if a is immediately
re-issued. The other laws in Table 1 are sound also for the synchronous may
testing [11]. The laws in Table 1 can be easily proven sound by taking advantage
of the preorder �

m
.

Let us now consider some derived laws, among which (D1) a:P v
A
P and

(D2) 0 v
A
a. Law D2 follows immediately from law T4. The inequality D1 can

be derived by �rst noting that from D2 it follows P v
A
a j P , which implies

a:P v
A
a:(a j P ); now apply A2. In particular, we have that a v

A
0. From

0 v
A
P , for any P (a consequence of T4), and a:a =

A
a:(a j 0) v

A
0 (law A2),

we get a:a =
A
0.

For proving completeness of the proof system, we shall rely on the exis-
tence of canonical forms for processes, which are unique up to associativity and
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commutativity of summation and parallel composition and up to permutation of
consecutive input actions. Uniqueness is a result of independent interest, because
it leads to unique (and rather compact) representatives for equivalence classes
of processes. The canonical form of a process will be obtained by minimizing its
set of traces via a trace preorder, that extends � with a commutativity law for
output actions.

De�nition 12. Let �j be the least preorder over traces induced by the laws

TO1{TO3 plus law: (TO4) ab � ba.

Of course, � is included in �j.

De�nition 13 (canonical forms).

{ Given s 2 Act�, the process t(s) is de�ned by induction on s as follows:

t(�)
def
= 0, t(as0)

def
= a:t(s0) and t(as0)

def
= a j t(s0).

{ Consider A ��n L�. We say that A is:
� complete if whenever t(r)

s
=) , for r 2 A, then there is s0 2 A s.t. s0 �j s;

� minimal if whenever s; s0 2 A and s0 �j s then s0 = s.
{ A canonical form is a process of the form

P
s2A�f�g �:t(s), for some A ��n L�

which is both complete and minimal.

Note that a complete set of traces always contains the empty trace �. The
proof of uniqueness of canonical forms can be decomposed into three simple
lemmata.

Lemma14. If t(s)
s0

=) then t(s0) v
A
t(s).

Proof: The proof proceeds by induction on the length of s. The most interesting
case is when s = as0, for some s0; hence t(s) = a jt(s0). Then there are two cases

for s0: either t(s0)
s0

=) , and then the thesis follows from P v
A
a jP (by D2) and

induction hypothesis, or s0 = �a�, with t(s0)
��
=) , for some traces � and �. In

the latter case, we get from the induction hypothesis that t(��) v
A
t(s0); hence

a j t(��) v
A
a j t(s0) = t(s); from repeated applications of P2) and T5, we get

t(s0) = t(�a�) v
A
a j t(��), and hence the thesis. 2

Lemma15. Let C1
def
=
P

s2A�f�g �:t(s) and C2
def
=
P

r2B�f�g �:t(r) be canonical

forms such that C1
<
�
m

C2. Then for each s 2 A there is r 2 B such that r �j s.

Proof: Let s 2 A. Then C1
s

=) , thus, since C1 �m
C2, there is s

0 s.t. C2
s0

=)
and s0 � s. This implies, by completeness of B, that there is r 2 B such that
r �j s

0. Since s0 � s, we obtain that r �j s. 2

We write P1 =AC P2 if P1 =A
P2 can be derived using only the laws C2{C3,

P2{P3 and A1. For the proof of the following lemma, just note that whenever
s1 and s2 are �j-equivalent, then only laws T02 and TO4 can be used to derive
s1 �j s2 and s2 �j s1.
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Lemma16. If s1 �j s2 and s2 �j s1 then t(s1) =AC t(s2).

Theorem17 (uniqueness). Let C1 and C2 be canonical forms such that
C1 'm

C2. Then C1 =AC C2.

Proof: Suppose C1 =
P

s2A�f�g �:t(s) and C2 =
P

r2B�f�g �:t(r). We prove
that for each s 2 A there is r 2 B s.t. s �j r and r �j s, by which the result

will follow by Lemma 16 and by symmetry. Suppose that s 2 A. Since C1
<
�
m

C2,

by Lemma 15, we deduce that there is r 2 B s.t. r �j s. But since C2
<
�
m

C1

as well, we deduce the existence of s0 2 A with s0 �j r, hence s
0 �j r �j s. By

minimality of A we deduce that s = s0 �j r. 2

Example 2. Consider P
def
= �:(a j b:b) + �:b:(a j b). To get the canonical form

of P , we �rst compute the language of P and obtain the complete set
f�; a; b; ab; ba; bb; abb; bab; bbag. Then we minimize, thus �nding the minimal set
f�; ag, which is also complete. Thus �:a is the canonical form of P .

We proceed now to prove completeness of the proof system.

Lemma18 (absorption). If s0 �j s then t(s) v
A
t(s0).

Proof: We prove the thesis by induction on the number n of times the laws
TO1{TO4 are used to derive s0 �j s. The proof relies on the laws D1, D2, A2 and
P2. As an example, we analyze the base case (n = 1), when s0 �j s is derived with
one application of T03. This means that s0 = �aa� and s = ��, for some a and
some traces � and �. Now, note that whenever s = s1s2 then t(s) = t(s1)[t(s2)],
where the latter term is obtained by replacing the single occurrence of 0 in t(s1)
with t(s2). Therefore, by congruence of v

A
and law A2, we get:

t(s) = t(�)[a:(a j t(�))] v
A
t(�)[t(�)] = t(s0) : 2

Lemma19. For each P there exists a canonical form C s.t. P =
A
C.

Proof: By induction on P and using the laws in Table 1 it is easy to show that
P is provably equivalent to some process C1 =

P
s2A1�f�g

�:t(s), for some set
A1. Consider now the following two facts:

1. Whenever t(s)
s0

=) then t(s) =
A
�:t(s) + �:t(s0).

2. Let A be a complete set. Suppose that there are s; s0 2 A s.t. s �j s0

and s 6= s0. Then: (a) A � fs0g is complete, and (b)
P

r2A�f�g �:t(r) =
AP

r2A�f�;s0g �:t(r).

(1 is a consequence of Lemma 14; 2 derives from the de�nition of complete set
and, for part (b), of Lemma 18 and law C1).

By repeatedly applying 1, we can `saturate' A1, thus proving C1 equivalent
to a summation C2 over a complete set A2. Then, by repeatedly applying 2, we
can remove redundant traces in A2, thus proving C2 equivalent to a summation
over a complete and minimal set of traces. 2
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Theorem20 (completeness). For �nite ACCS processes P and Q, P <�
m

Q

implies P v
A
Q.

Proof: Lemma 19 allows us to assume that both P and Q are in canonical

form: P
def
=
P

s2A�f�g �:t(s) and Q
def
=
P

r2B�f�g �:t(r). It is su�cient to show

that for each s 2 A there is r 2 B s.t. t(s) v
A
t(r), by which the thesis will

follows thanks to the law T4. But this fact follows by Lemmata 15 and 18. 2

5 The �-calculus

In this section we discuss the extensions of our theory to the asynchronous
variant of �-calculus [16, 8, 14, 1].

Syntax and semantics We assume existence of a countable set N of names

ranged over by a; b; : : : ; x; : : :. Processes are ranged over by P , Q and R. The syn-
tax of asynchronous �{calculus contains the operators of inaction, output action,
guarded summation, restriction, parallel composition, matching and replication:

P ::= ab j
P

i2I �i:Pi j � aP j P1 j P2 j [a = b]P j !P

where � is an input action a(b) or a silent action � . We adopt for the sum
operator the same shorthands as for ACCS. Free names and bound names of a
process P , written fn(P ), and bn(P ) respectively, arise as expected; the names

of P , written n(P ) are fn(P ) [ bn(P ). We shall consider processes up to �-
equivalence. Thus �-equivalent processes have the same transitions and all bound
names are always assumed to be di�erent from each other and from the free
names. The tilde e� will be used to denote tuples of names; when convenient,
we shall regard a tuple simply as a set. We omit the de�nition of operational
semantics (see e.g. [1]), but remind that labels on transitions (actions), ranged
over by �, can be of four forms: � (interaction), ab (input at a of b), ab (output
at a of b) or a(b) (bound output at a of b). Functions bn(�), fn(�) and n(�)
are extended to actions as expected: in particular, bn(�) = b if � = a(b) and
bn(�) = ; otherwise.

The de�nition of the may preorder over the �-calculus, <�
m

, is formally the

same as for ACCS. Due to the presence of matching (see e.g. [1]), <�
m

is not

preserved by input pre�x.

The trace preorder We extend the operational semantics of the �-calculus

with the following rule: if P
ab
�! P 0 and b =2 fn(P ) then P

a(b)
�! P 0. The new

kind of action a(b) is called bound input; we extend bn(�) to bound inputs by
letting bn(a(b)) = fbg. Below, we shall use L� to denote the set of all visible
(non-�) actions, including bound inputs, and let � range over it. Given a trace
s 2 L��, we say that s is normal if, whenever s = s0:�:s00 (the dot : stands
for trace composition), for some s0, � and s00, then bn(�) does not occur in s0

and bn(�) is di�erent from any other bound name occurring in s00. Functions
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bn(�) and fn(�) are extended to normal traces as expected. We consider normal
traces up to �-equivalence. The set of normal traces over L� is denoted by T
and ranged over by s. From now on, we shall work with normal traces only. A

complementation function on T is de�ned by setting a(b)
def
= a(b), ab

def
= ab,

ab
def
= ab and a(b)

def
= a(b); note that s = s.

P1 s:s0 � s:�:s0 if � is an input action and bn(�) \ n(s0) = ;
P2 s:�0:�:s0 � s:�:�0s0 if � is an input action and bn(�) \ n(�0) = ;
P3 s:s0 � s:�:ab:s0 if � = ab or (� = a(b) and b =2 n(s0))
P4 s:ac:(s0fc=bg) � s:a(b):s0

Fig. 2. Trace ordering laws over T .

The presence of bound names requires a slightly di�erent de�nition of the
trace preorder �, which is given below.

De�nition 21. Let �0 the least binary relation induced by the laws in Figure 2:
� is the re
exive and transitive closure of �0.

Rules P1, P2, P3 are the natural extensions to asynchronous �-calculus of
the rules for ACCS. Here, some extra attention has to be paid to bound names:
an output action declaring a new name (bound output) cannot be postponed
after those actions that use that name. As an example, action a(b) cannot be
postponed after b(c), in any execution of the observer � b (ab j b(c):O). Accord-
ingly, in the observed process, an input action receiving the new name, a(b),
cannot be postponed after output actions at b.

Rule P4 is speci�c to �-calculus, and is linked to the impossibility for ob-
servers to fully discriminate between free and bound outputs. Informally, rule
P4 states that if a bound (hence new) name is \acceptable" for an observer, then
any public name is acceptable as well. Rule P4 would disappear if we extended
the language with the mismatch ([a 6= b]P ) operator, considered e.g. in [6], which
permits a full discrimination between free and bound outputs.

The de�nition of �
m

for the �-calculus relies on the trace preorder � and
remains formally unchanged w.r.t. ACCS. In [7], we prove that �

m
and <

�
m

coincide for the �-calculus. All the results obtained for ACCS about the trace{
based model carry over smoothly to the �-calculus.

The proof system A sound and complete proof system for <�
m

over the �nite

(without replication) part of the language can be obtained by \translating" the
proof system for ACCS into �-calculus, and then adding four new laws, as done
in Table 2. I1 replaces the substitutivity rule for input pre�x, M1 and M2 are
concerned with matching, and S1 is related to the law P4 for �.

We write P v
�
Q if the inequality P v Q is derivable within the system of

Table 2. Soundness of the system is straightforward. Completeness requires an
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I1 if for each b 2 fn(P;Q) Pfb=xg v Qfb=xg then a(x):P v a(x):Q

M1 [a = b]P = 0 a 6= b
M2 [a = a]P = P

C1 G+G = G

P1 P j 0 = P
P2 P jQ = Q j P
P3 P j (Q j R) = (P jQ) j R

EXP Let G =
P

i2I
�i:Pi and G0 =

P
j2J

�0j :P
0
j , where each

�i (resp. �
0
j) does not bind free names of G0 (resp. G). Then:

G jG0 =
P

i2I
�i:(Pi jG

0) +
P

j2J
�0j :(G j P 0

j)

H1 (�eb)(P
i2I

�i:Pi) =
P

i2I^n(�i)\eb=; �i:(�eb)Pi

H2 (�eb)(P jQ) = P j (�eb)Q eb \ n(P ) = ;
H3 (� a)(ab j �:P ) = �:(� a)(ab j P ) a =2 n(�)

H4 (� a)(ab j a(c):P ) = (� a)(Pfb=cg)

T1 ab j
P

i2I
�i:Pi =

P
i2I

�:(ab j �i:Pi)

T2 �:
P

i2I
�i:Pi =

P
i2I

�:�i:Pi

T3 P = �:P
T4 G v G+G0

T5 a(c):(bd j P ) v bd j a(c):P c 6= b; c 6= d

T6 Pfb=cg v ab j a(c):P

A1 a(c):b(d):P v b(d):a(c):P c 6= b; c 6= d
A2 a(c):(ac j P ) v P c =2 n(P )

S1 (� c)P v Pfb=cg

Table 2. Laws for the asynchronous �-calculus

appropriate de�nition of canonical form. This implies extending � via commu-
tativity for output actions.

De�nition 22. Let �j be the trace preorder over T induced by laws P1{P4 plus

the laws:

{ (P5) s:�:�0:s0 � s:�0:�:s0 if bn(�) \ fn(�0) = ; and bn(�0) \ fn(�) = ; ;
{ (P6) s:a(b):cb:s0 � s0:c(b):ab:s if c 6= b.

De�nition 23 (canonical forms). Let s be a normal trace. The process t(s)

is de�ned by induction on s as follows: t(�)
def
= 0, t(a(b):s0)

def
= � b (ab j t(s0)),

t(ab:s0)
def
= ab j t(s0), t(a(c):s0)

def
= a(c):t(s0) and t(ab:s0)

def
= a(x):[x = b]t(s0) (x

fresh).
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Modulo the new de�nitions of t(s) and of �j, the de�nitions of complete set, of
minimal set and of canonical form remain formally as in De�nition 13.

Lemma24. If t(s)
s0

=) then t(s0) v
�
t(s).

Proof: The proof parallels that of Lemma 14. We analyze only the case when
s = a(b):s0, hence t(s) = � b (ab j t(s0)). There are four possible cases for s0

depending on how the execution of actions in t(s0) and action ab are interleaved.

1. t(s0)
s0

=) (action ab is not �red at all);

2. s0 = �:a0(b):� and t(s0)
�:a0b:�
=) ;

3. s0 = �:a(b):� and t(s0)
�:�
=) ;

4. s0 = �1:a0(b):�2:ab:� and t(s0)
�1:a0b:�2:�

=) .

For case 1, the thesis follows from induction hypothesis. We analyze now case
4, because 2 and 3 are easier. By induction hypothesis, t(�1:a0b:�2:�) vA

t(s0),
hence

T
def
= � b (ab j t(�1:a0b:�2:�)) v�

� b (ab j t(s0)) = t(s):

On the other hand, by repeatedly applying T5 and P2, we can push ab rightward
inside T and get � b t(�1:a0b:�2:ab:�) v�

T . Finally, since b =2 n(�1), we can push
� b rightward (using H1 and H2) until it reaches a0b, to get t(s0) v

�
T , and the

thesis. 2

Lemma25. If s0 �j s then t(s) v
A
t(s0).

Proof: The thesis is proven by induction on the number n of times the laws P1{
P6 are used to derive s0 �j s. As an example, we analyze the base case (n = 1),
when s0 �j s is derived with one application of P3. In particular, consider the
case s0 = �:ab:ab:� and s = ��, for some a, b and some traces � and �. For any
P and fresh x, we have that a(x):[x = b](ab j P ) v

A
a(x):(ax j P ) (use rule I1

and laws M1 and M2). This inequality can be proven under any substitution � for
the names in fn(P )[ fa; bg, hence under any context. From this and A2, we get:

t(s) = t(�)[a(x):[x = b](ab j t(�))] v
A
t(�)[a(x):(ax j t(�))] v

A
t(�)[t(�)] = t(s0) :

2

The proof of uniqueness of canonical forms remains essentially unchanged.
The proof of existence of provably equivalent canonical forms requires the fol-
lowing derived laws:

(1) a(y):[b = c]P =
�
�:[b = c]a(y):P + �:a(y) if y =2 fb; cg, and

(2) a(b):[b = c]P =
�
a(b):[b = c]Pfc=bg.

These are used to accommodate matching, when initially proving that P is
equivalent to a summation of t(s)'s; then, the proof proceeds formally unchanged.
Given the existence and the uniqueness of canonical forms, the actual proof of
completeness remains essentially unchanged.

Theorem26 (completeness). For �nite �-calculus processes P and Q,
P <�

m

Q implies P v
�
Q.
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6 Conclusions and Related Works

In this paper, we have studied a may testing semantics for two asynchronous
variants of CCS and �-calculus. For both calculi we have proposed a �nitary
trace{based interpretation of processes and a complete inequational proof sys-
tem.

Recently, there have been various proposals of models of asynchronous pro-
cesses. Two main approaches have been followed to this purpose. They di�er in
the way (non{blocking) output actions are modelled. The asynchronous variants
of ACP [4], CSP [17] and LOTOS [21] introduce external bu�ers in correspon-
dence of output channels. This makes outputs non{blocking and immediately ex-
ecutable, while preserving the orderings between di�erent output actions. Within
the same group we can place the work on the actors foundation [3]. Di�erently,
the asynchronous variants of �-calculus [16, 8, 14, 1] and CCS [20, 12, 9] model
output pre�x a:P as a parallel composition a jP , i.e. output actions are indepen-
dent processes. The communication medium is rendered as a bag of messages,
which is directly represented within the syntax as a parallel composition of out-
put actions.

In the past, all these formalisms have been equipped with observational se-
mantics based on bisimulation or failures, but very few denotational or equa-
tional characterizations have been studied. A notable exception is the work by
de Boer, Palamidessi and their collaborators. On one hand, in [5], they propose
a trace-based model for a variant of failure semantics, on the other, in [4], they
provide axiomatizations that rely on state operators and explicitly model evo-
lution of bu�ers. Other studies deal with languages that fall in the �rst group
of asynchronous formalisms and propose set of laws that help to understand
the proposed semantics, but do not o�er complete axiomatizations [21, 3]. For
those languages that model outputs by means of processes creation, the only
paper that presents an axiomatization is [1]. There, a complete axiomatization
of strong bisimilarity for asynchronous �-calculus is proposed, but the problem
of axiomatizing weak (� -forgetful) variants of the equivalence is left open.

A paper closely related to ours is the recent [10]. There, for a variant of asyn-
chronous CCS, the authors present a complete axiomatization of must testing
semantics, which is more appropriate for reasoning about liveness properties.
No �nitary model is presented and the problem of extending the results to the
asynchronous �-calculus is left open.
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Abstract. Uni�cation in logic programming deals with tree-like data
represented by terms. Some applications, including deductive databases,
require handling more complex values, for example �nite sets or bags (�-
nite multisets). We extend uni�cation to the combined domain of bags,
sets and trees in which bags and sets are generated by constructors sim-
ilar to the list constructor. Our uni�cation algorithm is presented as
a nondeterministic polynomial-time algorithm that solves equality con-
straints in the spirit of the Martelli and Montanari algorithm.

1 Introduction

Logic programming languages deal with tree-like data represented by terms.
Some applications require to handle other kinds of data such as �nite sets or
bags (�nite multisets). For example, this problem arises in databases: relational
query languages typically deal with tuples of atomic values and extension to
more complex values is required. Various kinds of complex values in databases
and logic programming have been considered in many papers, including [2, 3, 31,
16, 46, 43, 32, 15, 1, 27, 26, 22, 20, 48].

In this paper we extend uni�cation, the core mechanism of logic program-
ming, to handle bags and sets. When bags and sets are represented with us-
ing the union operations, bag and set uni�cation is a particular case of AC1-
and ACI1-uni�cation, which has been extensively studied [44, 25, 24, 10, 33, 18].
Recently, a number of uni�cation algorithms have been introduced for various
domains of bags and sets built with the bag and set constructors similar to the
list constructor used in functional and logic programming [21, 22, 45, 9].

We contribute to this area by introducing a new uni�cation algorithm for
the combined domain of bags, sets and trees. The main novelty of our algorithm
is that it is a nondeterministic polynomial-time algorithm. The algorithm is
formalized as a nondeterministic algorithm that solves systems of equations in
the spirit of the Martelli and Montanari uni�cation algorithm [38], i.e. it uses
a collection of rules that transform systems into equivalent ones. The algorithm
is don't-care nondeterministic with respect to the choice of applicable rules.
Nondeterministic branches lead to uni�ers represented by systems in solved form
(triangle form). These uni�ers form a complete set of uni�ers of the input system,
its cardinality is at most 2O(n log n) where n is the input size. Thus, we obtain a

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 180-196, 1999. 
c Springer-Verlag Berlin Heidelberg 1999

A Nondeterministic Polynomial-Time Unification

Algorithm for Bags, Sets and Trees



single-exponential upper bound on the cardinality of a minimal complete set of
uni�ers in our domain (cf. a double-exponential lower bound for AC uni�cation
in the domain with the bag union [30]).

The paper is organized as follows. In Section 2 we extend the Herbrand
universe by adding terms that represent bags and sets. Thus, the extended do-
main (denoted by HU+) contains bags, sets and trees. Values in this domain
are untyped, for example one can construct a bag whose members are sets and
trees. The semantics of logic programs over HU+ is de�ned in Section 2 too.
We show that logic programming over HU+ is powerful enough to represent all
computable predicates on this domain.

Section 3 is the main section of this paper. It contains a description of our
algorithm and theorems asserting that the algorithm is sound, complete and runs
in nondeterministic polynomial time. Since NP-hardness is proved easily [28], we
obtain that uni�cation overHU+ is NP-complete. It follows from these theorems
that the algorithm yields complete sets of uni�ers and their cardinalities are at
most 2O(n logn). This bound is tight. In this section we also describe a number of
important special cases in which our algorithm is optimal, i.e. it gives minimal
complete sets of uni�ers. Due to space reasons, we do not include proofs in this
paper, they can be found in our technical report [19]. Also, this report contains
many examples that illustrate the algorithm as well as some related notions.

In Section 4 we brie
y sketch some related results and directions of further re-
search. In particular, we discuss bag and set uni�cation in the context of AC and
ACI uni�cation. We also compare our algorithm with other known algorithms.
Some extensions and applications of our results are discussed too.

There are several aspects of handling complex values that are beyond the
scope of this paper. We do not consider the introduction of the object structure
on HU+ and we do not discuss questions like object identity. We do not consider
semantics of negation. Our algorithm can be optimized in some ways but we do
not discuss such optimizations here.

2 The combined domain of bags, sets and trees

There are several possibilities to de�ne data models that deal with bags, �nite
sets and trees. In this section we choose a particular data model, some variations
are considered in [19]. For brevity we say \set" instead of \�nite set" in the
context of this data model. \Bag" is a synonym for \�nite multiset".

The Herbrand universe with bags and sets. We extend the Herbrand
universe by adding the bag and set constructors. The de�nition is parametrized
by a set F of function symbols. As usual, symbols in F have non-negative arities.
Constants are function symbols of arity 0. Intuitively, constants represent atomic
values, like integers or strings, Function symbols of arity � 1 are viewed as tree
constructors that are used to construct complex values from existing ones.

More precisely, given a set F of function symbols, the Herbrand universe with
bags and sets, denoted HU+, is de�ned inductively as follows.
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1. Any constant in F belongs toHU+. These constants are called atomic values.
2. If v1; : : : ; vn 2 HU+, where n � 0, then the bag consisting of v1; : : : ; vn

belongs to HU+. This bag is denoted by fjv1; : : : ; vnjg and called a bag value.
3. If v1; : : : ; vn 2 HU+, where n � 0, then the set fv1; : : : ; vng belongs to
HU+. This set is called a set value.

4. If f 2 F has arity n � 1 and v1; : : : ; vn 2 HU+, then the expression
f(v1; : : : ; vn) belongs to HU+. This expression represents the tree whose
root has n children; the root is labeled by f and the children are v1; : : : ; vn.
The expression f(v1; : : : ; vn) is called a tree value.

Thus,HU+ consists of untyped values. For example, the set ffj1; 1jg; f2g; 3; f(4)g
contains a bag, a set, an atomic value and a tree.

Equality on HU+ is de�ned inductively as follows.

1. Two atomic values are equal if they coincide.
2. Bag values fju1; : : : ; umjg and fjv1; : : : ; vnjg are equal if m = n and there is

a permutation � of the sequence 1; : : : ;m such that ui is equal to v�(i) for
all i.

3. Set values fu1; : : : ; umg and fv1; : : : ; vng are equal if each ui is equal to
some vj , and vice versa, each vj is equal to some ui.

4. Tree values f(u1; : : : ; um) and g(v1; : : : ; vn) are equal if f coincides with g

and ui is equal to vi for all i.
5. No other equalities hold on HU+.

Terms and their sorts. In order to represent elements of HU+, we introduce
the corresponding notion of a term. We assume that fjjg and fg are two constants
foreign to F . They represent the empty bag and the empty set respectively. Two
binary function symbols fj j jg and f j g are assumed to be foreign to F too.
They are used to construct bags and sets. Namely, if a term s represents an
arbitrary element of HU+ and a term t represents a bag then the term fjs j tjg
represents the bag formed by appending the element corresponding to s to the
bag corresponding to t. Similarly, a term fs j tg represents the set formed by
adding the element represented by s to the set represented by t.

All terms will be divided into three sorts: sort of bags b, sort of sets s and
the universal sort u. We assume that there are three kinds of variables called bag
variables, set variables and universal variables. Terms and their sorts are de�ned
as follows.

1. A bag variable is a term of sort b. A set variable is a term of sort s. A
universal variable is a term of sort u.

2. The constant fjjg is a term of sort b. The constant fg is a term of sort s. Any
constant in F is a term of sort u.

3. If s is an arbitrary term and t is a term of sort b then fjs j tjg is a term of sort
b. If s is an arbitrary term and t is a term of sort s then fs j tg is a term of
sort s. Any expression of the form f(t1; : : : ; tn), where f 2 F and t1; : : : ; tn
are arbitrary terms, is a term of sort u.

4. No other terms can be formed.
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We also introduce the partial order v on the terms. For any terms s; t, we
write s v t if s and t have the same sort or t is of sort u.

Equations and solutions. A mapping � from the set of all variables to HU+

is called a valuation if � maps every bag variable to a bag value and every set
variable to a set value. Universal variables can be mapped to any values. We
extend valuations from variables to terms as follows. Let � be a valuation and r

be a non-variable term. The value �(r) is de�ned inductively:

1. �(fjjg) is the bag value fjjg. If r is fjs j tjg and �(t) is a bag value fjv1; : : : ; vnjg,
then �(r) is the bag value fj�(s); v1; : : : ; vnjg.

2. �(fg) is the set value fg. If r is fs j tg and �(t) is a set value fv1; : : : ; vng,
then �(r) is the set value f�(s); v1; : : : ; vng.

3. If r is f(v1; : : : ; vn), where n � 0, then �(r) is f(�(v1); : : : ; �(vn)).

By this de�nition, the value �(r) for a ground term r remains the same for all
�. Hence, elements of HU+ can be alternatively de�ned as equivalence classes of
ground terms by the equality relation.

By an equation we mean any expression s = t, where s; t are terms. A solution
to an equation is a valuation � such that �(s) is equal to �(t). A �nite set of
equations is also called a system (of equations) or an equality constraint. A
valuation � is a solution to a system if � is a solution to every equation in the
system. We �x some system that has no solution and denote this system by ?.

Logic programs over HU+ and their semantics. The notion of a Horn
clause is de�ned as usual. We assume that atoms in Horn clauses are not equali-
ties. A logic program over HU+ is a �nite set of Horn clauses. A Herbrand model
of a logic program L over HU+ is any model M of L such that (i) the carrier
set of M is HU+ and (ii) each ground term is interpreted in M by itself. As
usual, a Herbrand model can be identi�ed with the set of ground atoms true
in this model. Thus we can rede�ne a Herbrand model M as a set of ground
non-equality atoms (meaning the set of ground non-equality atoms true in M).

For two Herbrand models M1 and M2, we write M1 � M2 if the set of all
ground atoms true in M1 is a subset of all ground atoms true in M2. It is not
di�cult to prove that any logic program overHU+ has the least Herbrand model
(with respect to �). This statement is basically a straightforward generalization
of the standard facts of logic programming theory [35, 8].

We say that a logic program L over HU+ de�nes a relation R on HU+ if for
some predicate P in L, the predicate P is interpreted as R in the least Herbrand
model of L.

There are several ways of de�ning a procedural semantics of logic programs
over HU+. The standard way is to modify SLD-resolution, namely, instead of
SLD-resolution using substitutions, we can use constraint SLD-resolution de-
�ned similar to [36, 37]. In particular, constraint SLD-resolution over HU+ uses
uni�cation over HU+, i.e. solving equality constraints over HU+.
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Logic programs and computability on HU+. Since elements of HU+ can
be obviously represented as strings of symbols, we can speak of computable (aka
recursively enumerable) relations on HU+. The following theorem shows that
our constructors are enough to represent any computable relation on HU+.

Theorem 1. A relation R on HU+ is recursively enumerable if and only if there
exists a logic program L that de�nes R.

The proof can be easily obtained by adapting the proof of [49] or other similar
proofs (e.g., [6]).

3 Uni�cation algorithm

In this section we introduce a uni�cation algorithm for HU+. The algorithm is
presented as a nondeterministic algorithm that transforms an input system of
equations into an output system in solved form (de�ned below). The work of the
algorithm is based on repeated applications of transformation rules. The output
systems (all nondeterministic results) are equivalent to the input systems in the
sense described in Theorem 3.

3.1 Some de�nitions and notation

Notation for bags and sets. Like the logic programming notation for lists,
we write fjs1; : : : ; sn j tjg and fjs1; : : : ; snjg for terms fjs1 j : : : fjsn j tjg : : : jg and
fjs1 j : : : fjsn j fjjgjg : : : jg respectively, and similar for sets. Letters x; y; z; u; v; w

with or without indices are used to denote variables. Capital letters X;Y; : : :

(possibly with indices) stand for sequences of variables. For example, if X and
Y stand for x1; : : : ; xk and y1; : : : ; ym respectively then fX;Y jug and fX;Y g
denote fx1; : : : ; xk; y1; : : : ; ym jug and fx1; : : : ; xk; y1; : : : ; ymg. When we use
notation fjX j sjg and fX j sg, where s is a variable, we assume that X is non-
empty. The length of a sequence X , i.e. the number of its members, is denoted
by jX j. If X and Y are x1; : : : ; xn and y1; : : : ; yn respectively, X = Y stands for
x1 = y1; : : : ; xn = yn. Sometimes, we shall use capital letters joined by the set
union [, for example X [ Y . In this case, we mean by such an expression the
sequence obtained by appending the sequence Y to the sequenceX and removing
duplicates. For example, if X is x; x; y and Y is y; y; z then X [ Y denotes the
sequence x; y; z.

Reduction using x = y. Let x and y be variables appearing in a system S.
The following transformation of S is called reduction using x = y. First, remove
x = y and y = x (if any) from S. Then do the following:

1. If x and y are the same variable, do nothing.
2. Otherwise, if one of x; y is of sort b and the other is of sort s, transform S

into ?.
3. Otherwise, if y v x, replace x by y in all equations in S and add x = y to S.
4. Otherwise (in this case x v y), replace y by x in all equations in S and add

y = x to S.
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Isolated equations. Let S be a system containing an equation x = t. This
equation is called isolated in S if (i) t v x and (ii) x has exactly one occurrence
in S (namely, the occurrence in the left-hand side of x = t). Note that if x = y

belongs to S and is not isolated in S, then reduction using x = y changes x = y

to an isolated equation x = y or y = x.

Simple equations. We de�ne a bag equation as an equation x = fjY j zjg, where
x and z are bag variables and Y is a sequence of variables. Similarly, x = fY j zg,
where x and z are set variables and Y is a sequence of variables, is called a set
equation. We de�ne a simple equation as any of the following equations: (i) a bag
equation, (ii) a set equation, (iii) an equation x = f(x1; : : : ; xn), where n � 0
and x; x1; : : : ; xn are variables.

Systems without duplication. Let S be a system consisting of only simple
or isolated equations. We call S a system of simple or isolated equations without
duplication if S contains no pair of equations x = t and y = t such that t is not
a variable.

Lemma 1. Any system S can be transformed in polynomial time to a system
S0 that satis�es the following conditions:

1. S0 is a system of simple or isolated equations without duplication.
2. Any solution to S0 is also a solution to S.
3. For any solution � to S, there is a solution �0 to S0 such that � and �0

coincide on all variables of S.

Proof. We shall only sketch the transformation.
1. Get rid of non-variable terms in left sides of equations by introducing new

variables. An equation s = t is replaced by two equations x = s and x = t, where
x is a new universal variable.

2. Variable abstraction. Get rid of non-simple equations x = t, where t is
not a variable, by introducing new variables. For example, the equation x =
ffg; f(a); bg is replaced by �ve equations x = fy; z; v j yg, y = fg, z = f(u),
u = a and v = b, where z; u; v are new universal variables, y is a new set
variable.

3. To get rid of duplications, for any pair of equations x = t and y = t remove
x = t and apply reduction using x = y.

4. Now every non-simple equation is an equation between two variables x = y.
If this equation is not isolated, apply reduction using x = y.

From now on we deal only with systems of simple or isolated equations with-
out duplication.

Graphs associated with systems. To describe the algorithm, we associate
with any system S a directed graph denoted by GS and called the graph of S.
The nodes of this graph are all bag and set variables occurring in S. If S contains
a bag equation x = fjY j zjg or a set equation x = fY j zg, then the graph GS
contains an edge from x to z labeled by Y .
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Final variables. A bag variable x is said to be �nal in S if GS contains no edge
coming from x. A set variable x is called �nal in S if whenever GS contains a
path from x to another node y, it also contains a path from y to x.

Bag and set cycles. We de�ne a bag cycle as a bag equation x = fjY jxjg or
a sequence of bag equations

x1 = fjY1 jx2jg; x2 = fjY2 jx3jg; : : : ; xm = fjYm jx1jg;

where m � 2 and x1; : : : ; xm are pairwise di�erent variables. A set cycle is
de�ned similarly.

Bag and set extensions. Assume that a system S contains a sequence of bag
equations

y1 = fjX1 j y2jg; y2 = fjX2 j y3jg; : : : ; ym = fjXm j ym+1jg

where m � 1 and ym+1 is a �nal variable. We say that the bag equation

y1 = fjX1; : : : ; Xm j ym+1jg

is an extension of the equation y1 = fjX1 j y2jg.
Similarly, if S contains a sequence of set equations

y1 = fX1 j y2g; y2 = fX2 j y3g; : : : ; ym = fXm j ym+1g;

where m � 1 and ym+1 is a �nal variable, then an extension of the set equation
y1 = fX1 j y2g is de�ned as the equation

y1 = fX1 [ : : : [Xm j ym+1g:

Note that if a bag equation has no extension then S has a bag cycle. Every
set equation has an extension.

Reduction using X = Y . Let X and Y be sequences x1; : : : ; xn and y1; : : : ; yn
of variables respectively. Informally, reduction using X = Y is successive reduc-
tions using x1 = y1; : : : ; xn = yn. More precisely, denote the system S by S0 and
denote the system fX = Y g by E0. De�ne Si and Ei for 1 � i � n as follows.
Let u = v be any equation in Ei�1. Then Si is obtained from Si�1 by reduction
using u = v and Ei is obtained from Ei�1 by reduction using u = v and remov-
ing u = v or v = u. Reduction using X = Y is de�ned as the transformation
replacing S by Sn.

Correspondences between sequences. Let X and Y be sequences of vari-
ables. We de�ne correspondences between X and Y , namely correspondences of
two kinds called bag correspondences and set correspondences. A bag correspon-
dence between X and Y is de�ned as an equivalence relation on X[Y such that
for every equivalence class R, the variables of R satisfy the following condition:
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The total number of their occurrences in X is equal to the total number of
their occurrences in Y .

For example, let X and Y be x; x; y; z and x; y; y; u respectively. Then there
are three bag correspondences between X and Y . The �rst consists of two equiv-
alence classes fx; yg and fu; zg, the second consists of fx; ug and fy; zg, and the
third consists of one class fx; y; z; ug. Obviously, there exists a bag correspon-
dence between X and Y if and only if X and Y have the same length.

A bag correspondence is called minimal if no equivalence class can be split
into proper disjoint subsets such that the resulting equivalence relation remains a
bag correspondence. In the above example, the �rst and second correspondences
are minimal and the third one is not minimal. Note that the minimality can be
checked in polynomial time by reducing this problem to the unary version of
the knapsack problem, i.e. the version in which weights and values are given
in unary notation (see e.g. [41]). Details of the reduction will be given in a full
version of the paper.

A set correspondence between X and Y is an equivalence relation on X [ Y

such that for every equivalence class R, we have

R contains at least one variable of X and at least one variable of Y .

Like the case of bag correspondences, a set correspondence is calledminimal if no
equivalence class can be split into proper disjoint subsets such that the resulting
equivalence relation remains a set correspondence. In this case, it means that
each equivalence class contains either exactly one variable of X or exactly one
variable of Y .

For example, let X and Y be x; x; y; z and x; u; v; w respectively. Then the
equivalence relation consisting of classes fx; ug, fy; vg and fz; wg is a minimal
set correspondence between X and Y . The relation consisting of fx; y; ug and
fz; v; wg is a set correspondence but it is not minimal.

Let E be any set of equations xi = yj where xi is in X and yj is in Y . By �E

we denote the smallest equivalence relation on X [ Y containing all pairs (x; y)
such that (x = y) 2 E. We say that E is a (minimal) bag or set correspondence
between X and Y if such is �E. For example, the set fx = u; y = v; z = wg is a
minimal set correspondence between X and Y that denote x; x; y; z and x; u; v; w
respectively.

3.2 Rules

Rule 1 (Tree Decomposition). This rule can be applied to a system S if S
contains two distinct equations z = f(x1; : : : ; xn) and z = f(y1; : : : ; yn), where
f 2 F and n � 0. Remove the equation z = f(x1; : : : ; xn) from S and reduce S
using x1 = y1; : : : ; xn = yn. (This rule is close to the term decomposition rule
of [38]).
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Rule 2 (Bag Decomposition). The rule can be applied to a system S if the
system contains bag equations z = s and z = t, where s and t are di�erent. If
at least one of z = s and z = t has no extension then transform S into ? (the
system contains a bag cycle). Otherwise, choose any extensions of z = s and
z = t. Remove z = s and z = t from S and consider two possible cases.

1. The extensions have the forms z = fjX jujg and z = fjY jujg. If jX j 6= jY j
then transform S into ?. Otherwise, add to S the equation z = fjY jujg.
Don't-know nondeterministically generate a minimal bag correspondence E
between X and Y and reduce S using E.

2. The extensions have the forms z = fjX jujg and z = fjY j vjg, where the
variables u and v are di�erent. Don't-know nondeterministically divide X

into disjoint parts X1 and X2 (one of them may be empty). Similarly, Don't-
know nondeterministically divide Y into Y1 and Y2. Informal comment: X1

and Y1 are intended to coincide as bags, X2 and Y2 are intended to have no
common elements. The division is required to satisfy the following conditions.
First, the parts X1 and Y1 have the same length, i.e. jX1j = jY1j. Second,
X2 and Y2 contain no common variables. Then S is transformed as follows.

(a) Add the equation z = fjX2; Y1; Y2 jwjg, where w is a new bag variable.
(b) If X2 is non-empty, add the equation v = fjX2 jwjg. Otherwise, reduce

S using v = w.
(c) If Y2 is non-empty, add the equation u = fjY2 jwjg. Otherwise, reduce S

using u = w.
(d) If X1 and Y1 are non-empty, don't-know nondeterministically generate a

minimal bag correspondence E between X1 and Y1. Reduce S using E.

Rule 3 (Set Decomposition). The rule can be applied to a system S if the
system contains set equations z = s and z = t, where s and t are di�erent. If z
is a �nal variable, do the following. Suppose that s is fX jug and t is fY j vg.
Replace z = s and z = t by the equation z = fX [ Y j zg and reduce the system
using z = u; z = v. Otherwise, choose any extensions of z = s and z = t. Remove
z = s and z = t from S and consider two possible cases.

1. The extensions have the forms z = fX jug and z = fY jug. Don't-know
nondeterministically divideX into disjoint partsX1 andX2. Similarly, divide
Y into Y1 and Y2. Informally: X1 and Y1 coincide as sets, X2 and Y2 have no
common members. If one of the parts X1 and Y1 is empty then the other is
required to be empty too. In addition, like the case of bags, X2 and Y2 are
required to contain no common variables. Consider two cases.

(a) Both X1 and Y1 are empty. Add the equation u = fX2 [ Y2 jug and
reduce S using z = u.

(b) Both X1 and Y1 are non-empty. Don't-know nondeterministically gener-
ate a minimal set correspondence E between X1 and Y1. Then transform
S as follows.

i. Add the equation z = fY1 jug.
ii. If at least one of X2 and Y2 is non-empty, add u = fX2 [ Y2 jug.

188 Evgeny Dantsin and Andrei Voronkov 



iii. Reduce S using E.

2. The extensions have the forms z = fX jug and z = fY j vg, where the vari-
ables u and v are di�erent. Don't-know nondeterministically divide X into
disjoint parts X1 and X2 and divide Y into Y1 and Y2. As above, the division
is required to satisfy the following conditions. First, if one of the parts X1

and Y1 is empty then the other is empty too. Second, X2 and Y2 contain no
common variables. Consider two cases.

(a) Both X1 and Y1 are empty. Add the equations z = fX2 [ Y2 jwg, u =
fY2 jwg and v = fX2 jwg, where w is a new variable.

(b) Both X1 and Y1 are non-empty. Transform S as follows.

i. Add equation z = fX2 [ Y1 [ Y2 jwg, where w is a new set variable.
ii. If X2 is non-empty, add the equation v = fX2 jwg. Otherwise reduce

S using v = w.
iii. If Y2 is non-empty, add the equation u = fY2 jwg. Otherwise reduce

S using u = w.
iv. Don't-know nondeterministically generate a minimal set correspon-

dence E between X1 and Y1 and reduce S using E.

Rule 4 (Function Failure). If S contains equations x = f(x1; : : : ; xm) and
x = g(y1; : : : ; yn) where m;n � 0 and f and g are distinct function symbols,
transform S into ?.

Rule 5 (Type Failure). If the system S contains an equation x = t such that
t 6v x, transform S into ?.

3.3 Algorithms

Solved form. A system S of equations is said to be in solved form if no rule is
applicable to S. In particular, ? is in solved form. It is easy to see that a system
S is in solved form if and only if (i) S does not contain two di�erent equations
x = s and x = t, and (ii) for any equation x = t in S, we have t v x.

Transformation algorithm. The transformation algorithm don't-care non-
deterministically chooses Rules 1{5 and applies them to an input system until
no rule is applicable. Thus, the transformation algorithm is a nondeterministic
algorithm that transforms any input system into a system in solved form.

Variable dependency graph. We introduce one more graph associated with
a system S. The variable dependency graph of S is the graph whose nodes are
variables occurring in S and whose edges are de�ned as follows. There is an edge
coming from x to y if S contains at least one of the following equations:

x = f(y1; : : : ; yn), where f 2 F and y is one of y1; : : : ; yn;
x = fjy1; : : : ; yn j zjg such that y is one of y1; : : : ; yn; z;
x = fy1; : : : ; yn j zg such that y is one of y1; : : : ; yn.
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Occur-check algorithm. The occur-check algorithm is applied to a system S in
solved form. If the variable dependency graph of S has a cycle, S is transformed
into ?. Otherwise, the algorithm does not change S.

Uni�cation algorithm. The uni�cation algorithm is the composition of the
transformation algorithm and the occur-check algorithm.

Theorem 2 (running time). The uni�cation algorithm runs in nondetermin-
istic polynomial time.

Theorem 3 (soundness and completeness). Let S1; : : : ; Sn be all nonde-
terministic results of the application of the uni�cation algorithm to a system S.
Then

1. Any solution to Si is also a solution to S.
2. For any solution � to S, there is a solution �i to some Si such that � and �i

coincide on all variables of S.

It follows from these theorems and NP-hardness [28] that the uni�ability
problem for HU+ is NP-complete (as we note in Section 4 below, this fact also
follows from results on AC and ACI uni�cation).

Usually, uni�cation problems are formulated in terms of �nding uni�ers, i.e.
substitutions that make two terms equal. A set � of uni�ers of a system S is
said to be complete if for every uni�er of S, the set � contains a more general
uni�er of S. It is straightforward to extract uni�ers from our algorithm. Namely,
every nondeterministic branch leads to either ? or a system in solved form. Such
a system represents a uni�er called a resulting uni�er for S, for details see [19].
The completeness of our algorithm provides that all resulting uni�ers for S form
a complete set of uni�ers of S. Since every branch gives us at most one uni�er, we
obtain an upper bound on the minimal cardinality of a complete set of uni�ers.

Theorem 4 (upper bound). For any system S, the set of all resulting uni�ers
for S is a complete set of uni�ers. An upper bound on its cardinality is 2O(n logn)

where n is the size of S.

It follows from [9] and [19] that 2O(n log n) is also a lower bound. To establish
this lower bound, it is enough to consider uni�cation for 
at sets. Thus, 2O(n logn)

is a tight bound.

Minimality. We say that a complete set � of uni�ers is minimal if for every
pair of uni�ers in �, none of them is more general than the other. A uni�cation
algorithm is said to be optimal for a system S if the algorithm yields a minimal
complete set of uni�ers of S. Our algorithm (as well as all other known algo-
rithms) is not optimal in general, but it is optimal for a number of important
special cases. First, consider the following equations on sets:

fs1; : : : ; sm jxg = ft1; : : : ; tn jxg (1)

fs1; : : : ; sm jxg = ft1; : : : ; tn j yg (2)

fs1; : : : ; sm jxg = ft1; : : : ; tng (3)

fs1; : : : ; smg = ft1; : : : ; tng (4)
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where x; y are di�erent variables not occurring in s1; : : : ; sm; t1; : : : ; tn, and
s1; : : : ; sm; t1; : : : ; tn are either variables or ground terms without occurrences
of bag or set constructors, not necessarily di�erent. Systems (1){(4)are not, in
general, systems of simple or isolated equations without duplication, and there
are several ways of transforming them into such systems.

Assuming that equations (1){(4) are preprocessed using the algorithm pre-
sented in Lemma 1, we obtain

Theorem 5. The uni�cation algorithm is optimal for any system consisting of
one equation of the form (1){(4).

The proof is not di�cult and is based on properties of minimal set correspon-
dences. Note that (1){(4) contain all equations considered in [9], for which opti-
mality of a di�erent algorithm is proved.

Similarly, using properties of minimal bag correspondences we can prove
optimality for special cases of bag equation. Consider the following equations on
bags:

fjs1; : : : ; sm jxjg = fjt1; : : : ; tn jxjg (5)

fjs1; : : : ; sm jxjg = fjt1; : : : ; tn j yjg (6)

fjs1; : : : ; sm jxjg = fjt1; : : : ; tnjg (7)

fjs1; : : : ; smjg = fjt1; : : : ; tnjg (8)

with the same conditions as for (1){(4).
Assuming that equations (5){(8) are preprocessed using the algorithm pre-

sented in Lemma 1, we obtain

Theorem 6. The uni�cation algorithm is optimal for any system consisting of
one equation of the form (5){(8).

Note that having systems without duplication is esential for the optimality. For
example, our algorihtm is optimal when the equation fjx; cjg = fjy; cjg is trans-
lated into fjx; zjg = fjy; zjg; z = c but is not optimal when this equation is
translated into fjx; zjg = fjy; ujg; z = c; u = c.

4 Related results

AC and ACI uni�cation. AC and ACI uni�cation is more general than bag
and set uni�cation. First results relevant to bag and set uni�cation appeared
in the automated deduction community as results on AC- and ACI-uni�cation
algorithms [44, 28, 25, 10, 33, 18]. These algorithms deal with the �rst three of
the following equality axioms:

(A) (x [ y) [ z = x [ (y [ z)
(C) x [ y = y [ x

(I) x [ x = x

(1) x [ fg = x
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All the four axioms give an axiomatization of �nite sets in the signature con-
sisting of the set union [ and the empty set fg. By removing (I), we obtain
an axiomatization of bags in the signature consisting of the bag union and the
empty bag. Both axiomatizations are complete in the sense that every valid
equation on sets or bags is a logical consequence of these axiomatizations. It is
known that both AC1-uni�ability with constants is NP-complete: NP-hardness
for a very simple special case is proved in [28] and inclusion in NP is proved in
[10]. ACI1-uni�ability with constant can be solved in polynomial time [29]. It
follows from the results on combination of uni�cation algorithms [11, 42, 17] that
for the theory combining AC1 and ACI1, the uni�ability problem is in NP [12,
Theorem 5.2].

The in
uence of results on AC1 and ACI1-uni�cation on uni�cation problems
with bag and set constructors was largely ignored (for which we are also to blame,
see the preliminary version of this paper [19]). For example, one can read in [9]:

\by dealing with nested sets we can solve set-uni�cation problems that
cannot be expressed using ACI uni�cation; for instance fx; fy; f;; zggg =
ffzg; wg."

However, it is not hard to see that the set constructor can be de�ned from
the union [ by using the additional singleton set constructor f: : : g. Indeed,
we have fx j yg = fxg [ y. Thus, the uni�cation problem for HU+ (as well as
for the domains of [22, 45, 21]) can be implemented as uni�cation in the theory
combining AC1 and ACI1. This fact has been noted for example in [7] and in
[43]. In particular, by [12, Theorem 5.2], the uni�ability in the domain combining
bags, sets and trees is in NP.

There are various motivations for using the signature with the bag and set
constructors instead of the union. Our motivation is explained by Theorem 1:
bag and set constructors are enough to express any computable function on
the universe with bags and sets. In addition, known AC1- and ACI1-uni�cation
algorithms adapted for HU+ are too complex compared to our algorithm (for
example, they use solutions to systems of Diophantine equations and one should
also count the complexity added by the techniques of combining uni�cation
algorithms). In the signature with the union, there is a double-exponential lower
bound on cardinalities of minimal complete sets of uni�ers for bag equations
[30]. Using bag and set constructors instead of the union, our algorithm gives
a single-exponential upper bound even for the combined domain. This bound is
new and does not follows from other results in the literature.

Other domains for bags and �nite sets. Our uni�cation algorithm can be
modi�ed in a straightforward way to deal with other data models for bags and
sets. In particular, [19] de�nes a typed universe (in the spirit of [1] or [34]) and
a universe of colored bags and colored sets (similar to [22]). The corresponding
modi�cations of the algorithm are sketched too.

Complexity of nonrecursive logic programs with bags and sets. As
it is shown in [20], if solvability of equations over a domain is in NP, then
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the query evaluation problem for nonrecursive Horn clause logic programs over
this domain is in NEXP (see [20] for precise de�nitions). Therefore, the query
evaluation problem for such programs over bags and/or sets and/or trees is in
NEXP (as it follows from another result of [20], this problem is also NEXP-hard).
This bound does not hold for nonrecursive logic programs with negation: in this
case the query evaluation problem may be nonelementary or even undecidable
already for domains with sets [47].

Comparison with other algorithms. Our approach is close to the approach
of [22] where a set uni�cation algorithm has been proposed. However, incorpo-
rating bags in a logic programming language is stated as an open problem in
[22, page 34]. Also, there is much in common with other known uni�cation al-
gorithms for bags and sets built with the bag and set constructors [21{23,45, 9].
It is natural to compare them in important special cases of 
at bags and sets,
for example when solving equations of the form

fx1; : : : ; xn jxg = fy1; : : : ; ym j yg;

where x1; : : : ; xn; x; y1; : : : ; ym; y are variables. As it was mentioned, in this case
the minimal cardinality of complete sets of uni�ers may be exponential.

Set uni�cation in [22] is not optimal in this case. In [45] the special case of 
at
sets is treated in detail. The algorithm of [45] tries to take care of information
about uni�ability of elements of sets. This idea is interesting and natural, but
unfortunately the algorithm of [45] does not work for embedded sets, despite
the claim to do so. For the 
at case, the algorithm of [45] may be better than
all known algoritms in the number of computed uni�ers, but it is not clear
how to modify it for embedded sets (for example, because it checks uni�ability
of subterms and uses most speci�c generalizations that do not exist for sets).
The set uni�cation algorithm of [9] also uses optimizations for the 
at case. It
is proved that the algorithm computes minimal complete sets of uni�ers for a
number of special cases of 
at sets. All these special cases are covered by cases
(1){(4). We achieve minimality by using minimal bag and set correspondences
which is a new idea and allows us to get an optimal algorithm both for cases
(1){(4) of sets and (5){(8) of bags. Note that the algorithms of [45, 9] apply
substitutions explicitly and thus use exponential space, though we guess they
can be modi�ed into nondeterministic polynomial-time ones.

It seems that optimal algorithms for 
at bags have not been considered in
other papers. For example, the algorithm of [23] is not optimal for the bag
equation fjx; x j yjg = fjx j zjg, while our algorithm is optimal for such equations
(case (6) of Theorem 6). Although [23] asserts that

\The axiomatizations presented can easily be combined in order to ob-
tain axiomatic theories capable to deal with any subset of the collection
of proposed structures. Moreover, the uni�cation algorithms presented
in the next section can easily be merged to solve the uni�cation problem
relative to such combined context",

no details are given.
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Directions of further research. It is interesting to consider constraint logic
programming over bags and �nite sets which uses more powerful primitives than
just the bag and set constructors. For examples, what is the complexity of con-
straint satisfaction when we also have primitives like [ or �? Set constraints
have recently received a considerable attention in connection with program ver-
i�cation, but mostly for in�nite sets and constraints that are less relevant to
databases or logic programs, see e.g. [5, 14, 39, 13] and the survey [40]).

Also, it is interesting to consider a suitable representation of graphs (up to
isomorphism) and the complexity of uni�cation over graphs. This may be useful
for dealing with semistructured data [4].
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Categorical Models of Explicit Substitutions

Neil Ghani, Valeria de Paiva, and Eike Ritter

University of Birmingham, England

Abstract. Indexed categories provide models of cartesian calculi of ex-
plicit substitutions. However, these structures are inherently non-linear
and hence cannot be used to model linear calculi of explicit substitution.
This paper replaces indexed categories with pre-sheaves, thus provid-
ing a categorical semantics covering both the linear and cartesian cases.
We further justify our models by proving soundness and completeness
results.

1 Introduction

Functional programming languages are based on the �-calculus and model com-
putation by �-reduction (�x:t)u)t[u=x]. This process can duplicate the redexes
in u and hence is highly ine�cient from the implementational perspective. Ab-
stract machines avoid this problem by reducing terms in an environment | the
contraction of a �-redex creates a new substitution which is added to the existing
environment and only evaluated when needed. In order to study such machines,
calculi of explicit substitutions incorporate substitutions directly into the syntax
of the �-calculus rather than treating them as meta-theoretic operations.

Category theory aids the design of abstract machines [7, 16] by providing
a semantics for explicit substitutions based upon the Curry-Howard triangle
relating typed �-calculi, intuitionistic logic and their categorical models. The
best known example relates the simply typed �-calculus, the positive fragment of
intuitionistic propositional logic (IPL) and cartesian closed categories (CCC's).

CCC IPL-

�

	 R

Indexed categories seem to provide the correct semantic framework for carte-
sian calculi of explicit substitutions by interpreting substitutions in the base,
terms in the �bres and the application of a substitution to a term via re-indexing.
Indexed categories also arise in the semantics of dependent types [8] and also in
models of the simply-typed �-calculus where not all objects are exponentiable
[12]. Unfortunately indexed categories cannot be used as models of linear calculi
of explicit substitution as identities cannot be de�ned in the �bres. Dropping
the identities from our models leads to what we call E-categories and hence our
triangle now looks like:
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E-cat IPL-

��-calculus

	 R

where the ��-calculus [1](a simply-typed �-calculus with explicit substitution)
is derived as the internal language of E-categories | this ensures that we have a
Curry-Howard triangle. As we shall see, E-categories are essential in generalising
the monoidal adjunction semantics of linear logic to cover explicit substitutions.

Now we turn to linear logic. The Curry-Howard correspondence between the
linear �-calculus, the standard categorical models and intuitionistic linear logic is
described, for example, in [4]. These categorical models are essentially symmetric
monoidal closed categories (SMCCs) with extra structure to model the modality
!. However, categorical combinators based on SMCCs ([13] [14]) are not adequate
for modelling resource allocations, the idea behind linear functional languages.

Linear categorical abstract machines are designed to implement linear logic
and we require linear analogues of the modi�cations described above. In particu-
lar, we want a linear �-calculus extended with explicit substitutions, a categorical
model for the calculus and a Curry-Howard relationship between them. The cal-
culus appears in full in [10] and this paper concentrates on the more re�ned
categorical models for the linear �-calculus extended with explicit substitutions.

Indexed categories cannot be used as models of linear calculi of explicit sub-
stitution as they are an inherently non-linear structure. Asking that the �bres
form a category requires identities which in turn corresponds to weakening which
is not admissible in linear �-calculi. Hence we alter the notion of an indexed cat-
egory to a presheaf (i.e., a functor with Set as codomain rather than Cat), and
call this structure a linear context-handling category. Cartesian context-handling
categories analogously model cartesian calculi of explicit substitutions.

The tensor, unit and linear implication are then modelled by adding natural
isomorphisms to the \�bres" of linear context handling categories | we call
these structures L-categories. Modelling contexts by structure in the base and
the logical connectives by structure in the �bres distinguishes our models from
the usual SMCC's where the same semantic structure is used to model both
the behaviour of contexts and the tensor connective. Similarly, intuitionistic
implications and conjunctions are modelled by adding structure to the �bres of
a cartesian context handling category obtaining the previously mentioned E-
categories. The modalities of linear logic are modelled by a monoidal adjunction
between (the bases of) an L-category and an E-category.

2 Context Handling Categories

The traditional categorical semantics of explicit substitutions is based on in-
dexed categories, ie a base category B and a contravariant functor E:Bop!Cat.
The objects of B model the contexts, the morphisms of B interpret the explicit
substitutions and the �bres interpret the types and terms of the calculus. Un-
fortunately, indexed categories do not generalise to the linear setting as the
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identity on A in a �bre E(� ) corresponds to the non-linear typing judgement
�; x:A ` x:A [16, 8]. This paper replaces indexed categories with pre-sheaves,
thus providing a categorical semantics covering both the linear and cartesian
cases. That is, we change the codomain of E from Cat to Set, thus removing
the identities from the �bres. As motivate for our de�nition, consider the most
primitive form of a linear or cartesian calculus of explicit substitutions. Such a
calculus has the following components:

{ Types: A set of types T .
{ Contexts: Contexts are obtained by \glueing", in a linear or cartesian man-
ner, variable-type pairs (x:A) together.

{ Substitutions: Given contexts � and �, there is a collection of explicit
substitutions which are judgements of the form � ` f : �

{ Terms: Given a context � and type B 2 T , there is a collection of terms
which are judgements � ` t : B. Applying a substitution � ` f : � to a
term � ` t : A results in another term � ` f � t:A.

These properties can be captured by a presheaf L:Bop �! SetT with addi-
tional structure to capture the formation and behaviour of explicit substitutions:

De�nition 1 Let B be a (symmetric) monoidal category with distinguished col-
lection of objects T � jBj. A linear context handling category is a functor
L:Bop!SetT such that for each A 2 T there exists a natural isomorphism

SubA:L(�)A �= HomB(�; A): TermA

Each component of De�nition 1 corresponds to part of the description of a
term assignment system given previously:

{ The Base B: The base B of a context handling category models contexts
as objects and substitutions as morphisms | types are treated semantically
as singleton contexts 1. That B forms a category means that substitutions
can be sequentially composed and there is an identity substitution. Contexts
and substitutions can be put into parallel and there is a an empty context
| these features are described by the monoidal structure on B.

{ The Functor L: The functor L associates to each context � and type A
a set, written L(� )A, which we think of as the terms of type A in context
� . Given a substitution f : � !�, and any type A, the contravariance of L
gives a function L(f)A:L(�)A!L(� )A. This re-indexing is exactly what is
used to model the application of a substitution to a term.

{ The Natural Transformations SubA and TermA: SubA describes the
formation of new substitutions by converting elements in the �bres to mor-
phisms in the base, ie taking a term t and constructing the substitution
ht=xi 2. By the Yoneda-Lemma, TermA can be replaced by elements VarA 2

1 although we simplify notation by sometimes writing A for x : A
2 where x is the variable associated to the singleton context A
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L(A)A and TermA(f) is then given by f � VarA | thus TermA evaluates a
substitution at a variable. The condition that Sub and Term are natural
isomorphisms is then replaced by the equations

SubA(t) � VarA = t SubA(VarA) = Id

In order to model a calculus of cartesian contexts we use cartesian context
handling categories whose de�nition only di�ers in requiring the monoidal struc-
ture in the base is actually a product so that weakening and contraction can be
interpreted. This notion of a cartesian handling of contexts is implicit in most
of the work on categorical modelling of higher-order typed calculi [8] [11].

De�nition 2 Let B be a cartesian category with distinguished collection of ob-
jects T � jBj. A cartesian context handling category is a functor E:Bop!SetT

such that for each A 2 T there exists a natural isomorphism

SubA:E(�)A �= HomB(�; A): TermA

Notation: We use �;�; � � � as generic objects in B, f; g; : : : as generic mor-
phisms in B and A;B;C; : : : ; as generic elements of T . We write f�� for E(f)
(or L(f)) for the functor on morphisms. When B is monoidal the unit is denoted
[ ], the tensor product of objects �1; : : : ; �n is denoted (�1; : : : ; �n) and similarly
the tensor product of two morphisms f and g is written (f; g). In addition, if B
is cartesian, we write Fst and Snd for the two projections.

Should Sub and Term be isomorphisms? The equation SubA(t) � VarA =
t formalises our understanding that x[t=x] = t. However, the other equation,
namely that if f is a substitution for the variable x, then f = (f � x)=x, does
not carry the same force, and intensional de�nitions requiring only a retraction
TermA � SubA = Id could be considered. The situation would be analogous to
the intensionality of function spaces: In the same way as two functions are not
intensionally equal if they produce the same result when applied to the same
arguments, two substitutions are not intensionally equal if applied to the same
variable they produce the same result. The formal de�nition is

De�nition 3 An intensional (cartesian) context category consists of the same
data as a (cartesian) context handling category but the natural transformations
SubA and TermA need only form a retraction TermA � SubA = Id.

The next lemma proves that an intensional context handling category where
SubA(VarA) = Id is actually extensional. Since we think of SubA(VarA) as the
substitution [x=x], this is rather a mild condition and dropping it, as intensional
structures require, seems counter-intuitive.

Proposition 4 Let L be an intensional context handling category with types T .
If for all A 2 T , SubA(VarA) = IdA, then L is a linear context handling category.

Proof. If A 2 T , then we show SubA � TermA = Id. So let f : � !A. Then

f = f ; Id = f ; SubA(VarA) = Sub(f � VarA) = Sub � Term(f)
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where the �rst equality holds by de�nition, the second by assumption, the third
is the naturality of SubA and the fourth by de�nition.

The natural isomorphism between Hom(�; A) and E(�)A (or L(�)A in the
linear setting) has several consequences. Firstly, the �bres of a context handling
category are determined up to isomorphism by the base of the category. Secondly,
all substitutions are extensional, ie morphisms are determined by their e�ects
on terms: f = g i� for all terms t, f � t = g � t. Finally, models of �-calculi based
on context handling categories can be compared with the standard categorical
models by constructing an \internal category" from the �bres. The objects of
this category are the elements of T and the set of morphisms from A to B is
the �bre E(A)B . The identity on A is the term VarA and the composition of
two morphisms t 2 E(A)B and s 2 E(B)C is given by Sub(t) � s. Clearly this
internal category is isomorphic to the full subcategory of B whose objects are T .

3 The Cartesian Model

Context handling categories model the basic features of explicit substitutions,
namely the ability to form substitutions from terms, put them in parallel and
apply them to terms. This structure is insu�cient to model a calculus of explicit
substitutions as no mention is made of the connectives. We now consider a
canonical extension of the simply typed �-calculus with explicit substitutions
and the extra structure required to model it. Our presentation varies slightly
from the original [1], eg we use names rather than De Bruijn numbers.

3.1 The ��-calculus

The types of the ��-calculus are ground types, the unit type 1, function types
A!B and product types A�B. The raw expressions of �� are:

t ::= x j �x:A:t j tt j ht; ti j �it j � j f � t

f ::= hi j hf; t=xi j f ; f

where x is a variable. The term f � t represents the application of the explicit
substitution f to the term t and � represents the canonical element of the unit
type. The substitution hi should be thought of as a substitution of variables for
themselves, while hf; t=xi represents the parallel composition of the substitution
f with the substitution of the term t for the variable x. Finally, f ; g represents
the composition of the substitutions f and g and models iterated substitution.

Contexts are lists x1:A1; : : : xn:An where the x's are distinct variables and
the A's are types | the domain of the context is fx1; : : : ; xng and we write
� � � 0 if the domain of � is contained in the domain of � 0. The ��-calculus
has term judgements � ` t : A and substitution judgements � ` f : � | these
judgements are generated by the inference rules of Table 1. The inference rules
for declaring variables and the introduction and elimination rules for function
spaces and conjunctions are standard. All the free variables of t are bound in f �t
and similarly all the free variables of g are bound in f ; g. For a full presentation
of the meta-theory of �� see [1, 15].
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Table 1. Typing Judgements for the ��-calculus

{ Term Judgements

x:A declared in �
� ` x:A

� ` f : � � ` t : A
� ` f � t : A

�; x:A ` t:B
� ` �x:A:t:A!B

� ` t:A!B � ` u:A
� ` tu:B

� ` t : A � ` u : B
� ` ht; ui : A�B

� ` t : A1 �A2

� ` �i(t) : Ai � ` � : 1

{ Substitution Judgements

� 0 � �
� ` hi : � 0

� ` f :� � ` t :A
� ` hf; t=xi : �; x : A

� ` f :� � ` g :	
� ` f ; g : 	

where in the second rule x is not in the domain of �.

3.2 Modelling the ��-calculus in an E-category

Cartesian context handling categories model the behaviour of explicit substitu-
tions, eg their formation from terms and their application to other terms. We
now add extra structure to cartesian context handling categories to model the
types of the ��-calculus. Since these types de�ne new terms, and terms are
interpreted in the �bres, this extra structure is de�ned on the �bres:

De�nition 5 An E-category is a cartesian handling category E:Bop!SetT

with a distinguished type 1 2 T and such that for two types A;B 2 T , there
are types A) B;A�B 2 T . In addition 1 is terminal in B, and there are iso-
morphisms, natural in � between E((�;A))B and E(� )A)B as well as between
E(� )A �E(� )B and E(� )A�B.

De�nition 5 implies that A � B is isomorphic to the product of A and B in B,
namely (A;B) | this is consistent with our philosophy that the semantics of
context concatenation and the connective � are, although related, conceptually
distinct. Similarly the type 1 is isomorphic to the empty context []. E-categories
also provide a theory of equality judgements for the ��-calculus which are of
the form � ` t = t0 and � ` f = f 0 | these are given in Table 2 and used in
proving soundness and completeness.

Similar structures to our E-categories have been considered in the literature.
Jacobs [12] de�nes a �1-category as an indexed category Bop!Cat such that B
has �nite products; morphisms in the �bre from A to B are morphisms � �A to
B in the base category together with the condition that the �bration de�ned by
the indexed category has T -products. Such a �1-category is an extensional E-
category where the �bres are categories and not sets and where the isomorphism
between substitutions and terms is the identity.
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Table 2. Equality Judgements for the ��-calculus

(1) hi; f = f (2) hi � t = t
(3) (f ; g);h = f ; (g;h) (4) (f ; g) � t = f � (g � t)
(5) hf; t=xi � x = t (6) hf; t=xi � y = f � y

(7)
� ` f :
� ` f = hi

(8) f ; hg; t=xi = hf ; g; (f � t)=xi

(9)
� ` t : 1
� ` t = �

(10)
� ` hi : � 0 � 0 = x1:X1; : : : ; xn:Xn

� ` hi = hx1=x1; : : : ; xn=xni

(11) t = �x:A:tx (12) (�x:A:t)u = hhi; u=xi � t
(13) f � (tu) = (f � t)(f � u) (14) f � �x:A:t = �y:A:hf; y=xi � t

where in equation 2, x 62 FV(t)

E-categories and CCC's Since the ��-calculus contains the �-calculus, every
model of the ��-calculus should contain a model of the �-calculus, ie every E-
category should contain an underlying CCC. In addition, one of the key-meta-
theoretic properties of the ��-calculus is that every ��-term is provably equal
to a �-term. The semantic counterpart to this is that every CCC should extend
to an E-category. The following theorem makes this relationship clear.

Theorem 6 (i) Let E:Bop!SetT be an extensional E-category. Then the full
subcategory of B generated by T is a CCC.

(ii) Let C be a CCC and T be the set of objects of C. De�ne a functor E: Cop!SetT

by E( )� = HomC( ; �), then E is an extensional E-category.
(iii) If E:Bop!SetT is an extensional E-category, then the E-category con-

structed in (ii) from the CCC constructed in (i) is isomorphic to the re-
striction of E to the full subcategory of B generated by T .

Soundness and Completeness We now prove that we can model the ��-
calculus in any E-category.

Theorem 7 Let E:Bop!SetT be any E-category. Then there is a canonical
interpretation map [[ ]] which assigns to any term of the ��-calculus with set T
of base types an element of a �bre and assigns to every substitution a morphism.

Proof. The types of the �-calculus are interpreted as elements of T and, using the
product structure of B, this extends to an interpretation of contexts as objects
of B. We now de�ne [[t]] by induction over the structure of t:

{ Variable are interpreted by � � VarA where � is a projection in the base
{ �-abstraction, application, product and projections are interpreted via the
natural transformations occurring in de�nition 5. Finally the application of
a substitution to a term is modelled by re-indexing.

{ The substitution hi is interpreted as a projection in B and [[f ; g]] is the
composition of [[f ]] and [[g]]. Finally, [[hf; t=xi]] = h[[f ]]; Sub([[t]])i, where the
right-hand side uses pairing in B.
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That [[:]] respects the equality judgements of the ��-calculus relies on proving
by induction on t that [[t[s=x]]] = hSub([[s1]]); : : : ; Sub([[sn]])i � [[t]].

E-categories form a complete class of models for the ��-calculus.

Theorem 8 Let � ` f : � 0 and � ` f 0 : � 0 be ��-substitution judgements
and [[ ]] be the interpretation function of Theorem 7. If for every E-category,
[[f ]] = [[f 0]], then � ` f = f 0:� 0 is provable.

Proof. The proof is by the standard term-model construction. We sketch this in
three stages: (i) �rst we construct the base; (ii) next we construct the pre-sheaf
structure; and (iii) we �nally describe the natural transformations Term and Sub.

{ The Base Category B: In the term model, the base has as objects contexts
and equivalence classes of substitutions as morphisms. The identity will be
hi while composition is given by ;. Equations (1), (3) and (10) ensure that
this structure does indeed de�ne a category.

{ Cartesian Structure on B: By equation (7), the empty context is terminal
in B. On objects, the product structure is context concatenation while pairing
is de�ned via the hi-combinator. Universality follows from equation (10).

{ The Pre-sheaf: The functor E maps a context � and singleton context
(x : A) to the set of equivalence classes of terms of type A in context � . On
morphisms E(f) maps a term t to the term f � t and E is a functor, ie E
preserves identities and composition, by equations (2) and (4)

{ The Natural Transformations Term and Sub: The natural transforma-
tion Term maps f : � !(x : A) to f � x, while Sub maps an element of
E(� )x:A, ie a term t, to the substitution ht=xi. Naturality of Term follows
from equation (4), while naturality of Sub is implicit in equation (8). Equa-
tions (5) and (10) imply Term and Sub are isomorphisms.

4 The Multiplicative Structure

What extra structure must be added to a linear context handling category to
model the (I;
;��) connectives from linear logic? Following the de�nition of E-
categories, we may try adding natural isomorphisms to the �bres of linear context
handling categories. While this works for the linear function space, there is a
complication for the tensor and unit. Recall from section 3 that the structure
used to interpret product types is de�ned on the �bres and then induces an
isomorphism in the base between the contexts z : A�B and x : A; y : B.
However, imposing structure on the �bres of linear context handling category
does not induce such an isomorphism and hence we require one explicitly.

Formally, a L-category requires an object I 2 T to model the unit and
binary operations 
 and �� to model the tensor and linear implication. As
argued before, I will be isomorphic to the unit [] of the monoidal structure of B.
Similarly, 
 will not be equal to the tensor of B but will be isomorphic to it.

De�nition 9 An L-category is a linear context-handling category (B; T ) st:
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(i) There is a type I 2T , and given A;B 2T , there are types A
B and A��B.
(ii) For every type A and B, there are isomorphisms nI : [ ] �= I :n�1

I and
n
: (A;B)

�= A
B:n�1

 .

(iii) Given types A;B and C, there is a � -natural isomorphism between L((�;A))B
and L(� )A��B.

Theorem 6 generalises to the linear setting, ie every L-category has an underlying
SMCC and every SMCC generates an L-category. This re
ects the fact that a
linear calculus of explicit substitutions contains an underlying linear �-calculus
and every term is equal to a term of the underlying linear �-calculus.

Theorem 10 (i) Let L:Bop!SetT be an L-category. Then the full subcate-
gory of B generated by T is a symmetric monoidal closed category.

(ii) Let C be any symmetric monoidal closed category with objects T . The func-
tor L: Cop!SetT de�ned by L( )� = HomC( ; �), is an L-category.

(iii) If L:Bop!SetT is an L-category, then the L-category constructed in (ii)
from the underlying SMC de�ned in (i) is naturally isomorphic to the re-
striction of L to the full subcategory of B generated by T .

Proof. The same proof as for Theorem 6 works.

L-categories provide models for a linear �-calculus with the (
; I;��)-type
structure extended with explicit substitutions | we call this calculus the monoidal
��-calculus. Formally, the raw expressions are

t ::= x j �x:A:t j tu j t
 t j � j f � t j let t be p in t
f ::= hi j hf; t=xi j f ; f j let t be p in f

where x is a variable and p is of the form �; x
y. The calculus contains the usual
terms of the linear �-calculus, substitution constructs we have already seen and
�nally there are two new forms of substitution given by let-expressions. That is,
not only do we have terms of the form let t be p in u (where u is a term) but also
substitutions of the form let t be p in f (where f is a substitution). These let-
expressions ensure the context z : A
B is isomorphic to the context x : A; y : B
as required by the de�nition of an L-category. Formally, the typing judgements
are of the form � ` t : A and � ` f : � 0 and are given in Table 3, while the
equality judgements for the calculus are given in Table 4. The �-equations are
derived from Ghani's adjoint rewriting [9].

Theorem 11 Let L:Bop!SetT be a L-category. Then there is an interpreta-
tion map [[:]] sending terms of the monoidal ��-calculus with ground types T to
elements of the �bres and substitutions to morphisms.

Proof. The proof is similar to that of Theorem 7. Variables are interpreted by
the elements VarA, while hi is interpreted via the identity in the base, parallel
composition via the tensor on B and sequential composition via composition in
the base. The isomorphism A
B !(A;B) is used to interpret both the term
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Table 3. Typing Judgements of the Monoidal ��-calculus

The term judgements of are

x:A ` x:A
�; x:A ` t:B

� ` �x:A:t:A��B
�1 ` t:A��B �2 ` u:A

� ` tu:B

�1 ` f :�2 �2 ` t:A
�1 ` f � t:A ` �: I

�1 ` t: I �2 ` u:A
� ` let t be � in u:A

�1 ` t:A �2 ` u:B
� ` t
u:A
B

�1 ` u:A
B �2; x:A; y:B ` t:C
� ` let u be x
y in t:C

The substitution judgements are

� ` hi : �
�1 ` f :�2 �2 ` g:�3

�1 ` f ; g:�3

�1 ` f : � 0 �2 ` t:A
� ` hf; t=xi:� 0; x:A

�1 ` t: I �2 ` f :� 0

� ` let t be � in f :� 0

�1 ` u:A
B �2; x:A; y:B ` f :� 0

� ` let u be x
y in f :� 0

The rules for substitutions assume x; y are fresh and, where applicable, �1, �2 are
disjoint and � is any permutation of �1; �2.

let u be x 
 y in t and the substitution let u be x 
 y in f . Similarly
the corresponding isomorphism for the unit is used to interpret the other let-
expression. The veri�cation that the map [[t]] respects equality judgements relies
on a substitution lemma similar to that of Theorem 7.

Theorem 12 L-categories form a complete class of models for the monoidal
��-calculus.

Proof. A term model is constructed with contexts as objects and equivalence
classes of substitutions as morphisms. The pre-sheaf structure is added as in
Theorem 8 and, �nally, we get an L-category from the inverse morphisms

x : X; y : Y ` h(x
 y)=zi : z : A
B

z : A
B ` let z be x
 y in hx=x; y=yi : (x:X; y:Y )

Similarly, I is isomorphic to the empty context.

5 The Modalities

The standard categorical model of the modalities of linear logic is via a co-
Kleisli construction [17] [6]. Benton [5] proposes the equivalent LNL-categories
consisting of a monoidal adjunction between a cartesian closed category (CCC)
and a symmetric monoidal closed category (SMCC). The adaptation of this
approach to our framework is more succinct and hence used here.

De�nition 13 An !L-category is an L-category L:Bop!SetT together with an
E-category E : Cop!SetS and monoidal adjunction F a G : C!B such that if
A 2 S, then FA 2 T , and conversely, if B 2 T , then GB 2 S.
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Table 4. Equality Judgements of the Monoidal ��-calculus

Let @ be either ; or � depending whether h is a term or a substitution.

{ �- and �-equality:

(�x:A:t)u = hu=xi � t �x : A:tx = x
let v
u be x
y in h = hv=x; u=yi � h let � be � in h = h

�1 ` u :I �2; z : I ` f : � 0

� ` f [u=z] = let u be � in h�=zi; f
�1 ` u : A
B �2; z : A
B ` f : � 0

� ` f [u=z] = let u be x
y in h(x
y)=zi; f

{ Application of Substitutions:

hi; f = f hi � t = t (f ; g);h = f ; (g;h)
hf; t=xi � x = t hf; t=yi � x = f � x (f ; g) � t = f � (g � t)

� ` f : �
� ` f = hi

� ` hi : � � = xi:Xi

� ` hi = hxi=xii

{ If f = ht1=x1; : : : ; tn=xni then ft is f restricted to the free variables of t.

f ; hg; t=xi = hfg; g; (ft � t)=xi
f � (u
 v) = (fu � u)
 (fv � v) f � � = �
f � �y:A:u = �z:A:hf; z=yi � u f � uv = (fu � u)(fv � v)

f@let t be p in h = let (ft � t) be p in fh@h

As in Theorem 6 LNL-categories embed into !L-categories and vice versa.

Theorem 14 (i) If (L:Bop!SetT ; E: Cop!SetS) is a !L-category, the full
subcategory of B de�ned by T and of C de�ned by S is a LNL-category.

(ii) Let F a G : C!B be a monoidal adjunction between a cartesian closed
category C with objects S and a symmetric monoidal closed category B with
objects T . If we de�ne functors E: Cop!SetS by E( )� = HomC( ; �) and
L:Bop!SetT by L( )� = HomB( ; �) then (L;E) is an !L-category.

(iii) If (L:Bop!SetT ; E: Cop!SetS) be a !L-category, then the !L-category con-
structed in (ii) from the monoidal adjunction constructed in (i) is isomor-
phic 3 to the original L-category.

5.1 xDILL - A Linear Calculus of Explicit Substitutions

We now extend the monoidal ��-calculus with !-types and prove that !L-categories
form a sound and complete class of models for this calculus. Underlying our ex-
tended calculus is Barber's DILL [3] | hence we call our calculus xDILL [10].
We use DILL because it incorporates the semantic separation of linear and non-
linear contexts directly within the syntax although we could have started from
Bierman's linear �-calculus. Formally, the types of xDILL are base types, unit,
function, tensor and !-types and the raw expressions are

t ::= x j �x:A:t j tu j t
 t j � j !t j f � t j let t be p in t
f ::= hi j hf; t=xIi j hf; t=xLi j f ; f j let t be p in f

3 in the obvious component-wise sense
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where x is a variable and p is of the form �; x 
 y or !x. Like DILL, xDILL
contains both linear and intuitionistic variables and hence has zoned contexts
of the form � j�. Weakening and contraction are only permitted for variables
declared in � and the !-type constructor controls the interaction between the
intuitionistic and linear zones of a context, thus allowing terms of !-type to be
copied and discarded. As in section 4, the let-expressions must be generalised
to substitutions as well as terms. Formally, the typing judgements of xDILL are
of the form � j� ` t : A and � j� ` f : � 0j�0 and are given in Table 5, while the
equality judgements of xDILL as presented in Table 6.

Proposition 15 There is a canonical interpretation [[ ]] of xDILL with base
types in T in a !L-category (L:Bop!SetT ; E: Cop!SetS) with monoidal ad-
junction F a G : C!B.

Proof. Firstly interpret the types in T | for !-types set [[!A]] = FG[[A]]. This
gives an interpretation of xDILL contexts using the monoidal structure of B

[[� j�]] = (FG([[A1]]); � � � ; FG([[An]]); [[B1]]; � � � ; [[Bm]])

where � = x1:A1; : : : ; xn:An and � = y1:B1; : : : ; ym:Bm. Now any xDILL
term judgement � j� ` t : A is interpreted as an element of L([[� j�]])[[A]] and
any xDILL substitution judgement � j� ` f : � 0j�0 is interpreted as a B-map
[[f ]] : [[� j�]]![[� 0j�0]]. This map [[ ]] is de�ned inductively, eg

[[!t]] = �� �m� � FG(Sub(t)) � VarA

[[let t be !x in u]] = (Id; Sub([[t]]); Id) � [[u]]

[[let t be !x in f ]] = (Id; Sub([[t]]); Id); [[f ]]

where �� : (!X1; : : : ; !Xn)!(!!X1; : : : ; !!Xn) is derived via the co-multiplication
of the comonad on B and m� : (!!X1; : : : ; !!Xn)!!(!X1; : : : ; !Xn) is derived from
the monoidal transformation !X; !Y !!(X;Y ).

Completeness of !L-categories as models of xDILL is proven by constructing
a term model. We only de�ne the structure involved and (mostly) omit the
(lengthy, but routine) veri�cation that the structure has the required properties.
First the functor L:Bop!SetT is de�ned. The objects of B are contexts � j�
and morphisms are substitution judgements � j� ` f : � 0j�0. Context union
makes B monoidal. Next de�ne T to be the set of xDILL types, L(� j�)A to
be the judgements � ` j� ` t : A, L(f)(t) to be f � t, VarA to be a canonical
variable and set Sub(t) to be the substitution ht=xi. This makes L a linear context
handling category. Section 4 shows how to turn L into a L-category.

Now we turn to the modalities. The category C has as objects contexts �
and morphisms C(�;�) are tuples of judgements � j ` t : Ai where � is the
context x1 : A1; : : : ; xn : An. Note that in C there are no let-substitutions |
this corresponds exactly to the syntactic restrictions on term substitutions that
arise in the meta-theory of xDILL [10]. Composition in C is given by substitution
with tuples of variables forming the identities. S is the set of types and de�ne
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Table 5. xDILL Typing Judgements

The term judgements of xDILL are

�; x:A; � 0j ` x:A
�1j�1 ` f :�2j�2 �2j�2 ` t:A

�1j�1 ` f � t:A

� jx:A ` x:A
� j�; x:A ` t:B

� j� ` �x:A:t:A��B
� j�1 ` t:A��B � j�2 ` u:A

� j� ` tu:B

� j ` �: I
� j�1 ` t: I � j�2 ` u:A
� j� ` let t be � in u:A

� j�1 ` t:A � j�2 ` u:B
� j� ` t
u:A
B

� j�1 ` u:A
B � j�2; x:A; y:B ` t:C
� j� ` let u be x
y in t:C

� j ` t:A
� j `!t: !A

� j�1 ` t: !A �; x:Aj�2 ` u:B
� j� ` let t be !x in u:B

The substitution judgements of xDILL are

� 0 � �
� j� ` hi : � 0j�

�1j�1 ` f :�2j�2 �2j�2 ` g:�3j�3

�1j�1 ` f ; g:�3j�3

� j� ` f : � 0j�0 � j ` t:A
� j� ` hf; t=xIi:�

0; x:Aj�0

� j�1 ` f : � 0j�0 � j�2 ` t:A
� j� ` hf; t=xLi:�

0j�0; x:A

� j�1 ` t: I � j�2 ` f :� 0j�0

� j� ` let t be � in f :� 0j�0

� j�1 ` t: !A �; x:Aj�2 ` f :� 0j�0

� j� ` let t be !x in f :� 0j�0

� j�1 ` u:A
B � j�2; x:A; y:B ` f :� 0j�0

� j� ` let u be x
y in f :� 0j�0

The rules for substitutions assume x; y are fresh and, where applicable, �1, �2 are
disjoint and � is a permutation of �1; �2.

E: Cop!SetT by setting E(� )A to be the set of typing judgements � j ` t : A.
This makes E a cartesian context handling category. E can be made into an
E-category using Girard's decomposition of intuitionistic function spaces A!B
into linear function spaces !A��B.

Finally we construct a !L-category. This is greatly simpli�ed by observing
that B is naturally isomorphic to the full subcategory B0 whose objects are
jx : A| again these isomorphisms use the let-substitutions of xDILL. Thus we
de�ne a monoidal adjunction F a G : C !B0 which then extends to a monoidal
adjunction on B. The functor F is given by F (� ) = jz : (!X1
� � � 
!Xn),
where � = x1 : X1; : : : ; xn : Xn and z is some canonical choice of variable. To
de�ne F on morphisms, let � j ` tj : Yj . Then since there is an isomorphism
��1 : F (� )!� , there are judgements F (� ) ` ��1; !tj :!Yj . Hence F (t1; : : : tn) =
h(��1; !t1
 � � �
��1; !tm)=xi. We de�ne G on objects by G( jx : A) = z : A |
this makes G right-adjoint to F as the required natural isomorphism on sets of
derivations follows from the isomorphism in B between � and F (� ). Moreover
one can show that we have the required additional data to form a !L-category.
Hence we have shown the following Theorem:

Theorem 16 The term model is a !L-category.
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Table 6. Equality Judgements for xDILL

Let @ be either ; or � depending whether h is a term or a substitution.

{ �- and �-equality:

(�x:A:t)u = hu=xi � t �x : A:tx = x
let v
u be x
y in h = hv=x; u=yi � h let � be � in h = h
� j�1 ` u : A
B � j�2; z : A
B ` f : � 0j�0

� j� ` f [u=z] = let u be x
y in h(x
y)=zi; f
let !u be !x in t = hu=xi � t

� j�1 ` u :I � j�2; z : I ` f : � 0j�0

� j� ` f [u=z] = let u be � in h�=zi; f
� j�1 ` u :!A � j�2z :!A ` f : � 0j�0

� j� ` f [u=z] = let u be !x in h!x=zi; f

{ Application of Substitutions:

hi; f = f hi � t = t (f ; g);h = f ; (g;h)
hf; t=xi � x = t hf; t=yi � x = f � x (f ; g) � t = f � (g � t)

� j� ` f : �j�
� j� ` f = hi

� j� ` hi : � 0j�0 � 0 = xi:Xi �0 = yi:Yj
� j� ` hi = hxi=xi; yj=yji

{ If f is of the form ht1=x1; : : : ; tn=xni and ft is f restricted to the
free variables of t.

f ; hg; t=xi = hfg; g; (ft � t)=xi f�!u =!(f � u)
f � (u
 v) = (fu � u)
 (fv � v) f � � = �
f � �y:A:u = �z:A:hf; z=yi � u f � uv = (fu � u)(fv � v)

f@let t be p in h = let (ft � t) be p in fh@h

6 Summary and Discussion

We have modularly de�ned new categorical models for �-calculi extended with
explicit substitutions. We took our intuitions from indexed category theory
but had to make alterations so as to accommodate linear calculi in the same
framework as cartesian calculi. We have also related these models to the well-
established categorical models for their underlying �-calculi and proved appro-
priate soundness and completeness results.

Recapitulating from the introduction, the reason for describing these models
is our goal of designing an abstract machine based on the linear lambda-calculus
that is conceptually clean (and easy to prove correct!). These models have already
been used to derive a linear lambda-calculus with explicit substitutions [10] and
an abstract machine, which has been implemented by Alberti [2].

However there are two questions which remain unresolved and require further
research. Firstly we have been unable to �nd concrete instances of our proposed
models. Secondly, and perhaps more importantly, our de�nition of a context han-
dling category L:Bop!SetT distinguishes between isomorphic entities, eg the
functor L(A) and the hom-functor HomB(�; A). This goes somewhat against the
grain of category theory which tends to regard isomorphic structures as being
indistinguishable. However, were we to take the alternative approach of identify-
ing the functor L with the hom-functors and dropping the transformations Sub
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and Term, while maintaining a Curry-Howard correspondence, this would entail
dropping the crucial combinator which forms substitutions from terms from the
associated calculus of explicit substitutions. Hence we keep the functor L and
the natural isomorphisms Sub and Term in De�nition 1.

We would like to thank Peter Dybjer, Martin Hofmann, Andrea Schalk and
Martin Hyland for discussions on the subject of this paper.
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Abstract� The ambient calculus is a process calculus for describing mo�

bile computation� We develop a theory of Morris�style contextual equiv�

alence for proving properties of mobile ambients� We prove a context

lemma that allows derivation of contextual equivalences by considering

contexts of a particular limited form� rather than all arbitrary contexts�

We give an activity lemma that characterizes the possible interactions

between a process and a context� We prove several examples of contex�

tual equivalence� The proofs depend on characterizing reductions in the

ambient calculus in terms of a labelled transition system�

� Motivation

This paper develops tools for proving equations in the ambient calculus�
In earlier work ���� we introduced the ambient calculus by adding ambients�

mobile� hierarchical protection domains�to a framework for concurrency ex�
tracted from the ��calculus ����� The ambient calculus is an abstract model of
mobile computation� including both mobile software agents and mobile hardware
devices� The calculus models access control as well as mobility� For example� a
process may move into or out of a particular ambient only if it possesses the
appropriate capability�

This paper focuses on behavioural equivalence of mobile ambients� In par�
ticular� we study a form of Morris	 contextual equivalence ��
� for ambients and
develop some proof techniques� Our motivation is to prove a variety of equations�
Some of these equations express and con�rm some of the informal principles we
had in mind when designing the calculus� As in other recent work ��� ��� some
of the equations establish security properties of systems modelled within the
calculus�

The inclusion of primitives for mobility makes the theory of the ambient
calculus more complex than that of its ancestor� the ��calculus� The main con�
tribution of this paper is to demonstrate that some standard tools�a labelled
transition system� a context lemma� and an activity lemma�may be recast
in the setting of the ambient calculus� Moreover� the paper introduces a new
technique�based on what we call the hardening relation�for factoring the def�
inition of the labelled transition system into a set of rules that identify the
individual processes participating in a transition� and a set of rules that express
how the participant processes interact�
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We begin� in Section �� by reviewing the syntax and reduction semantics of
the ambient calculus� The semantics consists of a structural congruence relation
P � Q �which says that P may be structurally rearranged to yield Q� and
a reduction relation P � Q �which says that P may evolve in one step of
computation to yield Q��

We introduce contextual equivalence P � Q in Section �� We de�ne a pred�
icate� P � n� which means intuitively that an observer may eventually detect
an ambient named n at the top�level of the process P � Then we de�ne P � Q

to mean that� whenever P and Q are placed within an arbitrary context con�
structed from the syntax of the calculus� any observation made of P may also
be made of Q� and vice versa� We give examples of pairs of processes that are
equivalent and examples of pairs that are inequivalent�

In Section �� we describe some techniques for proving contextual equivalence�
We introduce a second operational semantics for the ambient calculus based on
a hardening relation and a labelled transition system� The hardening relation
identi�es the subprocesses of a process that may participate in a computation
step� We use the hardening relation both for de�ning the labelled transition sys�
tem and for characterizing whether an ambient of a particular name is present at
the top�level of a process� Our �rst result� Theorem 	� asserts that the � �labelled
transition relation and the reduction relation are the same� up to structural con�
gruence� So our two operational semantics are equivalent� The labelled transition
system is useful for analyzing the possible evolution of a process� since we may
read o
 the possible labelled transitions of a process by inspecting its syntactic
structure� Our second result� Theorem � is a context lemma that allows us to
prove contextual equivalence by considering a limited set of contexts� known
as harnesses� rather than all arbitrary contexts� A harness is a context with a
single hole that is enclosed only within parallel compositions� restrictions� and
ambients� The third result of this section� Theorem �� is an activity lemma that
elaborates the ways in which a reduction may be derived when a process is in�
serted into a harness� either the process reduces by itself� or the harness reduces
by itself� or there is an interaction between the harness and the process�

We exercise these proof techniques on examples in Section �� and conclude
in Section 
�

� The Ambient Calculus �Review�

We brie�y describe the syntax and semantics of the calculus� We assume there
are in�nite sets of names and variables� ranged over by m� n� p� q� and x� y�
z� respectively� The syntax of the ambient calculus is based on categories of
expressions and processes� ranged over by M � N � and P � Q� R� respectively�
The calculus inherits a core of concurrency primitives from the ��calculus� a
restriction ��n�P creates a fresh name n whose scope is P � a composition P j Q
behaves as P and Q running in parallel� a replication �P behaves as unboundedly
many replicas of P running in parallel� and the inactive process � does nothing�
We augment these ��calculus processes with primitives for mobility�ambients�
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n�P �� and the exercise of capabilities�M�P�and primitives for communication�
input� �x��P � and output� hMi�

Here is an example process that illustrates the new primitives for mobility
and communication�

m�p�out m�in n�hMi�� j n�open p��x��Q�

The e�ect of the mobility primitives in this example is to move the ambient p
out of m and into n� and then to open it up� The input �x��Q may then consume
the output hMi to leave the residue m�� j n�Qfx�Mg�� We may regard the
ambients m and n in this example as modelling two machines on a network� and
the ambient p as modelling a packet sent from m to n� Next� we describe the
semantics of the new primitives in more detail�

An ambient n�P � is a boundary� named n� around the process P � The bound	
ary prevents direct interactions between P and any processes running in parallel
with n�P �� but it does not prevent interactions within P � Ambients may be
nested� so they induce a hierarchy� For example� in the process displayed above�
the ambient named m is a parent of the ambient named p� and the ambients
named m and n are siblings�

An actionM�P exercises the capabilities represented byM � and then behaves
as P � The action either a�ects an enclosing ambient or one running in parallel� A
capability is an expression derived from the name of an ambient� The three basic
capabilities are in n� out n� and open n� An action in n�P moves its enclosing
ambient into a sibling ambient named n� An action out n�P moves its enclosing
ambient out of its parent ambient� named n� to become a sibling of the former
parent� An action open n�P dissolves the boundary of an ambient n�Q� running
in parallel
 the outcome is that the residue P of the action and the residue Q
of the opened ambient run in parallel� In general� the expression M in M�P

may stand for a �nite sequence of the basic capabilities� which are exercised one
by one� Finite sequences are built up using concatenation� written M�M �� The
empty sequence is written ��

The �nal two process primitives allow communication of expressions� Ex	
pressions include names� variables� and capabilities� An output hMi outputs the
expression M � An input �x��P blocks until it may consume an output running
in parallel� Then it binds the expression being output to the variable x� and
runs P � In �x��P � the variable x is bound
 its scope is P � Inputs and outputs
are local to the enclosing ambient� Inputs and outputs may not interact directly
through an ambient boundary� Hence we may think of there being an implicit
input�output channel associated with each ambient�

We formally specify the syntax of the calculus as follows�

Expressions and processes�

M�N ��
 expressions P�Q�R ��
 processes
x variable ��n�P restriction
n name � inactivity
in M can enter M P j Q composition
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out M can exit M �P replication
open M can open M M �P � ambient
� null M�P action
M�M � path �x��P input

hMi output

In situations where a process is expected� we often write just M as a short�
hand for the processM��� We often write just M �� as a shorthand for the process
M ���� We write ���p�P as a shorthand for ��p�� � � � ��pk�P where �p � p�� � � � � pk�

We let fn�M� and fv�M� be the sets of free names and free variables� re�
spectively� of an expression M � Similarly� fn�P � and fv�P � are the sets of free

names and free variables of a process P � If a phrase � is an expression or a
process� we write �fx�Mg and �fn�Mg for the outcomes of capture�avoiding
substitutions of the expression M for each free occurrence of the variable x and
the name n� respectively� in �� We identify processes up to consistent renaming
of bound names and variables�

We formally de	ne the operational semantics of ambient calculus in the chem�
ical style� using structural congruence and reduction relations


Structural Congruence� P � Q

P j Q � Q j P P � P
�P j Q� j R � P j �Q j R� Q � P � P � Q
�P � P j �P P � Q�Q � R� P � R
��n���m�P � ��m���n�P
n �� fn�P � � ��n��P j Q� � P j ��n�Q P � Q� ��n�P � ��n�Q
n �� m� ��n�m�P � � m���n�P � P � Q� P j R � Q j R
P j � � P P � Q� �P � �Q
��n�� � � P � Q�M �P � �M �Q�
�� � � P � Q�M�P �M�Q
��P � P P � Q� �x��P � �x��Q
�M�M ���P �M�M ��P

Reduction� P � Q

n�in m�P j Q� j m�R�� m�n�P j Q� j R� P � Q� P j R� Q j R
m�n�out m�P j Q� j R�� n�P j Q� j m�R� P � Q� ��n�P � ��n�Q
open n�P j n�Q� � P j Q P � Q� n�P � � n�Q�
hMi j �x��P � Pfx�Mg P � � P� P � Q�Q � Q� � P � � Q�

For example� the process displayed earlier has the following reductions


m�p�out m�in n�hMi�� j n�open p��x��P � � m�� j p�in n�hMi� j n�open p��x��P �

� m�� j n�p�hMi� j open p��x��P �

� m�� j n�hMi j �x��P �

� m�� j n�Pfx�Mg�
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The syntax allows the formation of certain processes that may not participate
in any reductions� such as the action n�P and the ambient �inn��P �� The presence
of these nonsensical processes is harmless as far as the purposes of this paper
are concerned� They may be ruled out by a simple type system ����

This concludes our brief review of the calculus� An earlier paper ��� explains in
detail the motivation for our calculus� and gives several programming examples�

� Contextual Equivalence

Morris�style contextual equivalence �	
� �otherwise known as may�testing equiva�
lence ���� is a standard way of saying that two processes have the same behaviour�
two processes are contextually equivalent if and only if they admit the same ele�
mentary observations whenever they are inserted inside any arbitrary enclosing
process� In the setting of the ambient calculus� we shall de
ne contextual equiv�
alence in terms of observing the presence� at the top�level of a process� of an
ambient whose name is not restricted�

Let us say that a process P exhibits a name n just if P is a process with a
top�level ambient named n� that is not restricted�

Exhibition of a Name� P � n

P � n
�

� there are �m� P �� P �� with n �� f�mg and P � �� �m��n�P �� j P ���

Let us say that a process P converges to a name n just if after some number
of reductions� P exhibits n�

Convergence to a Name� P � n

�Conv Exh�
P � n

P � n

�Conv Red�
P � Q Q � n

P � n

Next� let a context� C��� be a process containing zero or more holes� We write
a hole as ��� We write C�P � for the outcome of 
lling each of the holes in the
context C with the process P � Variables and names free in P may become bound
in C�P �� For example� if P � n�hxi� and C�� � ��n��x����� the variable x and the
name n have become bound in C�P � � ��n��x��n�hxi�� Hence� we do not identify
contexts up to renaming of bound variables and names�

Now� we can formally de
ne contextual equivalence of processes�

Contextual Equivalence� P � Q

P � Q
�

� for all contexts C�� and names n� C�P � � n� C�Q� � n

The following two propositions state some basic properties enjoyed by con�
textual equivalence� Let a relation R be a precongruence if and only if� for all
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P � Q� and C��� if P R Q then C�P � R C�Q�� If� in addition� R is re�exive�
symmetric� and transitive� we say it is a congruence� For example� the structural
congruence relation has these properties� Moreover� by a standard argument� so
has contextual equivalence�

Proposition �� Contextual equivalence is a congruence�

Structural congruence preserves exhibition of or convergence to a name� and
hence is included in contextual equivalence�

Lemma �� Suppose P � Q� If P � n then Q � n� Moreover� if P � n then

Q � n with the same depth of inference�

Proposition �� If P � Q then P � Q�

The following two examples illustrate that to show that two processes are
contextually inequivalent� it su�ces to �nd a context that distinguishes them�

Example �� If m �� n then m�� �� n���

Proof� Consider the context C�� � ��� Since C�m��� � m��� we have C�m��� �
m� By 	Conv Exh
� C�m��� � m� On the other hand� the process n�� has no
reductions� and does not exhibit m� Hence� we cannot derive C�n��� � m� ut

Example �� If m �� n then open m�� �� open n���

Proof� Let C�� � m�p��� j ��� Then C�openm��� � p but not C�open n��� � p� ut

On the other hand� it is harder to show that two processes are contextually
equivalent� since one must consider their behaviour when placed in an arbitrary
context� For example� consider the following contextual equivalence�

Example �� 	�n
	n�� j open n�P 
 � P if n �� fn	P 
�

The restriction of the name n in the process 	�n
	n�� j open n�P 
 implies that
no context may interact with this process until it has reduced to P � Therefore�
we would expect the equation to hold� But to prove this and other equations
formally we need some further techniques� which we develop in the next section�
We return to Example � in Section ��

� Tools for Proving Contextual Equivalence

The tools we introduce are relations and theorems that help prove contextual
equivalence�
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��� A Hardening Relation

In this section� we de�ne a relation that explicitly identi�es the top�level sub�
processes of a process that may be involved in a reduction� This relation� the
hardening relation� takes the form�

P � ��p�� � � � � pk�hP
�iP ��

where the phrase ��p�� � � � � pk�hP
�iP �� is called a concretion� We say that P � is

the prime of the concretion� and that P �� is the residue of concretion� Both P �

and P �� lie in the scope of the restricted names p�� � � � � pk� The intuition is that
the process P � which may have many top�level subprocesses� may harden to a
concretion that singles out a prime subprocess P �� leaving behind the residue
P ��� By saying that P � has a top�level occurrence in P � we mean that P � is a
subprocess of P not enclosed within any ambient boundaries� In the next section�
we use the hardening relation to de�ne an operational semantics for the ambient
calculus in terms of interactions between top�level occurrences of processes�

Concretions were introduced by Milner in the context of the ��calculus ���	�
For the ambient calculus� we specify them as follows� where the prime of the
concretion must be an action� an ambient� an input� or an output


Concretions�

C�D 

� concretions
���p�hM�P iQ action� M � fin n� out n� open ng
���p�hn�P 	iQ ambient
���p�h�x��P iQ input
���p�hhMiiQ output

The order of the bound names p�� � � � � pk in a concretion ��p�� � � � � pk�hP
�iP ��

does not matter and they may be renamed consistently� When k � �� we may
write the concretion as ���hP �iP ���

We now introduce the basic ideas of the hardening relation informally� If P
is an action in n�Q� out n�Q� open n�Q� an ambient n�Q	� an input �x��Q� or an
output hMi� then P hardens to ���hP i�� Consider two processes P and Q� If
either of these hardens to a concretion� then their composition P j Q may harden
to the same concretion� but with the other process included in the residue of the
concretion� For example� if P � ���hP�iP� then P j Q � ���hP�i�P� j Q�� If
a process P hardens to a concretion� then the replication �P may harden to
the same concretion� but with �P included in the residue of the concretion
a
replication is not consumed by hardening� Finally� if a process P hardens to a
concretion C� then the restriction ��n�P hardens to a concretion written ��n�C�
which is the same as C but with the restriction ��n� included either in the list
of bound names� the prime� or the residue of C� We de�ne ��n�C by


Restricting a concretion� ��n�C where C � ���p�hP�iP� and n �� f�pg

��� If n � fn�P�� then


218 Andrew D. Gordon and Luca Cardelli



�a� If P� � m�P �

�
�� m �� n� and n �� fn�P��� let ��n�C

�

� ���p�hm���n�P �

�
�iP��

�b� Otherwise� let ��n�C
�

� ��n� �p�hP�iP��

��� If n �� fn�P�� let ��n�C
�

� ���p�hP�i��n�P��

Next� we de�ne the hardening relation by the following	

Hardening� P � C

�Harden Action�
M � fin n� out n� open ng

M�P � ���hM�P i�

�Harden ��
P � C

��P � C

�Harden ��
M��N�P � � C

�M�N��P � C

�Harden Amb�

n�P � � ���hn�P �i�

�Harden Input�

�x��P � ���h�x��P i�

�Harden Output�

hMi � ���hhMii�

�Harden Par 
� �for f�pg � fn�Q� � ��
P � ���p�hP �iP ��

P j Q � ���p�hP �i�P �� j Q�

�Harden Par �� �for f�qg � fn�P � � ��
Q � ���q�hQ�iQ��

P j Q � ���q�hQ�i�P j Q���

�Harden Repl�
P � ���p�hP �iP ��

�P � ���p�hP �i�P �� j �P �

�Harden Res�
P � C

��n�P � ��n�C

For example� the process P � ��p���q��n�p��� j q��� may harden in two ways	

P � ���hn���p�p���i��q��� j q���

P � ��q�hq��i��p��n�p��� j ��

The next two results relate hardening and structural congruence�

Lemma �� If P � ���p�hP �iP �� then P � ���p��P � j P ����

Proposition �� If P � Q and Q � ���r�hQ�iQ�� and then there are P � and P ��

with P � ���r�hP �iP ��� P � � Q�� and P �� � Q���

These results follow from inductions on the derivations of P � ���p�hP �iP ��

and P � Q� respectively� Using them� we may characterize exhibition of a name
independently of structural congruence	

Proposition �� P � n if and only if P � ���p�hn�P ��iP �� and n �� f�pg�

Now� we can show that the hardening relation is image��nite	

Lemma �� For all P � fC 	 P � Cg is �nite�

The proof of this lemma is by induction on the structure of P � and suggests
a procedure for the enumerating the set fC 	 P � Cg� Given Proposition 
� it
follows that the predicate P � n is decidable�
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��� A Labelled Transition System

The labelled transition system presented in this section allows for an analysis
of the possible reductions from a process P in terms of the syntactic structure
of P � The de�nition of the reduction relation does not directly support such an
analysis� because of the rule P � � P� P � Q�Q � Q� � P � � Q�� which allows
for arbitrary structural rearrangements of a process during the derivation of a
reduction�

We de�ne a family of transition relations P
�
�� Q� indexed by a set of labels�

ranged over by � ��� � j in n j out n j open n� An M �transition P
M
�� Q means

that the process P has a top�level process exercising the capability M � these
transitions are de�ned by the rule �Trans Cap� below� A � �transition P

�
�� Q

means that P evolves in one step to Q� these transitions are de�ned by the other
rules below�

Labelled transitions� P
�
�� P � where � ��� � j in n j out n j open n

�Trans Amb�

P � ���p�hn	Q
iP � Q
�
�� Q�

P
�
�� ���p��n	Q�
 j P ��

�Trans Cap�
P � ���p�hM�P �iP �� fn�M� � f�pg � �

P
M
�� ���p��P � j P ���

�Trans In� �where f�rg � fn�n	Q
� � � and f�rg � f�pg � ��

P � ���p�hn	Q
iR Q
in m
�� Q� R � ���r�hm	R�
iR��

P
�
�� ���p��r��m	n	Q�
 j R�
 j R���

�Trans Out� �where n �� f�qg�

P � ���p�hn	Q
iP � Q � ���q�hm	R
iQ� R
out n
�� R�

P
�
�� ���p�����q��m	R�
 j n	Q�
� j P ��

�Trans Open�

P � ���p�hn	Q
iP � P �
open n
�� P ��

P
�
�� ���p��Q j P ���

�Trans I�O� �where f�qg � fn�hMi� � ��
P � ���p�hhMiiP � P � � ���q�h�x��P ��iP ���

P
�
�� ���p��P � j ���q��P ��fx�Mg j P �����

The rules �Trans In�� �Trans Out�� and �Trans Open� derive a � �transition
from an M �transition� We introduced the M �transitions to simplify the state�
ment of these three rules� �Trans I�O� allows for exchange of messages� �Trans
Amb� is a congruence rule for � �transitions within ambients�

Given its de�nition in terms of the hardening relation� we may analyze the
transitions derivable from any process by inspection of its syntactic structure�
This allows a structural analysis of the possible reductions from a process� since
the � �transition relation corresponds to the reduction relation as in the following
theorem� where P

�
��� Q means there is R with P

�
�� R and R � Q�

Theorem �� P � Q if and only if P
�
��� Q�

As corollaries of Theorem � and Lemma 
� we get that the transition system
is image��nite� and that the reduction relation is image��nite up to structural
congruence�
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Lemma �� For all P and �� the set fR � P
�
�� Rg is �nite�

Lemma �� For all P � the set ffR � Q � Rg � P � Qg is �nite�

��� A Context Lemma

The context lemma presented in this section is a tool for proving contextual
equivalence by considering only a limited set of contexts� rather than all contexts�
Many context lemmas have been proved for a wide range of calculi� starting with
Milner�s context lemma for the combinatory logic form of PCF ����

Our context lemma is stated in terms of a notion of a harness �

Harnesses

H ��� harnesses
� process variable
��n	H restriction
P j H left composition
H j Q right composition
n�H � ambient

Harnesses are analogous to the evaluation contexts found in context lemmas
for some other calculi� Unlike the contexts of Section 
� harnesses are identi�ed
up to consistent renaming of bound names� We let fn�H	 and fv �H	 be the
sets of names and variables� respectively� occurring free in a harness H � There
is exactly one occurrence of the process variable � in any harness� If H is an
harness� we write HfPg for the outcome of substituting the process P for the
single occurrence of the process variable �� Names restricted in H are renamed
to avoid capture of free names of P � For example� if H � ��n	�� j open n	 then
Hfn��g � ��n�	�n�� j open n�	 for some n� �� n�

Let a substitution� �� be a list x��M�� � � � � xk�Mk� where the variables x��
� � � � xk are pairwise distinct� and fv �Mi	 � � for each i � ���k� Let dom��	 �
fx�� � � � � xkg� Let P� be the process Pfx��M�g � � � fxk�Mkg� Let a process or
a harness be closed if and only if it has no free variables �though it may have
free names	�

Here is our context lemma�

Theorem � �Context�� For all processes P and Q� P � Q if and only if for

all substitutions � with dom��	 � fv �P 	� fv�Q	� and for all closed harnesses H

and names n� that HfP�g 	 n
 HfQ�g 	 n�

A corollary is that for all closed processes P and Q� P � Q if and only if for
all closed harnesses H and names n� that HfPg 	 n
 HfQg 	 n�

In general� however� we need to consider the arbitrary closing substitution �
when using Theorem 
� This is because a variable free in a process may become
bound to an expression once the process is placed in a context� For example� let
P � x�n��� j open y�� and Q � �� Consider the context C�� � hm�mi j �x� y	����
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We have C�P � � n but not C�Q� � n� So P and Q are not contextually equivalent
but they do satisfy HfPg � n� HfQg � n for all closed H and n�

Some process calculi enjoy stronger context lemmas� Let processes P and Q
be parallel testing equivalent if and only if for all processes R and names n� that
P j R � n� Q j R � n� We might like to show that any two closed processes are
contextually equivalent if and only if they are parallel testing equivalent� This
would be a stronger result than Theorem � because it would avoid considering
contexts that include ambients� Such a result is true for CCS ���� for example�
but it is false for the ambient calculus� To see this� let P � out p�� and Q � ��
We may show that P j R � n � Q j R � n for all n and R� Now� consider the
context C�� � p�m������ We have C�P � � m but not C��� � m� So P and Q are
parallel testing equivalent but not contextually equivalent�

��� An Activity Lemma

When we come to apply Theorem � we need to analyze judgments of the form
HfPg � n or HfPg � Q� In this section we formalize these analyses�

We begin by extending the structural congruence� hardening� and reduction
relations to harnesses as follows�

� Let H � H � hold if and only if HfPg � H �fPg for all P �
� Let H � ���p	hH �iQ hold if and only if HfPg � ���p	hH �fPgiQ for all P

such that f�pg � fn�P 	 � ��
� Let H � ���p	hQiH � hold if and only if HfPg � ���p	hQi�H �fPg	 for all P

such that f�pg � fn�P 	 � ��
� Let H � H � hold if and only if� for all P � HfPg � H �fPg�

We need the following lemma about hardening�

Lemma �� If HfPg � C then either�

�
	 H � ���r	hH �iR and C � ���r	hH �fPgiR� or
��	 H � ���r	hRiH � and C � ���r	hRi�H �fPg	� or
��	 H � ���r	h�iR� P � ���p	hP �iP ��� C � ���r� �p	hP �iR� with R� � P �� j R�

where in each case f�rg � fn�P 	 � ��

Proposition �� If HfPg � n then either ��� HfQg � n for all Q� or ��� P � n�
and for all Q� Q � n implies that HfQg � n�

Proof� By Proposition ��HfPg � n means there are �p� P �� P �� such that HfPg �
���p	hn�P ��iP �� with n �� f�pg� Hence� the proposition follows from Lemma 
� ut

Intuitively� there are two ways in which HfPg � n can arise� either the
process P exhibits the name by itself� or the harness H exhibits the name n
by itself� Proposition � formalizes this analysis� Similarly� there are three ways
in which a reduction HfPg � Q may arise� either �
	 the process P reduces
by itself� or ��	 the harness H reduces by itself� or ��	 there is an interaction
between the process and the harness� Theorem � formalizes this analysis� Such
a result is sometimes known as an activity lemma �
���
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Theorem � �Activity�� HfPg � R if and only if�

�Act Proc� there is a reduction P � P � with R � HfP �g� or
�Act Har� there is a reduction H � H � with R � H �fPg� or
�Act Inter� there are H � and �r with f�rg� fn�P � � �� and one of the following

holds�

�Inter In� H � ���r�H �fm�� j R�� j n�R���g� P
in n
�� P ��

and R � ���r�H �fn�m�P � j R�� j R���g

�Inter Out� H � ���r�H �fn�m�� j R�� j R���g� P
out n
�� P ��

and R � ���r�H �fm�P � j R�� j n�R���g

�Inter Open� H � ���r�H �f� j n�R��g� P
open n
�� P ��

and R � ���r�H �fP � j R�g
�Inter Input� H � ���r�H �f� j hMig� P � ���p�h�x��P �iP ���

and R � ���r�H �f���p��P �fx�Mg j P ���g� with f�pg � fn�M� � �
�Inter Output� H � ���r�H �f� j �x��R�g� P � ���p�hhMiiP ��

and R � ���r�H �f���p��P � j R�fx�Mg�g� with f�pg � fn�R�� � �
�Inter Amb� P � ���p�hn�Q�iP � and one of the following holds�

��� Q
in m
�� Q�� H � ���r�H �f� j m�R��g� f�pg � fn�m�R��� � ��

and R � ���r�H �f���p��P � j m�n�Q�� j R���g

��� Q
out m
�� Q�� H � ���r�H �fm�� j R��g� m �� f�pg�

and R � ���r�H �f���p��n�Q�� j m�P � j R���g
��� H � ���r�H �fm�R� j in n�R��� j �g� f�pg � fn�m�R� j in n�R���� � ��

and R � ���r�H �f���p��n�Q j m�R� j R���� j P ��g
��� H � ���r�H �f� j open n�R�g� n �� f�pg�

and R � ���r�H �f���p��Q j P �� j R�g

� Examples of Contextual Equivalence

In this section	 two examples demonstrate how we may apply Theorem � and
Theorem � to establish contextual equivalence


��� Opening an Ambient

We can now return to and prove Example � from Section �


Lemma �� If Hf��n��n�� j open n�P �g � m and n �� fn�P � then HfPg � m�

Proof� By induction on the derivation of Hf��n��n�� j open n�P �g � m	 with
appeal to Propositions � and �	 and Theorems � and �
 ut

Proof of Example � ��n��n�� j open n�P � � P if n �� fn�P ��

Proof� By Theorem �	 it su�ces to prove Hf���n��n�� j open n�P ���g � m �
HfP�g � m for all closed harnesses H and names m and for all substitutions
� with dom��� � fv �P �
 Since the name n is bound	 we may assume that n ��
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fn���x�� for all x � dom���� Therefore� we are to prove that� Hf��n��n�� j
open n�P�g � m� HfP�g � m where n �� fn�P���

We prove each direction separately� First� suppose that HfP�g � m� Since
��n��n�� j open n�P�� � P�� we get Hf��n��n�� j open n�P��g � HfP�g�
By �Exh Red�� we get Hf��n��n�� j open n�P��g � m� Second� suppose that
Hf��n��n�� j open n�P��g � m� By Lemma �� we get HfP�g � m� ut

��� The Perfect Firewall Equation

Consider a process ��n�n�P �� where n is not free in P � Since the name n is known
neither inside the ambient n�P �� nor outside it� the ambient n�P � is a �perfect
	rewall
 that neither allows another ambient to enter nor to exit� The following
two lemmas allow us to prove that ��n�n�P � is contextually equivalent to �� when
n �� fn�P �� which is to say that no context can detect the presence of ��n�n�P ��

Lemma �� If Hf��n�n�P �g � m and n �� fn�P � then Hf�g � m�

Proof� By induction on the derivation of Hf��n�n�P �g � m�

�Conv Exh� Here Hf��n�n�P �g � m� By Proposition �� either ���� for all Q�
HfQg � m� or �
�� ��n�n�P � � m� In case ���� we have� in particular� that
Hf�g � m� Hence� Hf�g � m� by �Conv Exh�� Case �
� cannot arise� since�
by Proposition �� ��n�n�P � � m implies that ��n�n�P � � ���p�hm�P ��iP �� with
m �� f�pg� which is impossible�

�Conv Red� Here Hf��n�n�P �g � R and R � m� By Theorem �� one of three
cases pertains�
�Act Proc� Then ��n�n�P �� P �� with R � HfP ��g� By Theorem �� there

is Q with ��n�n�P �
�

�� Q and Q � P ��� Since ��n�n�P � � ��n�hn�P �i� is

the only hardening derivable from ��n�n�P �� the transition ��n�n�P �
�

��

Q can only be derived using �Trans Amb�� with P
�

�� P � and Q �
��n��n�P �� j ��� Therefore� there is a reduction P � P � and P �� �
��n�n�P ��� We may show that P � P � implies fn�P �� � fn�P �� and so
n �� fn�P ��� We have R � Hf��n�n�P ��g with n �� fn�P ��� By Lemma ��
we may derive Hf��n�n�P ��g � m by the same depth of inference as
R � m� By induction hypothesis� Hf�g � m�

�Act Har� Then H � H � with R � H �f��n�n�P �g� By Lemma �� we may
derive H �f��n�n�P �g � m by the same depth of inference as R � m� By
induction hypothesis� H �f�g � m� From H � H � we obtain Hf�g �
H �f�g in particular� By �Conv Red�� we get Hf�g � m�

224 Andrew D. Gordon and Luca Cardelli



�Act Inter� Then there are H � and �r with f�rg � fn�P � � � and one of
several conditions must hold� Since the only hardening or transition from
��n�n�P � is ��n�n�P � � ��n�hn�P �i�� only the rule �Inter Amb� applies�
According to Theorem �� there are four possibilities to consider�

��� Here� P
in m
�� P �� H � ���r�H �f� j m�R��g� fng � fn�m�R��� � �� and

R � ���r�H �f��n��� j m�n�P �� j R���g� We have R � ���r�H �fm�R� j
��n�n�P ���g and that n �� fn�P ��� By Lemma �� we get ���r�H �fm�R� j
��n�n�P ���g � m with the same depth of inference as R � m� By
induction hypothesis� ���r�H �fm�R� j ��g � m� Moreover� Hf�g �
���r�H �fm�R� j ��g� and therefore Hf�g � m�

�	� Here� P
out m
�� P �� H � ���r�H �fm�� j R��g� m �� fng� and also

R � ���r�H �f��n��n�P �� j m�� j R���g� We have R � ���r�H �fm�R�� j
��n�n�P ��g and that n �� fn�P ��� By Lemma �� we get ���r�H �fm�R�� j
��n�n�P ��g � m with the same depth of inference as R � m� By
induction hypothesis� ���r�H �fm�R�� j �g � m� Moreover� Hf�g �
���r�H �fm�R�� j �g and therefore Hf�g � m�

The other possibilities� ��� and �
�� are ruled out because the name n is
restricted in the concretion ��n�hn�P �i�� ut

By a similar induction� we can also prove�

Lemma �� If Hf�g � m then HfPg � m�

By combining Theorem 	� Lemmas � and 
� we get�

Example �� If n �� fn�P � then ��n�n�P � � ��

Our �rst proof of this equation �which was stated in an earlier paper ���� was
by a direct quanti�cation over all contexts� The proof above using the context
lemma is simpler�

� Conclusions

We developed a theory of Morris�style contextual equivalence for the ambient
calculus� We showed that standard tools such as a labelled transition system� a
context lemma� and an activity lemma� may be adapted to the ambient calculus�
We introduced a new technique� based on a hardening relation� for de�ning
the labelled transition system� We employed these tools to prove equational
properties of mobile ambients�

Our use of concretions to highlight those subprocesses of a process that may
participate in a computation follows Milner ���� ���� and is an alternative to the
use of membranes and airlocks in the chemical abstract machine of Berry and
Boudol ���� Unlike these authors� in the de�nition of our transition relation we
use the hardening relation� rather than the full structural congruence relation� to
choose subprocesses to participate in a transition� Hardening is more convenient
in some proofs� such as the proof that the labelled transition system is image�
�nite� Lemma 
�
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In the future� it would be of interest to study bisimulation of ambients�
Various techniques adopted for higher�order ���� ��� and distributed ��� �� �	�
variants of the ��calculus may be applicable to the ambient calculus�
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Abstract. We present a model checking algorithm for LCSA, a tem-
poral logic for communicating sequential agents (CSAs) introduced by
Lodaya, Ramanujam, and Thiagarajan. LCSA contains temporal modali-
ties indexed with a local point of view of one agent and allows to refer to
properties of other agents according to the latest gossip which is related
to local knowledge.
The model checking procedure relies on a modularisation of LCSA into
temporal and gossip modalities. We introduce a hierarchy of formulae
and a corresponding hierarchy of equivalences, which allows to compute
for each formula and �nite state distributed system a �nite multi modal
Kripke structure, on which the formula can be checked with standard
techniques.

1 Introduction

A reasonable and lucid way of formally treating distributed systems is to con-
sider them as a �xed collection of sequential components (agents) which can
operate independently as well as cooperate by exchanging information. There is
an increasing awareness, both in theory and practice, of the bene�ts of specify-
ing the requirements of such systems by localised, component based formalisms,
that allow to refer to properties of the individual components.

The operational models for localised speci�cation usually consist of local
temporal orders (sequences in the linear time case, trees in branching time)
together with an interrelation between these orders, descended from communi-
cation [LRT92,Ram95]. The most established models for the linear time case are
partial orders, whereas in the branching time setting, (prime) event structures
or closely related models like occurrence nets [NPW80,Win87] have been recog-
nised to be a suitable formalism. In these models, partial orders are extended
by an additional con
ict relation, representing the moments of choice.
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while the second author was a�liated with the Univ. of Hildesheim, Germany.
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Investigating partial order models has attained the interest of researchers for
mainly two reasons: There is no distinction among computations that are equal
up to possible total orderings of independent actions, which makes it a faithful
and natural formalism for representing concurrency. Furthermore, restricting
the attention to local states mitigates one of the most tackled di�culty of model
checking, the so-called state explosion problem, which results from an explicit
computation of the global state space of a distributed system.

For a component-oriented speci�cation of behaviour, local linear time tem-
poral logics have been investigated by Thiagarajan in [Thi94,Thi95] and Niebert
[Nie98]. Local branching time logics were introduced in [LT87,LRT92,HNW98b].
While for the linear time case there now exist sound model checking procedures
based on automata [Thi94,Nie98], only recently the model checking problem for
local branching time logics has been inspected [Pen97,HNW98b].

In this paper, we investigate model checking for a local branching time logic
de�ned by Lodaya, Ramanujam and Thiagarajan in [LRT92], here called LCSA,
which is intended to specify the behaviour of communicating sequential agents
(CSAs). It allows a component i to refer to local properties of another component
j according to the latest gossip (in [LRT92] also called local knowledge), i.e., the
most recent j-local state that causally precedes the current i-local state.

Based on net unfoldings [Eng91] and McMillan's �nite pre�x construction
[McM92], we solve the model checking problem for LCSA, which remained open
since [LRT92].

McMillan's pre�x has successfully been applied to alleviate state explosion in
many veri�cation problems, for instance deadlock detection [McM92], and model
checking S4 [Esp94], LTL [Wal98], and the distributed �-calculus [HNW98b]. All
of the previous problems principally can be solved with conventional state space
exploration, but often with an exponentially higher e�ort.

The focus of this paper is to show decidability of model checking LCSA.
Generalising the techniques of [HNW98b], we demonstrate that the unfolding
approach is very suitable for model checking a wider class of local logics, for
which previously the problem appeared to be too di�cult.

Technically, we proceed as follows: We lift the semantics of LCSA from CSAs
onto net unfoldings, and factorise the net unfolding with respect to an equiv-
alence relation satisfying two key properties: It is a congruence for the LCSA-
speci�cation to be checked, and it has �nite index. Via this factorisation, the
LCSA model checking problem can be transformed into a model checking problem
for a multi modal logic on a �nite transition system constructed upon a modi�ed
McMillan pre�x, using the de�ned equivalence relation as cuto� condition. With
an appropriate interpretation of the LCSA modalities, standard model checking
algorithms, e.g. [CES86], can be applied on this transition system.

The approach follows the lines of [HNW98b], but whereas the focus there was
to derive an algorithm for calculating the transition system, the main di�culty
here is to develop an appropriate equivalence relation. The modalities of the
distributed �-calculus of [HNW98b] are purely future oriented, while the past
and also the gossip modalities of LCSA may lead to rather complex patterns
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within the past of a con�guration. As a consequence, the coarsest equivalence
preserving all LCSA properties has non-�nite index and it is not possible to con-
struct a single (�nite-state) transition system representing all LCSA properties of
a particular �nite state distributed system. However, a single LCSA formula has
a limited power of referring to the past so that we can construct an equivalence
depending on the formula. For this purpose, we introduce a syntactic hierar-
chy of formulae and a corresponding equivalence hierarchy. The construction of
these equivalences and the proof of their soundness are both complex, and the
resulting model checking complexity of the construction given here is high.

The technical presentation of the paper relies on notions from Petri net the-
ory, mainly to correspond directly to McMillan's pre�x. Note however, that the
entire method can easily be restated for other formalisms, like e.g. asynchronous
automata, coupled �nite state machines, and so forth.

The paper is structured as follows. In Section 2 we introduce distributed
net systems, and their unfoldings as semantic model of branching behaviour. In
Section 3 we introduce the logic LCSA and our slightly generalised version L. In
Section 4 we present McMillan's �nite pre�x, and parameterise its de�nition by
an abstract equivalence relation. Then we develop an appropriate equivalence
for L. In Section 5 we use this equivalence to compute a �nite state transition
system, on which the model checking problem for L can be solved by conventional
model checkers. In Section 6, we discuss our results and indicate future work.

2 Distributed net systems and their unfoldings

Petri nets. Let P and T be disjoint, �nite sets of places and transitions,
generically called nodes. A net is a triple N = (P; T; F ) with a 
ow relation
F � (P�T )[(T�P ). The preset of a node x is de�ned as �x :=fy2P [T j yFxg
and its postset as x� :=fy2P [ T j xFyg. The preset (resp. postset) of a set X
of nodes is the union of the presets (resp. postsets) of all nodes in X .

A marking of a net is a mapping M : P ! IN0. If M(p) = n, we say that
p contains n tokens at M . A net system � = (N;M0) consists of a net N , and
an initial marking M0. The markingM enables the transition t if every place in
the preset of t contains at least one token. In this case the transition can occur.
If t occurs, it removes one token from each place p 2 �t and adds one token to
each place p0 2 t�, yielding a new marking M 0. We denote this occurrence by

M
t
�!M 0. If there exists a chain M0

t1�!M1

t2�! : : :
tn�!Mn for n � 0, then

the marking Mn is a reachable marking.
We will restrict our attention to 1-safe net systems, in which every reachable

marking M puts at most one token on each place, and thus can be identi�ed by
the subset of places that contain a token, i.e., M�P .

In the last years, 1-safe net systems have become a signi�cant model [CEP95].
In [NRT90] it has been shown that an instance of 1-safe nets, called Elementary
Net Systems, correspond to other models of concurrency, such as (Mazurkiewicz)
traces and prime event structures. They can naturally be interpreted as a syn-
chronised product of several �nite automata, and thus they are frequently used
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as a convenient formalism for modelling distributed systems. In the following we
will exploit this compositional view by considering the notion of locations.

Distributed net systems. Let us introduce the formalism for describing dis-
tributed systems. Clearly, the behaviour of our models shall resemble the Com-
municating Sequential Agents of [LRT92]. This means, a system consists of sev-
eral distributed, autonomous agents, which mutually communicate. Each of the
agents shall behave strictly sequentially, and non-deterministically.

Let � be a 1-safe net system, and t; t0 two transitions of �. A marking M
concurrently enables t and t0 if M enables t, and (M n �t) enables t0. We call �
sequential if no reachable marking concurrently enables two transitions.

Let f�i = (Pi; Ti; Fi;M
0
i ) j i 2 Locg be a family of 1-safe, sequential net

systems (called agents, or components) with pairwise disjoint sets Pi of places,
indexed by a �nite set Loc of locations. Note that the sets of transitions are not
necessarily disjoint. In fact, we will interpret the execution of a transition that
is common to several agents as a synchronous communication action of these
agents, i.e., the communication capabilities are given by the common execution
of joint transitions. Formally, a distributed net system �Loc = (N;M0) is de�ned
as the union of its components �i:

P =
[

i2Loc

Pi ; T =
[

i2Loc

Ti ; F =
[

i2Loc

Fi ; M0 =
[

i2Loc

M0
i :

Clearly, �Loc is again 1-safe. The location loc(x) of a node x is de�ned by
loc(x) := fi 2 Loc jx 2 Pi [ Tig. A simple distributed net system consisting of
two components is depicted in Fig. 1.

In [LRT92] also asynchronous communication (message passing) is consid-
ered. However, in general this yields systems with in�nitely many states, mak-
ing an algorithmic, state space based approach to model checking impossible.
To model the asynchronous setting, we can assume some �nite-state commu-
nication mechanism like e.g. bounded channels or bu�ers, which can easily be
de�ned within the presented framework by considering a bu�er as an agent of
its own, (synchronously) communicating with both the agents that communicate
(asynchronously) via this bu�er.

Net unfoldings. As a partial order semantics of the behaviour of a distributed
net system, we consider net unfoldings, also known as branching processes. They
contain information about both concurrency and con
ict.

Two nodes x; x0 of a net (P; T; F ) are in con
ict, denoted x#x0, if there exist
two distinct transitions t; t0 such that �t \ �t0 6= ;, and (t; x); (t0; x0) belong to
the re
exive, transitive closure of F . If x#x, we say x is in self-con
ict.

An occurrence net [NPW80] is a net N 0=(B;E; F ) with the following prop-
erties: (1) for every b 2 B, j �bj � 1, (2) the irre
exive transitive closure < of F is
well-founded and acyclic, i.e., for every node x2B[E, the set fy2B[Ejy < xg
is �nite and does not contain x, and (3) no element e 2 E is in self-con
ict.
The re
exive closure � of < is a partial order, called causality relation. In occur-
rence nets we speak of conditions and events instead of places and transitions,
respectively. Min(N 0) denotes the minimal elements of N 0 w.r.t. �.

230 Michaela Huhn  et al.



������

������

location 1

location 2

A

B

e

d

D
C

b
a

c

a

cD

C

A

C

Cd

Cd

c

b

B

C

D

d
?

B

e

a

D

A

C

A

Fig. 1. Distributed net Fig. 2. Branching process

Given two nets N1; N2, the mapping h : P1 [ T1 ! P2 [ T2 is called a
homomorphism if h(P1)�P2; h(T1)�T2, and for every t2T1 the restriction of h
to �t, denoted hj�t, is a bijection between �t and �h(t), and analogous for hjt� .

A branching process [Eng91] of a net system �=(N;M0) is a pair �=(N 0; �)
where N 0=(B;E; F ) is an occurrence net and � : N 0 ! N is a homomorphism,
such that the restriction of � toMin(N 0) is a bijection betweenMin(N 0) andM0,
and additionally for all e1; e22E: if �(e1) = �(e2) and

�e1 =
�e2 then e1 = e2.

Loosely speaking, we unfold the net N to an occurrence net N 0, such that each
node x of N 0 refers to node �(x) of N . Two branching processes �1; �2 of �
are isomorphic if there exists a bijective homomorphism h : N1 ! N2 such that
the composition �2 � h equals �1. In [Eng91] it is shown that each net system �
has a unique maximal branching process up to isomorphism, which we call the
unfolding of �, and denote by Unf� = (N 0; �).

In distributed net systems, the location loc(x) of a node x of N 0 is given by
loc(x) = loc(�(x)). By Ei := fe2E j i2 loc(e)g, we denote the set of i-events.

Let N 00 = (B00; E00; F 00) be a subnet of N 0, such that e 2 E00 implies e0 2 E00

for every e0 < e, and B00 = Min(N 0) [ E00�, and let �00 be the restriction of �
onto the nodes of N 00. We call �00 = (N 00; �00) a pre�x of Unf� . Fig. 2 shows a
pre�x of the in�nite unfolding of the net system drawn in Fig. 1.

Con�gurations and Cuts. For the remainder of the section, let us �x the
unfolding Unf� = (N 0; �) of the distributed net system � with N 0 = (B;E; F ).

A con�guration C � E is a causally downward-closed, con
ict-free set of
events, i.e., 8 e 2 C: if e0 � e then e0 2 C, and 8 e; e0 2 C : :(e#e0). A �nite
con�guration describes the initial part of a computation of the system. If we
understand the states of the system as moments in time, then con�gurations
represent the past (by exhibiting all the events that have occurred so far, and
the causal structure among them), as well as the present and the future, as
formalised in the following.

Two nodes of N 0 are concurrent if they are neither in con
ict nor causally
related. A set B0 � B of conditions of N 0 is called a cut if B0 is a maximal
set of pairwise concurrent conditions. Every �nite con�guration C determines a
cut Cut(C) := (Min(N 0) [ C�) n �C. The corresponding set �(Cut(C)) � P of
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places is a reachable marking of �, denoted byM(C) and called the state of C.
Notice that for every reachable marking M of �, there exists a (not necessarily
unique) �nite con�guration with state M . We will often identify con�gurations
with their state. Given a con�guration C and a disjoint set E0 of events, we call
C �E0 an extension of C if C [ E0 is a con�guration.

Let "C := fx 2 (B [ E) j 9b 2 Cut(C): b � x and 8y 2 C: :(x#y)g.
The (branching) future of a con�guration C is given by the branching process
�(C) := (N 0

C ; �C), where N
0
C is the unique subnet of N 0 whose set of nodes

is "C, and �C is the restriction of � onto the nodes of N 0
C . Let us call two

con�gurations M-equivalent , denoted C �M C 0, if M(C) = M(C 0). It is easy
to show that if C �M C 0 then there exists an isomorphism IC

0

C from �(C) to
�(C 0). It induces a mapping from the extensions of C onto the extensions of C 0,
mapping C �E0 onto C 0 � IC

0

C (E0), which are again M-equivalent.

Local states and views. The notion of local state arises by considering con-
�gurations that are determined by single events. For an event e, we call the set
#e := fe0 2E j e0 � eg the local con�guration of e. It is indeed a con�guration,
because no event is in self-con
ict. If e2Ei is an i-event, we consider #e to be an
i-local state. It determines the local past of component i, as well as the local past
of every component that communicated with i so far | directly, or indirectly
via other components.

In distributed net systems, we de�ne the i-view #iC of a con�guration C as
#iC := fe 2 C j 9ei 2 (C \ Ei): e � eig. Notice that the sequentiality of the
components implies that for each i2Loc, the i-events form a tree in Unf, i.e., in
each con�guration the i-events are totally ordered. Thus, the i-view of C is the
local con�guration of the unique, causally maximal i-event in C. Intuitively, #iC
can be understood as the most recent i-local con�guration that the whole system
is aware of in the (global) con�guration C. The i-view of a local con�guration
#e is written as #ie. Note that #ie = #e i� i2 loc(e). We will interpret the empty
con�guration as the local con�guration of a virtual event ?, which can be seen
as initial event with empty preset and Min(N 0) as postset. We assume the set
of events of Unf� to contain this virtual event, ?2E, and set loc(?) := Loc.

Let Cloc(Unf ) denote the set of local con�gurations of Unf (abbreviated Cloc
if Unf is clear), and let C i

loc
:= f#e j e2Eig be the set of i-local con�gurations.

Correspondence of CSAs and unfoldings. Originally in [LRT92], the entire
formalism relies on CSAs, a subclass of prime event structures. We note that net
unfoldings as presented here, directly correspond to rooted CSAs. The di�erences
are only technical. For details of this correspondence, cf. [HNW98a].

3 Temporal Logic for Communicating Sequential Agents

In [LRT92], Lodaya, Ramanujam, and Thiagarajan de�ned and axiomatised the
temporal logic LCSA that allows to express properties referring to the latest
gossip of the agents in a distributed system. Let us give a brief idea of the logic,
related to unfoldings of distributed net systems. For details, cf. [LRT92].
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Basically, LCSA consists of propositional logic. Additionally, it provides two
temporal operators 3i, resp. 3�i, for each i2Loc, referring to the local future,
resp. local past, of agent i. All formulae are interpreted exclusively on the local
con�gurations of a given unfolding.

Intuitively, 3�i ' holds at #e if some i-local con�guration in the past of e
satis�es '. When e is a j-event, this can be read as \agent j has at its local state
#e enough gossip information to assert that ' was true in the past in agent i".

The local con�guration #e satis�es 3i ' i� some i-local con�guration in the
i-local future of #e satis�es ', i.e., if there is some con�guration #e0 (e0 2 Ei)
such that #e0 � #ie and #e0 satis�es '. For e2Ej , this can be read as \at the
j-local state where e has just occurred, agent j has enough gossip information
about agent i to assert that ' may hold eventually in i".

Typical speci�cations are properties like 3i(xi !
V
j2Loc 3j xj): \whenever

xi holds in i, then agent i knows that xj may hold eventually in all other agents
j". For more detailed examples, cf. [LRT92].

A generalised syntax { L. We now introduce a slightly extended language in
which the temporal modalities 3;3� are separated from the gossip modality @ i :.
The separation yields a higher degree of modularity in the technical treatment
and also saves redundant indices in nested formulae residing at a single location.
The abstract syntax of L is

' ::= p j :' j ' _ ' j 3' j 3�' j @ i : '

where p ranges over a set of atomic propositions, and i over Loc. We require
that every occurrence of a temporal modality lies within the scope of a gossip
modality. The operators 3 and 3� are now seen as temporal future and past
modalities within a single location, which is determined by the next enclosing
gossip modality @ i :. For example, 3i2j' will be written as @ i : 3@ j : 2'0

in our syntax. Formally, the connection to the original LCSA syntax is given in
[HNW98a].

Like in LCSA, formulae are interpreted at local con�gurations only. The mod-
els of L are unfoldings of distributed net systems. The interpretation of the
atomic propositions relies on the state function M, i.e., we identify the atomic
propositions with the set P of places of the system under consideration (with-
out loosing expressive power by this convention), and evaluate a proposition at
con�guration #e according to M(#e).

Formally, we de�ne two satisfaction relations: a global relation j=, de�ned for
the local con�gurations of arbitrary locations, and for each agent i2Loc a local
relation j=i, exclusively de�ned for the i-local con�gurations. These relations are
inductively de�ned as follows:

#e j= p i� p 2M(#e) #e j= ' _  i� #e j= ' or #e j=  
#e j= :' i� #e 6j= ' #e j= @ i : ' i� #ie j=i '

#e j=i p i� p 2M(#e) #e j=i ' _  i� #e j=i ' or #e j=i  
#e j=i :' i� #e 6j=i ' #e j=i 3�' i� 9e0 2 Ei : e

0 � e and #e0 j=i '
#e j=i @ j : ' i� #je j=j ' #e j=i 3' i� 9e0 2 Ei : e

0 � e and #e0 j=i '

233Model Checking Logics for Communicating Sequential Agents     



We say that the system � satis�es a formula ' if the empty con�guration #?
of Unf� satis�es ', i.e., if #? j= '. The future fragment L+ of L consists of all
formulae without past-operator 3� .

4 Factorisation of the Unfolding

In general, the unfolding of a net system is in�nite, even if the net is �nite-
state. Therefore, many model checking algorithms cannot directly be applied on
a modal logic de�ned over the unfolding. One way to overcome this problem is
to look for a factorisation of the unfolding by a decidable equivalence relation �
that is �ner than the distinguishing power of the formula to be evaluated, i.e.,
C � C 0 shall imply C j= ', C 0 j= '. The second requirement on � is that a set
of representatives of its �nitely many equivalence classes and a representation of
the (transition) relations between the classes can be computed e�ectively. Then
we can decide C j= ' on Unf by transferring the question to the model checking
problem (C=�) j= ' on (Unf=� ; �!).

The �nite pre�x. The �rst construction of an appropriate �nite factorisation
was given by McMillan [McM92]. He showed how to construct a �nite pre�x of
the unfolding of a safe, i.e. �nite-state, net system in which every reachable mark-
ing is represented by some cut. In terms of temporal logic, his approach means
to consider formulae of the type 3 where 3 is \global reachability" and  is
a boolean combination of atomic propositions P . The key to the construction is
that if the pre�x contains several events withM-equivalent local con�gurations,
then their futures are isomorphic, i.e., they cannot be distinguished by the logic.
Consequently, only one of them needs to be explored further, while the others
become cuto� events. The �nite pre�x Fin is that initial part of the unfolding,
that contains no causal successor of any cuto�, i.e., an event e0 belongs to Fin
i� no event e < e0 is a cuto�.

In general, the formal de�nition of a cuto� requires two crucial relations on
con�gurations: An instance of the equivalence relation �, and a partial order �.
On the one hand, this partial order shall ensure that the expanded pre�x con-
tains a representative for each equivalence class. On the other hand, it shall
guarantee that the pre�x remains �nite. The requirements for an adequate par-
tial order � (in conjunction withM-equivalence) were examined very detailed in
[ERV96]. They are as follows: it must be well-founded, it must respect set inclu-
sion (C � C 0 implies C � C 0), and it must be preserved under �nite extensions,
i.e., if C � C 0 and C � C 0 then C �E0 � C 0 � IC

0

C (E0).

Such an adequate partial order is particularly useful, if it is total, such that
for each two equivalent local con�gurations #e � #e0 either e or e0 can be discrim-
inated as a cuto�. For 1-safe nets, a total order satisfying the above requirements
was de�ned in [ERV96], yielding a minimal pre�x.

In [McM92,ERV96] justM-equivalence is considered. In conjunction with an
adequate order �, the de�nition of Fin guarantees that each reachable marking
is represented by the state of a con�guration contained in Fin.
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It was already observed in [HNW98b] that re�ning M-equivalence yields
an extended pre�x, which { although being possibly larger than the pre�x of
[McM92,ERV96] { allows to apply a standard �-calculus model checker for a lo-
cation based modal logic called the distributed �-calculus. We de�ned an equiva-
lence �M-loc by #e �M-loc #e0 i� #e �M #e0 and loc(e) = loc(e0), and proved that
�M-loc-equivalence equals the distinguishing power of the distributed �-calculus.

Generalised cuto�s. Now we look for more general conditions on equivalence
relations that ensure that all equivalence classes can be computed by a pre�x
construction. Let us call a decidable equivalence relation � on con�gurations of
Unf to be adequate if it re�nes M-equivalence and has �nite index. I.e., C � C 0

implies C �M C 0 and � has only �nitely many equivalence classes on Unf. We
give a generalised de�nition of a cuto� event by

e2E is a cuto� i� 9e02E, such that #e0 � #e and #e0 � #e

where � is an adequate equivalence relation and � is an adequate partial order.
The �nite pre�x Fin constructed for � is given by the condition: e0 belongs to
Fin i� no event e < e0 is a cuto�. It is obvious from the cuto� de�nition that
Fin constructed for � contains a representative for each �-class of Unf.

Proposition 1. The pre�x Fin constructed for an adequate � is �nite.

An adequate equivalence �ner than L. In di�erence to S4 as used in [Esp94]
and the distributed �-calculus in [HNW98b], an equivalence �ner than the distin-
guishing power of L has in�nite index. However, by each �nite set of L-formulae
we can only distinguish �nitely many classes of con�gurations. Thus we can
hope for a model checking procedure following the outline from the beginning
of the section, if we �nd an equivalence which is at least as discriminating as
the Fisher-Ladner-closure of a L-formula ', because this is the set of formulae
relevant for model checking ' on Unf. First, we need some technical de�nitions.

Let us denote the gossip-past-depth of a formula ' 2 L by gpd('). It shall
count how often in the evaluation of ' we have to change the local view or to
go back into the local past. The inductive de�nition is

gpd(p) = 1 gpd(:') = gpd(')
gpd(' _  ) = maxfgpd('); gpd( )g gpd(3') = gpd(')
gpd(@ i : ') = gpd(') + 1 gpd(3�') = gpd(') + 1

Now we are ready to de�ne the crucial equivalence relation �n
i , which is the

basis for model checking L. It is parameterised by a natural number n (which will
be the gossip-past-depth of a given formula) and by a location i (at which the
formula is interpreted). Formally, we de�ne �n

i � Ciloc � Ciloc to be the coarsest
equivalence relation satisfying:

#e �0
i #f implies 8p 2 Pi : p 2 M(#e) , p 2M(#f)

#e �1
i #f implies 8j; k 2 Loc : #je � #ke , #jf � #kf
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and for all n � 0 moreover

#e �n+1
i #f implies 8j 2 Loc : #je �n

j #jf
(*) and 8e02(#e \ Ei) : 9f 02(#f \ Ei) : #e0 �n

i #f
0

and 8f 02(#f \Ei) : 9e02(#e \ Ei) : #e0 �n
i #f

0

The �rst condition is an i-localised version of M-equivalence. The second one
refers to the latest information concerning agents other than i, and the third
condition inductively lifts the equivalence with respect to the levels of the gossip-
past-depth. Let us brie
y collect some important facts about the equivalence.

Observation 2. The equivalence relation �n
i is decidable and of �nite index for

every n � 0. Furtheron, �n+1
i is re�ning �n

i , i.e., �
n+1
i � �n

i for all n. Finally,
it respects M-equivalence, i.e., #e �n

i #f implies M(#e) =M(#f) for all n > 0.

Remark 3. Note that the last two lines of the third condition after (*) can be
omitted if we restrict ourselves to the (still very useful) sublanguage L+, yielding
considerable savings: With this condition, the number of equivalence classes of
�n
i may grow non-elementarily with n, forbidding any consideration of practi-

cability, whereas without this condition the number of equivalence classes grows
exponentially with n.

The most important property of the equivalence used in the proof of the
main result is that it is preserved by local successors, as stated in Lemma 4.

Lemma 4. Let e � e0, and f � f 0 be i-events, such that #e �n
i #f , and let I

be the isomorphism from �(#e) onto �(#f). If f 0 = I(e0) then also #f 0 �n
i #e

0.

Proof. This the most involved proof, and a main result of the paper. Please note
that (for reasons of readability) the proof given here only deals with the pure
future fragment L+ of the logic L, i.e. the third condition of the de�nition of
the equivalence relation �n

i has to be read without the last two lines after the
(*). For the (even more involved) proof for the full logic L, i.e., inclusive the
condition (*) of the �n

i de�nition, see [HNW98a].
Let us de�ne some notions and notations: Since we will often talk about a

number of view changes in sequence, we introduce \paths" through the locations
of the system: Let � = l1l2 : : : ln be a sequence of locations (called location
path), i.e., lj 2 Loc for all 1 � j � n. Given any con�guration C, we de�ne
#�C := #l1(#l2(: : : (#lnC) : : : )). We set #"e := #e, where " is the (empty) sequence
of length 0. Note that a location path may include repetitions, i.e., li = lj for
i 6= j is allowed. Given an event g and some location path �, we denote by g�
the event that determines the �-view of #g, i.e., #�g = #g�.

Now let e � e0 and f � f 0 be events of Ei, and n � 1, as in the assumptions of
the Lemma. First of all, we note that the required isomorphism I exists because
�n
i -equivalence implies M-equivalence.
We have to show #f 0 �n

i #e
0. A key observation is the following: for every

location path �, it holds that if e0� 6� e then I(e0�) = f 0� 6� f .
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This is the basis for the induction on m � n: for each sequence � of length
n�m with e0� 6� e (and also f 0� 6� f), it holds that #e0� �

m
j #f 0�, where j is either

the �rst location occurring in the sequence � (if n > m), or j := i (if n = m
and the empty sequence " is the only sequence of length n �m). In the latter
case, #ie0 = #e0 (because e0 2 Ei), and #if 0 = #f 0, we thus obtain #e0 �n

i #f
0

as required. The induction relies on a case analysis according to the following
cases: m = 0, n = m = 1, n = m > 1, n > m = 1, and �nally n > m > 1.
� For m = 0 we have to show that #e0� �

0
j #f

0
�. This is clear, because I(e

0
�) =

f 0� 2 Ej and thus the j-local part of the markings of #e0� and #f 0� coincide,
because �(e0�)

�
= �(f 0�)

�
.

� For n = m = 1 we have to show that #e �1
i #f implies #e0 �1

i #f
0, i.e., (1) for

all j2Loc: #je0 �0
j #

jf 0, and (2) for all j; k 2 Loc: e0j � e0k i� f 0j � f 0k.
If e0j � e then #e0 n #e contains no j-event, which means that e0j = ej and
similarly f 0j = fj , so (1) follows easily. If e

0
j 6� e then also f 0j 6� f , in which case

#je0 �0
j #

jf 0 follows by induction.
So consider (2). Let j; k 2 Loc. We show that e0j � e0k i� f 0j � f 0k, using a
similar case analysis. If e0j ; e

0
k 6� e, then the isomorphism preserves the order. If

e0j ; e
0
k � e, then e0j = ej and e

0
k = ek, (and similarly f 0j = fj ; f

0
k = fk), and so

the order is inherited from the corresponding local views of #e and #f , which
by assumption match. The third case is e0j � e, but e0k 6� e, and thus similarly
f 0j � f , but f 0k 6� f . Since this is the most sophisticated argument and used also
in the other cases, the situation is illustrated in Figure 3. e0j � e implies e0j = ej .
Now we choose an l 2 Loc, such that ej � el � e0k, and moreover el is (causally)
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� �

�: induced by the e's and ind.

f 0j = fj

fl

conclusion: �

f 0

f

<: induced by the e's

f 0k

Fig. 3. Situation: e0k 6� e and e0j � e

maximal with this respect. For at least one of the possible choices of l, there
exists an event e00 2 El, such that e00 2 (#ke0 n #e). By the isomorphism, we have
that I(e00) = f 00 2 (#kf 0 n #f). By assumption on the equivalence of e and f we
can conclude f 0j = fj � fl � f 0l � f 0k, i.e., #

jf 0 � #kf 0 as desired.
� For n = m > 1 the reasoning is similar to the case n = m = 1, except that the
argument for the gossip aspect of the equivalence is not needed.
� For n > m = 1, let � = (i0�0) be a sequence of length n � 1 with e0� 6� e.
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Again, we have to show #�e0 �1
i0 #

�f 0. Let j 2 Loc. For the case of e0j� 6� e the

�0
j -equivalence is a consequence of I(e0j�) = f 0j� . For e

0
j� � e there exists again

an l 2 Loc with e0j� � el � e0�, so that el is maximal in this respect, and as above
we also obtain f 0j� � fl � f 0�. Moreover, in this case it holds that ejl = e0j� and

similarly fjl = f 0j� . By assumption, we have #(ejl) �
n�2
j #(fjl), and because of

n � 2, in particular #(ejl) �0
j #(fjl), as desired.

The argument concerning the relative orders of j-views and k-views of e� and
e0� is the same as for the case of n = m = 1.
� For n > m > 1 let � be of length n �m, such that � has j as �rst element,
and such that e0� 6� e, and similarly f 0� 6� f . We have to show that for each
k 2 Loc it holds that #ke0� �m�1

k #kf 0�. For e
0
k� 6� e and similarly f 0k� 6� f

this follows from the induction hypothesis. For e0k� � e there exists (again) a
location l, such that e0k� � el � e0� and el is causally maximal in this respect.
Then #ke0� = #kel �

n�2
k #kfl = #kf 0�, where n � 2 � m � 1, so that the desired

claim follows from the observation �~n+ ~m
k � �~n

k . 2

Theorem 5. Let ' be an L-formula of gossip-past-depth n, and let e; f 2 Ei

with #e �n
i #f. Then #e j=i ' i� #f j=i '.

Proof. By structural induction on ': For atomic propositions, note that #e �1
i

#f implies #e �M #f (cf. Observation 2), and hence #e j=i p i� #f j=i p. The
induction for boolean connectives is obvious.

For gpd(3') = gpd(') = n let #e j=i 3' and #e �n
i #f . We have to show

that also #f j=i 3' (all other cases follow by symmetry). By de�nition, there
exists e0 � e with e0 2 Ei and #e0 j=i '. By Lemma 4 the event f 0 = I(e0) 2 Ei

obtained from the isomorphism I due to theM-equivalence of #e and #f satis�es
f � f 0 and #e0 �n

i #f
0. By induction, #f 0 j=i ' and �nally #f j=i 3'.

Now let ' = @ j :  with gpd(') = gpd( ) + 1 = n. If #e j=i ' then
#je j=j  , and by de�nition #je �n�1

j #jf . Thus, by induction, #jf j=j  , and
�nally #f j=i '.

Finally, let ' = 3� , with gpd( ) = n�1, and #e j=i 3� , i.e., there exists an
event e02Ei, s.t. e

0 � e and #e0 j=i  . Due to the third condition (*), there exists
an f 0 2Ei, s.t. f

0 � f and #f 0 �n�1
i #e0. Hence, by induction, also #f 0 j=i  ,

and thus #f j=i '. 2

Based on the local equivalences, we de�ne an adequate equivalence relation
for the construction of a �nite pre�x by #e �n #f i� loc(e)= loc(f) and #e �n

i #f
for all i2 loc(e). The next and last step to transfer the L model checking prob-
lem from the unfolding to an equivalent model checking problem over a �nite
structure is the de�nition of the transitions between the �n-equivalence classes
of Unf. This is done in the next section.

5 Model checking

In this section we propose a veri�cation technique for L. Following the lines of
[HNW98b], we will sketch a reduction of a given instance of the problem to a
suitable input for well investigated model checkers like e.g. [CES86].
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Let us consider a distributed net system � and an L-formula ' of gossip-
past-depth n. We have shown so far how to construct a �nite pre�x Fin of the
unfolding Unf� that contains representatives for all �n

i equivalence classes. Now
we want to compute a �nite, multi modal Kripke structure on the representatives
that is equivalent to Unf� with respect to the evaluation of '. What is missing
are the transitions between the representatives.

Computing a �nite Kripke structure. Let n 2 N, and Unf� = (N 0; �)
with N 0 = (B;E; F ) be �xed, and let �n be the equivalence relation used for
the construction of Fin. The state space Sn of the desired Kripke structure
consists of one representative of each �n equivalence class. Note that by using
the adequate total partial order � of [ERV96], these representatives are unique,
and so the state space is given by Sn := f#e j e 2 Fin and e is not a cuto�g. If
the used order � is not total, we �x one non-cuto� (resp. its local con�guration)
of the pre�x as the representative of each �n equivalence class. For every local
con�guration #e of Unf� , let rep(#e) 2 Sn denote the unique representative.

Now let us consider the transitions of the Kripke structure. We introduce a
transition relation for each of the modalities of the logic. Let #e; #f 2 Sn.

#e 3i�!n #f i� e; f 2 Ei and 9f 0 2 Ei : f
0 � e ^ rep(#f 0) = #f

#e
@j

�! #f i� e 2 Ei; f 2Ej ^ #je = #f

#e
3�i
�! #f i� e; f 2 Ei ^ f � e

Note that the de�nitions of
@j

�! and
3�i
�! rely on the fact that the set of con-

�gurations in Fin (and thus also in Sn) is downward closed, i.e., the j-view
of any element of Sn is again in Sn for every j, and of course past con�g-
urations as well. On the whole, we obtain the multi modal Kripke structure
Tn = (Sn; f

3i�!n ;
@i�! ;

3�i
�! j i 2 Locg; #?) with root #?.

As a corollary to Theorem 5 we obtain the following characterisation of the
semantics of L formulae over Tn:

Corollary 6. Let ' 2 L be a formula of gossip-past-depth m � n, and let
#e 2 Sn be an i-local con�guration, i.e., e 2 Ei.

1. If ' = 3 then #e j=i ' i� 9 #f 2 Sn with #e 3i�!n #f and #f j=i  .

2. If ' = @ j : then #e j=i ' i� 9 #f 2 Sn with #e
@j

�! #f and #f j=j  .

3. If ' = 3� then #e j=i ' i� 9 #f 2 Sn with #e
3�i
�! #f and #f j=i  .

Proof. (1) follows from the semantics of 3 and the fact that by construction of
Tn for any pair of states #f 0 and #f = rep(#f 0), we have that #f j=i ' i� #f 0 j=i '
for any formula ' with gpd(') = m � n. (2) and (3) are trivial. 2

Thus, if we are able to actually compute (the transitions of) Tn then we
can immediately reduce the model checking problem of L to a standard model
checking problem over �nite transition systems, applying e.g. [CES86].

Computing the transitions #e
@j

�! #f in Tn is trivial: #f = #je. Similarly
computing the

3�i
�! successors of #e is very easy. It is more di�cult to compute

the transitions #e 3i�!n #f , if only Fin is given. To achieve this, we use a modi�ed
version of the algorithm proposed in [HNW98b].
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An algorithm to compute the
3i

�!n transitions. We assume in the fol-
lowing that the algorithm for constructing the pre�x Fin uses a total, adequate
order �. The construction of Fin provides some useful structural information:
each cuto� e has a corresponding event e0, such that #e0 �n #e, and #e0 � #e.
Clearly, we choose rep(#e) := #e0 for each cuto� e, and for non-cuto�s f , we set
rep(#f) := #f . For technical reasons, we extend the de�nition of 3i�!n : we de-
�ne C 3i�!n #e for any local or global con�guration C � #e0, with rep(#e0) = #e
and e; e0 2 Ei. The construction of Fin also provides a function shift�, which
maps any con�guration C = C1 of Unf� containing some cuto�, onto a con�g-
uration shift�(C) = Cm not containing a cuto�, hence being present in Fin.

This function works by repeatedly applying Ck+1 := #e0k � I
#e0k
#ek

(Ck n #ek) with

ek 2 Ck being a cuto� of Fin, and e0k being its corresponding, equivalent event.
This iterative application terminates, because the sequence C1; C2; :: decreases
in the underlying (well-founded) order �. Obviously, this function implies the
existence of an isomorphism I between �(C) and �(shift�(C)), which is the com-

position of the isomorphisms I
#e0k
#ek

induced by the chosen cuto� events. Moreover,

shift�(#e) � #e for any e 2 �(C), and hence for any e for which C 3i�!n #e.
The most important part of the algorithm (cf. Fig. 4) is the recursive proce-

dure successors which, when called from the top level with a pair (#e; i), returns
the 3i�!n -successors of #e in the �nite structure. More generally, successors
performs a depth �rst search through pairs (C; i), where C is an arbitrary, not
necessarily local con�guration not containing a cuto� and i is a location. It
determines the subset of local con�gurations in Sn that represent the 3i�!n -
successors of C. Formally, #e 2 successors(C; i) i� there exists #e0 in Unf, which
is �n-equivalent to #e, and C 3i�!n #e0.

Proposition 7. Compute Multi Modal Kripke Structure computes the 3i�!n -,
3�i
�! -, and

@j

�! -transitions.

The proof can be found in [HNW98a]. Note that at top level, successors is
always called with a local con�guration #e as parameter, but the extension of
#e with cuto�s requires that we can also handle global con�gurations. In this
paper, we focus on decidability but not on e�ciency. For heuristics on e�ciency
improvements we refer the reader to [HNW98b].

6 Conclusion

We have shown the decidability of the model checking problem for L, a location
based branching-time temporal logic including temporal and gossip modalities.
The method is based on a translation of the modalities over net unfoldings (or
prime event structures) into transitions of a sequential transition system, for
which established model checkers for sequential logics can be applied.

While the method as presented is non elementary for the full logic L, the
restriction to the future fragment L+ has \only" exponential complexity but
still allows to express interesting properties.
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type Vertex = fC: Con�guration; i: Location; pathmark: bool; (* for dfs *) g

pre�x successors(C; i) = frep(#e) j #e 2 Sn ^ C
3i�!n #eg

compatible cuto�s(C) = fe j e is cuto� and #e [ C is a con�guration in Fing

proc successors(C; i): Con�gurationSet;

f var result: Con�gurationSet; (* result accumulator for current vertex *)
Vertex v := �ndvertex(C,i); (* lookup in hash table, if not found then *)

(* create new vertex with pathmark= false *)
if v.pathmark then return ;; � (* we have closed a cycle *)
result := pre�x successors(C; i); (* directly accessible successors *)
v.pathmark:=true; (* put vertex on path *)
for ec 2 compatible cuto�s(C) do (* �nd successors outside Fin behind ec *)

result := result [ successors(shift�(C [ #ec); i);
od ;
v.pathmark:=false; (* take vertex from path *)
return result;

g

proc Compute Multi Modal Kripke Structure;

f InitializeTransitionSystem(Tn;Fin); (* extract state space from Fin *)
for #e 2 Sn; i 2 Loc do

add transition #e @i�! #ie;
for i 2 Loc; #e; #f 2 Sn \ C

i
loc; #f � #e do

add transition #e
3�i
�! #f ;

for #e0 2 successors(#e,i) do

add transition #e 3i�!n #e
0;

od

od
g

Fig. 4. The conceptual algorithm to compute the transitions of Tn.

We also hope that the presented results can be used as a methodological
approach to model checking temporal logics of causal knowledge [Pen98].

The main di�culty, the solution of which is also the major contribution of the
paper, was to �nd an adequate equivalence relation on local states that allows
to construct a �nite transition system containing a representative for each class
of equivalent local states. If the method really is to be applied, then re�nements
of the equivalence bring it closer to the logical equivalence and thus leading to a
smaller index will be crucial. We believe that the potential for such improvements
is high at the price of much less understandable de�nitions.

For the treatment of past an alternative and potentially more e�cient ap-
proach in the line of [LS95] { elimination of past modalities in CTL { might come
to mind, but the techniques used there can at least not directly be transferred
to LCSA because of the intricate interaction between past and gossip modalities.
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Abstract. We introduce a coinductive logical system �a la Gentzen for
establishing bisimulation equivalences on circular non-wellfounded regu-

lar objects, inspired by work of Coquand, and of Brandt and Henglein.
In order to describe circular objects, we utilize a typed language, whose
coinductive types involve disjoint sum, cartesian product, and �nite
powerset constructors. Our system is shown to be complete with respect
to a maximal �xed point semantics. It is shown to be complete also with
respect to an equivalent �nal semantics. In this latter semantics, terms
are viewed as points of a coalgebra for a suitable endofunctor on the
category Set

� of non-wellfounded sets. Our system subsumes an axio-
matization of regular processes, alternative to the classical one given by
Milner.

Introduction

In recent years, considerable energy has been devoted towards the development of
simple principles and techniques for understanding, de�ning and reasoning on in-
�nite and circular objects, such as streams, exact reals, processes, and other lazy
data types ([Mil83, MPC86, Tal90, Coq94, Gim95, BM96, Fio96]). Structural in-
duction trivially fails on in�nite and non-wellfounded objects. It can be applied
only in rather contrived ways, and always indirectly, often utilizing ine�cient
implementations of these objects, e.g. streams as inductively de�ned functions
on natural numbers. Elaborate mathematical theories, such as domain theory
([Plo85]) and metric semantics ([BV96]), can be used, of course, to support rigor-
ous treatment of such objects. But an ideal framework should allow to deal with
in�nite computational objects in a natural, operationally based, implementation-
independent way, without requiring any heavy mathematical overhead.

Systems based on coinductive de�nitions and coinduction proof principles
appear to be a good starting point for developing such a framework. See e.g.
[Coq94, HL95, BM96, Fio96, Len96, Pit96, Rut96, Tur96, Len98] for various
approaches to in�nite objects based on coinduction. Coinductive techniques
are natural, in that in�nite and circular objects and concepts often arise in

? Work supported by Esprit Working Group \Types", MURST'97 Co�n. \Sistemi
Formali..." grant, TMR Linear FMRX-CT98-0170.

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 243-257, 1999. 
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connection with a maximal �xed point construction of some kind. Moreover,
they can be justi�ed often simply by elementary set-theoretical means, see e.g.
[Acz88, Len98]. In many situations, simple categorical concepts, such as those
of Final Semantics ([Acz88, RT93, Len96, Rut96, Len98]), are enough to achieve
a substantial generality. In this context in�nite objects are described as terms
of F -coalgebras for suitable functors F 's.

In this paper, inspired by the seminal work of Coquand ([Coq94, Gim94]), we
make a �rst step towards the formulation of a simple coinductive logical system
for reasoning on in�nite circular objects, generalizing [BH97]. In particular, we
present a system �a la Gentzen Sco for capturing bisimulation equivalences on
non-wellfounded regular (rational) objects, i.e. objects which have only a �nite
number of non-isomorphic subobjects. In order to describe the objects, we make
use of an elementary typed language. Types are de�ned using the constructors
+ (disjoint sum), � (cartesian product), Pf (�nite powerset), and the higher
order binding constructor � (maximal �xed point). Objects are de�ned only
by constructors and recursive de�nitions. Di�erently from Coquand, we do not
consider functional types or term destructors. Many in�nite recursive objetcs
usually dealt with in lazy programming can be easily seen to have a formal
counterpart in our typed language.

The crucial ingredient in the formulation of our logical system are rules whose
conclusion can be used as auxiliary hypothesis in establishing the premises. In
a sense, our system can be viewed as a system for in�nitely regressive proofs.
As remarked earlier, it is inspired by the technique for dealing with coinductive
types in Intuitionistic Type Theories, introduced in [Coq94], where in�nitely
proofs are handled by means of the guarded induction principle. This technique,
originally developed for predicative systems, was later extended by Gim�enez to
impredicative systems, [Gim94, Gim95]. Our system can be seen as a partial
attempt to an elementary reconstruction of that approach, in such a way that it
can be reconciled with other, more classical, syntactical approaches to circular
objects ([Mil84, Acz88, BH97]). Our work seems to be related in particular with
[Gim94], where Coquand's principle of guarded induction is shown to be com-
plete with respect to the traditional principle of coinduction, in a type theoretic
setting.

This paper generalizes [BH97], where a coinductive axiomatization of the
type (in)equality for a simple �rst order language of regular recursive types is
provided. The types considered in [BH97] are terms for denoting regular binary
trees.

In order to give external independent justi�cations to our system, we consider
two di�erent, but equivalent, semantics. The �rst is a �xed point semantics, the
latter is based on the Final Semantics paradigm ([Acz88, RT93, Tur96, Len98]).

The �xed point semantics is de�ned by introducing, for each type �, a corres-
ponding bisimulation equivalence �� on the set T 0

� of closed terms typable with
�. This family of equivalences is de�ned as the greatest �xed point of a mono-
tone operator �, and it can be viewed as the \intended semantics". One of the
main technical results in this paper is the fact that the system Sco axiomatizes
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completely the bisimulation equivalences ��, for all type �. The correctness
of Sco is proved by coinduction, i.e. by showing that the family of relations
axiomatized by Sco on closed terms typable with � is a �-bisimulation. The
completeness proof exploits the fact that the terms that we consider are regular.

In order to give the categorical semantics, we de�ne a \universal" functor
F , involving constructors corresponding to each of the type constructors. Then
we show how to endow the family of closed typable terms fT 0

�g�2Type with a
structure of F -coalgebra, in such a way that the greatest F -bisimulation on
the coalgebra of terms coincides with the family of bisimulation equivalences
f��g�2Type. This yields a �nal semantics for our typed language. Another
technical result of this paper is the fact that the categorical semantics coincides
with the �xed point semantics. For simplicitly, we work in the category Set� of
non-wellfounded sets and set-theoretic functions. In this context �nal coalgebras
of many functors are maximal �xpoints. Non-wellfounded sets are elements of a
Universe �a la Zermelo-Fraenkel in which the Foundation Axiom is replaced by the
Antifoundation AxiomX1 of Forti and Honsell [FH83] (or by the Antifoundation
Axiom AFA of [Acz88]).

Our system, when restricted to the type of CCS-like processes, can be viewed
as a logical system for establishing strong equivalence of processes, alternative
to the classical axiomatic system of Milner, [Mil84].

The paper is organized as follows. In Section 1, we introduce the syntax
for types and terms, and the system for establishing correct typing judgements.
We introduce also the �xed point semantics as a family of bisimulation equival-
ences f��g�. In Section 2, we introduce the coinductive formal system Sco �a la
Gentzen, and we show that, for all closed type �, this system axiomatizes the
bisimulation equivalence �� on T 0

� . In Section 3, we de�ne a \universal" functor
F on the category Set�, and we endow the set of closed typable terms with a
coalgebra structure for the functor F . Moreover, we show that the system Sco
axiomatizes the largest F -bisimulation on the coalgebra of closed typable terms.
Final remarks and directions for future work appear in Section 4.

The author is grateful to Peter Aczel, Furio Honsell, and the anonymous
referees for useful comments.

1 Types and Terms

In this section we introduce a �nite language for in�nite objects.

De�nition 1.1 (Types). Let TV ar be a set of type variables. The set of types
Type is de�ned by

� ::= X j K1 j : : : j Kn j � + � j � � � j Pf (�) j �X:� ;

where X 2 TV ar, the symbols K1; : : : ;Kn denote constant types, +, �, Pf ( )
are disjoint sum, cartesian product, and �nite powerset type constructors. The
coinductive type �X:� is considered always to be guarded, i.e. all the free
occurrences of the variable X in � are within the scope of a type constructor.
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In the type �X:�, the occurrences of the variable X in � are bound. An
occurrence of the variable X in � is free if it is not bound.

Remark 1.2. For simplicitly, in the de�nition of types we have considered only
binary product and binary disjoint sum, but we could have considered, more in
general, n-ary products and n-ary disjoint sums, for n � 0.

De�nition 1.3 (Terms). Let V ar be a set of variables. The set of terms Term
is de�ned by

t ::= x j cij j i1(t) j i2(t) j < t; t > j [t; : : : ; t] j rec x:t j in(t) ;

where x 2 V ar, fCj � fcij j i 2 Ijggj�n are sets of constants, [: : :] denotes
the multiset term constructor, i1( ), i2( ) are the left and right injections in the
disjoint sum, < ; > is the pairing constructor, in( ) is the unfolding constructor,
and the term rec x:t is required to be guarded, i.e. all the free occurrences of the
variable x in t are within the scope of one of the following term constructors:
i1( ), i2( ), < ; >, [: : :].
Let Term0 denote the set of closed terms.

We take terms to be equal up to permutation of elements in multisets. The
constructor in( ) is introduced in order to obtain a typing system in which the
shape of the type determines the form of the terms typable with that type (see
De�nition 1.4 and Lemma 1.5 below).

In the syntax de�ned above, the non-deterministic process constructor + of
CCS-like concurrent languages ([Mil83]) is subsumed by the [: : :] constructor.

The terms which we are interested in are those typable as follows:

De�nition 1.4. Let Stype be the following formal typing system for deriving
judgements of the shape � ` t : �, where the environment� is a partial function
from V ar to Type.

�;x : � `type x : � (var)

� `type cij : Kj
(const)

� `type t : �1
� `type i1(t) : �1 + �2

(+1)

� `type t : �2
� `type i2(t) : �1 + �2

(+2)

� `type t1 : �1 � `type t2 : �2
� `type< t1; t2 >: �1 � �2

(�)

f� `type ti : �gi=1;:::;n

� `type [t1; : : : ; tn] : Pf (�)
([ ])

�;x : �X:� `type t : �X:� rec x:t guarded
� `type rec x:t : �X:�

(�)
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� `type t : �[�X:�=X]
� `type in(t) : �X:�

(fold)

Lemma 1.5. Let t 2 Term n V ar be such that � `type t : �. Then
� � Kj () t 2 Cj

� � �1 + �2 () 9j 2 f1; 2g: 9t0: (t � ij(t0) & � `type t0 : �j)
� � �1 � �2 () 9t1; t2: (t �< t1; t2 > & 8j = 1; 2: � `type tj : �j)
� � Pf (�1) () 9n � 0: 9t1; : : : ; tn: (t � [t1; : : : ; tn] &

8i = 1; : : : ; n: � `type ti : �1)
� � �X:�1 () 9n � 0: 9t0: (t � rec x1 : : : rec xn: in(t0) &

�;x1 : �X:�1; : : : ; xn : �X:�1 `type t0 : �1[�X:�1=X]).

The following Substitution Lemma can be easily proved by induction on
derivations.

Lemma 1.6 (Substitution).

�;x : � `type t : � & � `type t
0 : � =) � `type t[t

0=x] : � :

The following notation will be useful in the sequel:

Notation Let � 2 Type.

{ Let T� denote the set ft 2 Term j 9�: � `type t : �g.
{ Let T 0

� denote the set ft 2 Term0 j `type t : �g.

1.1 Bisimulation Equivalence on Closed Typable Terms

In this subsection we give the intended �xed point semantics of our typed lan-
guage. This takes the form of a family of bisimulation equivalences f��g�2Type,
where �� is a relation on the set of closed terms T 0

� . The family f��g� is char-
acterized as the greatest �xed point of the following monotone operator, whose
de�nition clearly re
ects the intended meaning of the constructors:

De�nition 1.7. Let � : ��2TypeP(T 0
� � T 0

� ) ! ��2TypeP(T 0
� � T 0

� ) be the
operator1 de�ned as follows

�(fR�g�2Type) = fR�
�g�2Type ;

where the the relation R�
�� T 0

� � T 0
� is de�ned by

t R�
Kj

t0 () t � t0

t R�
�1+�2 t

0 () 9j 2 f1; 2g:9t1; t01: (t � ij(t1) & t0 � ij(t01) & t1 R�j t
0
1)

t R�
�1��2

t0 () 9t1; t2; t01; t
0
2: (t �< t1; t2 > & t0 �< t01; t

0
2 > &

8j = 1; 2: tj R�j t
0
j)

t R�
Pf (�1)

t0 () 9m;n � 0:9t1; : : : ; tm; t01; : : : ; t
0
n: (t � [t1; : : : ; tm] &

t0 � [t01; : : : ; t
0
n] &

8ti 2 [t1; : : : ; tm] 9t
0
j 2 [t01; : : : ; t

0
n]: ti R�1 t

0
j &

8t0j 2 [t01; : : : ; t
0
n] 9ti 2 [t1; : : : ; tm]: ti R�1 t

0
j)

t R�
�X1:�1

t0 () 9m;n � 0:9t1; t01: (t � rec x1 : : : rec xm:in(t1) &
t0 � rec x1 : : : rec xn:in(t01) &
t1[t=x1; : : : ; t=xm] R�1[�X1:�1=X1] t

0
1[t

0=x1; : : : ; t
0=xn]).

1
�i2IAi denotes the in�nite cartesian product of the Ai's, for i 2 I.
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The de�nition above can be viewed as the set-theoretical counterpart of the
de�nition of relational structures on c.p.o.'s given by Pitts (see [Pit96]). Among
the various di�erences between our approach and his, we point out that we allow
for nested recursion directly at the outset in De�nition 1.7, while Pitts deals with
it separately.

Proposition 1.8. The operator � : ��2TypeP(T 0
� �T 0

� )! ��2TypeP(T 0
� �T 0

� )
is monotone over the complete lattice (��2TypeP(T 0

� �T 0
� );��2Type ��), where

8�: ����.

Let us denote by f��g�2Type the greatest �xed point of the operator �. This
will be the family of bisimulation equivalences giving the intended semantics of
our system.

The validity of the following coinduction principle follows immediately:

8� 2 Type: R��R�
�

8� 2 Type: R����

We call �-bisimulation a family fR�g�2Type such that 8� 2 Type: R��R�
� .

Notice that, using our language of types and the notion of bisimulation equi-
valences introduced above, we can recover the case of binary trees, and the case
of non-deterministic processes with strong bisimulation equivalence. In fact, bin-
ary trees can be described as the set of terms T 0

�X:(X�X)+�C
, for �C constant

type, while non-deterministic processes over a set of labels C of type �C can be
described as the set of terms T 0

�X:Pf (�C�X).

2 A Coinductive Logical System for Bisimulation
Equivalence

In this section, we introduce the formal system Sco, �a la Gentzen, for proving �-
equivalence between pairs of terms. We will show that Sco axiomatizes exactly,
for all type �, the bisimulation equivalence �� .

De�nition 2.1. Let Sco be the following formal system for deriving judgements
of the shape < �;� >`co t � t0 : �, where < �;� > is the environment and

{ � is a partial function from V ar to Type;
{ � is a multiset of the shape [t1 � t01 : �1; : : : ; tn � t0n : �n];
{ � is coherent with �, i.e.
ti � t0i : �i 2 � ) (� `type ti : �i & � `type t0i : �i);

{ � `type t : � & � `type t0 : �.

The rules of Sco are the following:

� `type t : � � coherent with �
< �;� >`co t � t : � (re
)

< �;� >`co t1 � t2 : �
< �;� >`co t2 � t1 : �

(symm)
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< �;� >`co t1 � t2 : � < �;� >`co t2 � t3 : �
< �;� >`co t1 � t3 : �

(trans)

� `type t : � � `type t0 : �
< �;�; t � t0 : � >`co t � t0 : �

(hyp)

� `type rec x:t : �X:� � coherent with �
< �;� >`co rec x:t � t[rec x:t=x] : �X:�

(rec)

f< �;� >`co ti � t0i : �igi=1;2

< �;� >`co< t1; t2 >�< t01; t
0
2 >: �1 � �2

(�cong)

< �;� >`co t � t0 : �1
< �;� >`co i1(t) � i1(t0) : �1 + �2

(+1cong)

< �;� >`co t � t0 : �2
< �;� >`co i2(t) � i2(t0) : �1 + �2

(+2cong)

f< �;� >`co ti � t0i : �gi=1;:::;n

< �;� >`co [t1; : : : ; tn] � [t01; : : : ; t
0
n] : Pf (�)

([ ]cong)

� `type [t1; : : : ; tn; t; t0] : Pf (�) < �;� >`co t � t0 : �
< �;� >`co [t1; : : : ; tn; t; t0] � [t1; : : : ; tn; t] : Pf (�)

(abs)

< �;�; in(t) � in(t0) : �X:� >`co t � t0 : �[�X:�=X]
< �;� >`co in(t) � in(t0) : �X:�

(in)

The names given to the rules above are suggestive. In particular, the rules (cong)
are the congruence rules, while rule (abs) is the absorption rule, which embodies
contraction for equal terms appearing in multisets.

One can easily check, by induction on derivations, using Lemma 1.6, that the
de�nition above is well posed, i.e.

< �;� >`co t � t0 : � =) (� coherent with �&� `type t : � &� `type t
0 : �) :

Notice the \coinductive" nature of the rule (in): in order to establish the
equivalence � between terms of the shape in(t) and in(t0), we can assume, in the
premise of the rule (in), the judgement that we want to prove, i.e. in(t) � in(t0).

Remark 2.2. i) In place of rule (in) in the system Sco above, one could use
equivalently the following two rules

< �;� >`co t � t0 : �
< �;� >`co in(t) � in(t0) : �X:�

< �;�; rec x:t� rec y:t0 : �X:� >`co t � t0 : �
< �;� >`co rec x:t � rec y:t0 : �X:�

This latter presentation would emphasize Coquand's correspondence between
guarded in�nite objects and guarded in�nite proofs, but the presentation of the
system of De�nition 2.1 slightly simpli�es the proof of Theorem 2.10 below.
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ii) When specialized to the type �X:Pf(�C � X) of CCS non-deterministic
processes, our logical system provides an alternative axiomatization of Milner's
strong bisimulation ([Mil84]). The crucial di�erence between our system and
the classical system of Milner is the absence, in Sco, of a counterpart to Milner's

rule for recursion, viz:
t � t0[t=x]
t � rec x:t0

(uniqueness) . This rule is recovered in

Sco by the coinductive rule (in), which amounts to the coinductive version of
the congruence rule for the rec operator in Milner's system. Milner's system
is a Hilbert system. Hence top-down proof search can be rather unpractical.
For instance, when confronted with two terms one of which is a rec term, one
has to guess whether to unfold the term or to use rule (uniqueness). On the
contrary, in Sco, one can capitalize on hypotheses, and hence the structure of
terms determine essentially, i.e. up-to absorption and unfolding, the top-down
search of a proof (see Example 2.4 below). This informal argument will be put to
use in order to show the completeness of Sco (Theorem 2.13) and its decidability.

It is immediate to see, by induction on derivations, that the following Weak-
ening Lemma holds:

Lemma 2.3 (Weakening). If < �;� >`co t � t0 : � is derivable in Sco and
� 0 is coherent with �, then also < �;�; � 0 >`co t � t0 : � is derivable in Sco.

We illustrate now the system Sco at work.

Example 2.4. Let t1 � rec x:in(< c; x >) and t2 � rec y:in(< c; in(< c; y >) >),
where c 2 Cj. Then one can easily check that `type ti : �X:Kj �X, for i = 1; 2.
Moreover, using the system Sco, one can show that the two terms t1 and t2 are
bisimilar. In fact, up to applications of the rules (rec), (symm), (trans), we can
build a derivation of `co t1 � t2 : �X:Kj �X as follows:

< �;� 0; � >`co c � c : Kj < �;� 0; � >`co t1 � t2 : �X:Kj �X
< �;� 0; � >`co< c; t1 >�< c; t2 >: Kj � �X:Kj �X

(�cong)

< �;� >`co in(< c; t1 >) � in(< c; t2 >) : �X:Kj �X
(in)

and

< �;� >`co c � c : Kj < �;� >`co t1 � in(< c; t2 >) : �X:Kj �X
< �;� >`co< c; t1 >�< c; in(< c; t2 >) >: Kj � �X:Kj �X

(�cong)

`co in(< c; t1 >) � in(< c; in(< c; t2 >)) : �X:Kj �X
(in)

where
� � ;
� � [in(< c; t1 >) � in(< c; in(< c; t2 >) >) : �X:Kj �X]
� 0 � [in(< c; t1 >) � in(< c; t2 >) : �X:Kj �X].

Example 2.5 (Conway Identity). A term with n > 0 rec's at the top is equivalent
to a term with just one rec, i.e., any term t � rec x1 : : : rec xn:in(t), n > 0,
typable with �X:�, for some �, is such that

9 < �;� > : < �;� >`co t � t0 : �X:� ;
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where t0 � rec x:in(t[x=x1; : : : ; x=xn]), and the variables x1; : : : ; xn are replaced
by the variable x, which is new in t.
By rules (rec), (symm), (trans), (in) (using also the Weakening Lemma), it is
su�cient to show that the two terms t[t=x1; : : : ; t=xn] and t[t0=x1; : : : ; t0=xn] are
�-equivalent. More in general, we show, by structural induction on t, that, for
all n > 0, for all t1; t01; : : : ; tn; t0n such that 9�9�: � `type t[t1=x1; : : : ; tn=xn] : �
and � `type t[t01=x1; : : : ; t0n=xn] : � ,

9�: < �;� >`co t[t1=x1; : : : ; tn=xn] � t[t01=x1; : : : ; t0n=xn] : � :

The only non trivial case is that of t � rec y1 : : : rec ym:in(et), for m � 0. But,
again by rules (rec), (symm), (trans), (in), it is su�cient to prove that

< �;� >`co ett1:::tnt:::tx1:::xny1:::ym
� ett01:::t0nt:::tx1:::xny1:::ym

: � 0, for a suitable � 0, where

ett1:::tnt:::tx1:::xny1:::ym � et[t1=x1; : : : ; tn=xn; t=y1; : : : ; t=ym] andett01:::t0nt:::tx1:::xny1:::ym � et[t01=x1; : : : ; t0n=xn; t=y1; : : : ; t=ym].
But this follows by induction hypothesis.

The rest of this section is devoted to the proof of the fact that the system
Sco axiomatizes exactly, for all type �, the bisimulation equivalence �� . More
precisely, we will prove that, for all � 2 Type and for all t; t0 2 T 0

� ,

`co t � t0 : � () t �� t
0 :

We will refer to the implication ()) as the correctness of the system Sco
w.r.t. �� , and to the implication (() as the completeness of the system Sco
w.r.t. �� .

2.1 Correctness of Sco

First we need a technical de�nition.

De�nition 2.6. A sequent < �; t1 � t01 : �1; : : : ; tn � t0n : �n >`co tn+1 �
t0n+1 : �n+1 is completely derivable in Sco if there exist derivations in Sco of
< �; t1 � t01 : �1; : : : ; ti�1 � t0i�1 : �i�1 >`co ti � t0i : �i, for all i = 1; : : : ; n+ 1.

In order to show the correctness of Sco, we will prove that the following family
of relations is a �-bisimulation:

De�nition 2.7. Let � 2 Type. We de�ne

Rcd
� = f(t; t0) 2 T 0

� � T 0
� j

9 < �;� > : < �;� >`co t � t0 : � completely derivableg :

The following two lemmata are instrumental.

Lemma 2.8. Let < �;� >`co t � t0 : � be a completely derivable sequent.
Then
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1. If � � �1 + �2, t � ij(t) and t0 � ij(t
0
), for some j 2 f1; 2g, then also

< �;� >`co t � t
0
: �j is a completely derivable sequent.

2. If � � �1 � �2 and t �< t1; t2 >, then also < �;� >`co ti � t0i : �i, for all
i = 1; 2, is a completely derivable sequent.

3. If � � Pf (�1), t � [t1; : : : ; tm], t0 � [t01; : : : ; t
0
n], then 8i 2 f1; : : : ;mg: 9j 2

f1; : : : ; ng such that < �;� >`co ti � t0j : �1 is a completely derivable
sequent, and 8j 2 f1; : : : ; ng: 9i 2 f1; : : : ;mg such that < �;� >`co ti �
t0j : �1 is a completely derivable sequent.

Proof. The proof is by induction on the sum of the lengths of the derivations
� and �i's, where � denotes the derivation of < �; t1 � t01 : �1; : : : ; tn � t0n :
�n >`co t � t0 : � and �i denotes the derivation of < �; t1 � t01 : �1; : : : ; ti�1 �
t0i�1 : �i�1 >`co ti � t0i : �i, for i = 1; : : : ; n. We work out in detail only the
proof of item 3, the proofs of the other two items are similar.
Base Case: The only rule applied in � is (re
). The thesis follows using Lemma
1.5 and rule (re
).
Induction Step: we proceed by analyzing the last rule applied in � . If the last rule
is (re
), then again the thesis follows using Lemma 1.5 and rule (re
). If the last
rule is (symm) or (hyp), the thesis follows immediately by induction hypothesis.
If the last rule is (trans), then the thesis follows by induction hypothesis, using
Lemma 1.5. If the last rule is (abs), the thesis follows using Lemma 1.5 and rule
(re
). Finally, if the last rule in � is ([ ]cong), then the thesis is immediate. ut

Lemma 2.9. Let � 2 Type. Then
i) For all t 2 T 0

� , t(R
cd
� )�t.

ii) For all t1; t2 2 T 0
� , t1(R

cd
� )�t2 =) t2(Rcd

� )�t1.
iii) For all t1; t2; t3 2 T 0

� such that, for some �;�, the sequents < �;� >`co
t1 � t2 : � and < �;� 0 >`co t2 � t3 : � are completely derivable,

[t1(R
cd
� )�t2 & t2(R

cd
� )�t3] =) t1(R

cd
� )�t3 :

Proof. Both items i) and ii) can be easily shown by case analysis on �, using
Lemma 1.5. Item iii) is shown by by case analysis on �, using Lemmata 2.3 and
2.8. ut

Theorem 2.10 (Correctness). Let � 2 Type. For all t; t0 2 T 0
� ,

`co t � t0 : � =) t �� t
0 :

Proof. We show that the family fRcd
� g�2Type is a �-bisimulation, i.e. we have

to show that 8�: Rcd
� � (Rcd

� )�. We prove this by induction on the sum of
the lengths of the derivations � and �i's, where � denotes the derivation of
< �; t1 � t01 : �1; : : : ; tn � t0n : �n >`co t � t0 : �X:� and �i denotes the
derivation of < �; t1 � t01 : �1; : : : ; ti�1 � t0i�1 : �i�1 >`co ti � t0i : �i, for
i = 1; : : : ; n.
Base Case: The only rule applied in � is (re
) or (rec). The thesis follows from
item i) of Lemma 2.9.
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Induction Step: We proceed by analyzing the last rule applied in � . If the last
rule is (re
) or (rec), then again the thesis follows from item i) of Lemma 2.9.
If the last rule is (symm), then the thesis is immediate by induction hypothesis,
using item ii) of Lemma 2.9. If the last rule is (trans), then again the thesis is
immediate by induction hypothesis, using item iii) of Lemma 2.9. If the last rule
in � is one of the following (�cong), (+1cong), (+2cong), ([ ]cong), (abs), then
then the thesis is immediate. Finally, if the last rule in � is (hyp) or (in), then
the thesis follows immediately from the induction hypothesis.

ut

2.2 Completeness of Sco

In order to show the completeness of the system Sco, we need to exploit the im-
plicit regularity of the terms expressible in our language. Namely, we introduce
the notion of set of subterms of a given term.

De�nition 2.11. Let t 2 T� . The set of subterms of t, sub(t), is de�ned by
induction on t as follows:

{ if t � x 2 V ar or t � c 2 C , then sub(t) = ftg;
{ if t � ij(t0), for some j 2 f1; 2g, then sub(t) = ftg [ sub(t0);
{ if t �< t1; t2 >, then sub(t) = ftg [ sub(t1) [ sub(t2);
{ if t � [t1; : : : ; tn], for some n � 0, then sub(t) = ftg [

S
i=1;:::;n sub(ti);

{ if t � in(t0), then sub(t) = ftg [ sub(t0);
{ if t � rec x:t0, then sub(t) = ftg [ ft1[t=x] j t1 2 sub(t0)g.

The following lemma can be immediately shown by induction on terms.

Lemma 2.12. For all � and for all t 2 T�,
i) the set sub(t) is �nite;
ii) 8t0 2 sub(t): sub(t0) � sub(t).

Now we are in the position of stating the Completeness Theorem for the
system Sco. The proof of this theorem consists in showing that, if two terms
t; t0 2 T 0

� are ��-bisimilar, then, since they have only a �nite number of sub-
terms, we can build a derivation of `co t � t0 : � in a top-down fashion.

Theorem 2.13 (Completeness). Let � 2 Type. For all t; t0 2 T 0
� ,

t �� t
0 =) `co t � t0 : � :

Proof. We prove that, if t �� t0, then for all t1; : : : ; tn; t 2 sub(t), t01; : : : ; t
0
n; t

0
2

sub(t0) such that 8i = 1; : : : ; n: ti; t
0
i 2 T 0

�i & ti ��i t
0
i, t; t

0
2 T 0

� and t �� t
0
,

there exists a derivation of t1 � t01 : �1; : : : ; tn � t0n : �n `co t � t
0
: �.

Suppose by contradiction that t1 � t01 : �1; : : : ; tn � t0n : �n `co t � t
0
: � is

not derivable. Then we show that there exists an in�nite sequence of distinct
pairs of processes ti; t

0
i 2 T 0

�i such that ti ��i t
0
i and ti 2 sub(t), t0i 2 sub(t0),
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for i = 1; : : : ; n, which is clearly impossible because, by Lemma 2.12, sub(t) and

sub(t0) are �nite. In fact, if t1 � t01 : �1; : : : ; tn � t0n : �n `co t � t
0
: � is not

derivable, then we show that a sequent of the following shape is not derivable:
t1 � t01 : �1; : : : ; tn � t0n : �n; tn+1 � t0n+1 : �n+1 `co bt � bt0 : b�, for some

tn+1;bt 2 sub(t), t0n+1;bt0 2 sub(t0), such that tn+1 ��n+1 t0n+1, bt �b� bt0, and the
hypothesis tn+1 � t0n+1 : �n+1 is new, in the sense that it does not appear among
t1 � t01 : �1; : : : ; tn � t0n : �n. This latter fact is proved by induction on the
structure of �.
If � � Kj, then the sequent t1 � t01 : �1; : : : ; tn � t0n : �n `co t � t

0
: Kj is

immediately derivable, since t �Kj
t
0
) t = t0 2 Cj:

If � � �X1:�1, then there exists m;n � 0 such that t � rec x1 : : : rec xm:in(et)
and t0 � rec x1 : : : rec xn:in(et0), for some terms et;et0. Then, by rule (in) (pos-
sibly using rules (rec), (symm), and (trans)), also t1 � t01 : �1; : : : ; tn � t0n :

�n; in(et)[t=x1; : : : ; t=xm] � in(et)[t0=x1; : : : ; t0=xn] : �X1:�1 `co et[t=x1; : : : ; t=xm] �et[t0=x1; : : : ; t0=xn] : �X1:�1 is not derivable, and the pair in(et)[t=x1; : : : ; t=xm] �
in(et)[t0=x1; : : : ; t0=xn] : �X1:�1 is new among t1 � t01 : �1; : : : ; tn � t0n : �n,
otherwise we would already have a proof of the sequent t1 � t01 : �1; : : : ; tn �

t0n : �n `co t � t
0
: �.

If � � �1 + �2, then t � ij(tj) and t
0
� ij(t

0
j), for some j 2 f1; 2g and, by

rule (+jcong) (possibly using rules (rec), (symm), and (trans)), also the sequent

t1 � t01 : �1; : : : ; tn � t0n : �n `co tj � tj
0
: �j is not derivable. Hence we can

apply the induction hypothesis to �j, since, by de�nition of ij(tj) ��1+�2 ij(t
0

j),

we have also tj ��j t
0

j .
Finally, the cases � � �1 � �2 and � � Pf (�1) are dealt with similarly to the
previous case. ut

The proof of Theorem 2.13 above is given by contradiction just for the sake
of conciseness. Clearly a constructive proof can be easily obtained from the
proof above. As a side-remark, we point out that a proof of decidability of
�-equivalence can be easily obtained using the argument of the above proof.

3 Categorical Semantics

In this section we give a categorical �nal semantics in the style of [Acz88, RT93,
Len96, Rut96, Len98] (to which we refer for further details on this topic) to our
language, and we show that it captures exactly the greatest �xed point semantics
of Section 1.

The interest of this categorical semantics is that it achieves a signi�cant
degree of generality, in that it subsumes naturally a great number of concrete
examples of in�nite objects in programming. The signi�cance of a �nal semantics
for a language like ours is that, contrary to the �xed point semantics, it allows
us to embody as a point of a �nal coalgebra a canonical \minimal"representat-
ive for each equivalence class of terms. These denotations are the mathematical
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counterparts of our intuitive circular objects. Notice that de�ning a �nal se-
mantics for a language with a given notion of equivalence is not a mechanical
task.

We work in the category Set� of non-wellfounded sets and set-theoretic func-
tions for simplicity, but we could have also worked in other categories based on
sets. Denotations would have become rather obscure however. We proceed as
follows. We de�ne a \universal" endofunctor F , embodying constructors corres-
ponding to the type constructors. Then we endow the set ��2TypeT

0
� , i.e. the

disjoint sum of all closed typable terms, with a structure of F -coalgebra. Finally,
we show that the largest F -bisimulation on the coalgebra de�ned on ��2TypeT

0
�

coincides with the family of bisimulation equivalences f��g� introduced in Sec-
tion 1.

Our categorical semantics could be equivalently presented in the framework
of categories indexed over types. But, for the sake of simplicitly, we prefer the
set-theoretic setting.

For more informations on the Final Semantics paradigm see e.g. [Len98].

De�nition 3.1. Let F : Set� ! Set� be the functor de�ned by:

F (X) = ��2Type(�j�nCj + (X +X) + (X �X) + Pf (X)) :

We endow the set ��2TypeT
0
� with a structure of F -coalgebra as follows:

De�nition 3.2. Let � : ��2TypeT
0
� ! F (��2TypeT

0
� ) be the function de�ned

by:
�(t) = (�; z) ;

where

z =

8>>>>>>>>>><
>>>>>>>>>>:

inKj
(cij) if AKj

in+(ij(t1)) if A�1+�2

in�(t1; t2) if A�1��2

inPf ([t1; : : : ; tm]) if APf (�1)
inKj

(cij) if A�X:Kj

in+(ij(t1[t=x1; : : : ; t=xn])) if A�X:�1+�2

in�(t1[t=x1; : : : ; t=xn]; t2[t=x1; : : : ; t=xn]) if A�X:�1��2

inPf ([t1[t=x1; : : : ; t=xn]; : : : ; tm[t=x1; : : : ; t=xn]]) if A�X:Pf (�1)

where inKj
, in+, in�, inPf denote canonical injections into disjoint sum and

AKj
� (� � Kj ^ t � cij; i 2 Ij)

A�1+�2 � (� � �1 + �2 ^ t � ij(t1))
A�1��2 � (� � �1 � �2 ^ t �< t1; t2 >)
APf (�1) � (� � Pf (�1) ^ t � [t1; : : : ; tm])
A�X:Kj

� (� � �X:Kj ^ t � rec x1 : : : rec xn:in(cij); i 2 Ij)
A�X:�1+�2 � (� � �X:�1+ �2 ^ t � rec x1 : : : rec xn:in(ij(t1)))
A�X:�1��2 � (� � �X:�1� �2 ^ t � rec x1 : : : rec xn:in(< t1; t2 >))
A�X:Pf � (� � �X:Pf(�1) ^ t � rec x1 : : : rec xn:in([t1; : : : ; tm])).
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Now, our goal is that of showing that the largest F -bisimulation on the
coalgebra (��T

0
� ; �), which we denote by �, coincides exactly with the family

of bisimulation equivalences f��g� de�ned in Section 1. First of all, we recall
the de�nition of categorical F -bisimulation:

De�nition 3.3. Let F : Set� ! Set�. An F -bisimulation on the F -coalgebra
(X;�X) is a set-theoretic relation R � X � X such that there exists an arrow
of Set�, 
 :R! F (R), making the following diagram commute:

X

��

�X

Roo
�1 //

�2

��




X

��

�X

F (X) F (R)oo
F (�1)

//
F (�2)

F (X)

The proof of the following proposition is routine:

Proposition 3.4. The largest F -bisimulation on the coalgebra (��T
0
� ; �) is the

family f��g�.

4 Final Remarks and Directions for Future Work

In this paper, we have presented a \coinductive" axiomatization of the bisimula-
tion equivalence on non-wellfounded regular objects. Moreover, we have shown
that it is complete with respect to a maximal �xed point semantics and also
to a categorical semantics. Our presentation makes use of a typed language for
denoting circular terms.

We could generalize our language of terms so as to allow non-regular objects,
still getting a sound axiomatization. In fact, the regularity property is crucial
only for proving the completeness of our system.

There are various other promising directions for possible generalizations and
extensions of the coinductive axiomatization presented in this paper.

{ Categories other than the purely set-theoretical ones could be investigated.
This would involve the use of a generalized notion of set-theoretic relation.
In the case of c.p.o.'s, this should go in the direction of providing a formal
system for expressing Pitts' relational structures ([Pit96]).

{ A richer collection of types, including inductive types and themixed covariant-
contravariant ! constructor could be considered, as well as destructors in
terms.

{ Coarser notions of bisimulations other than Milner's strong bisimulation
could be considered, e.g. weak bisimulation and congruence, van Glabbeek-
Weijland branching bisimulation, Montanari-Sassone dynamic bisimulation.

{ Other coinductively de�ned equivalences, arising in di�erent contexts, could
be considered. E.g. equivalence of streams representing exact reals.

{ Finally, it would be interesting to compare systems like Sco to other logics
for bisimulations (see e.g. [Mos?]).
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String Languages Generated by Total

Deterministic Macro Tree Transducers?

Sebastian Maneth

Department of Computer Science, Leiden University, PO Box 9512,
2300 RA Leiden, The Netherlands, E-mail: maneth@wi.leidenuniv.nl

Abstract. The class of string languages obtained by taking the yields
of output tree languages of total deterministic macro tree transducers
(MTTs) is investigated. The �rst main result is that MTTs which are
linear and nondeleting in the parameters generate the same class of string
languages as total deterministic top-down tree transducers. The second
main result is a so called \bridge theorem"; it can be used to show that
there is a string language generated by a nondeterministic top-down tree
transducer with monadic input, i.e., an ET0L language, which cannot
be generated by an MTT. In fact, it is shown that this language cannot
even be generated by the composition closure of MTTs; hence it is also
not in the IO-hierarchy.

1 Introduction

Macro tree transducers [Eng80, CF82, EV85, EM98] are a well-known model of
syntax-directed semantics (for a recent survey, see [FV98]). They are obtained
by combining top-down tree transducers with macro grammars. In contrast to
top-down tree transducers they have the ability to handle context information.
This is done by parameters.

A total deterministic macro tree transducer (for short, MTT) M realizes a
translation �M which is a function from trees to trees. The input trees may,
for instance, be derivation trees of a context-free grammar which describes the
syntax of some programming language (the source language). To every input tree
s (viz. the derivation tree of a source program P ) M associates the tree �M (s).
This tree may then be interpreted in an appropriate semantic domain, e.g.,
yielding a program in another programming language (the target language): the
semantics of P . One speci�c, quite popular, such domain is the one of strings with
concatenation as only operation. More precisely, every symbol of rank greater
than zero is interpreted as concatenation and constant symbols are interpreted
as letters. The interpretation of a tree t in this domain is simply its yield (or
frontier, i.e., the string obtained from t by reading its leaves from left to right).
Thus, an MTT M can be seen as a translation device from trees to strings.
Taking a tree language as input it generates a formal language as output. It

? This work was supported by the EC TMR Network GETGRATS.

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 258-272, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



is this class of formal languages (viz. the sets of target programs that can be
generated) which we investigate in this paper.

An MTT M such that each right-hand side of a rule is linear and nondelet-
ing in the parameters, that is, every parameter occurs exactly once, will be
called simple in the parameters. This means that M cannot copy by means of
its parameters. We prove that the class of string languages generated by such
MTTs equals the class of string languages generated by top-down tree transduc-
ers. Hence the parameters can be eliminated. It is known that for unrestricted
MTTs this is not the case; also if we consider output tree languages, MTTs that
are simple in the parameters can do more than top-down tree transducers: they
can generate tree languages that have non-regular path languages, which cannot
be done by top-down tree transducers. For a more severe restriction, namely, the
�nite copying restriction, MTTs generate the same class of string languages as
�nite copying top-down tree transducers (Corollary 7.10 of [EM98]).

Now consider the case that we want to prove that a certain tree language R
cannot be generated (as output tree language) by any MTT. In general this is
di�cult for there are very few appropriate tools: there exists a pumping lemma
[K�uh98] for a restricted case of MTTs. If we know that the string language
obtained by taking the yields of the trees in R cannot be generated by any
MTT, then we immediately know that R cannot be generated by an MTT.
Since there are many tree languages with the same yield language, it is much
stronger to know that a string language cannot be generated by an MTT than
to know this for a tree language. We present a tool which is capable of proving
that certain string languages L cannot be generated by an MTT. More precisely
we will show that if L is of the form f(L0) for some �xed operation f , then L0

can be generated by an MTT which is simple in the parameters; by our �rst
result this means that L0 can be generated by a top-down tree transducer. The
proof is a direct generalization of Fischer's result on IO macro grammars: in
the proof of Theorem 3.4.3 in [Fis68] it is proved that if f(L) is an IO macro
language then L can be generated by an IO macro grammar which is simple
in the parameters. The result shows that the structure of L forces it from a
bigger into a smaller class; it gives a \bridge" from the bigger (viz. unrestricted
MTTs) into the smaller class (viz. MTTs which are simple in the parameters).
For this smaller class, i.e., the class of string languages generated by top-down
tree transducers, there exists another bridge theorem into yet another smaller
class (using the same operation f), namely the class of string languages generated
by �nite copying top-down tree transducers [ERS80]. Due to the limited copying
power of this class, it only contains languages that are of linear growth (they
have the \Parikh property"); thus, languages like Lexp = fa2

n

j a � 0g are not
in this class. Altogether we get that f(f(L0)), where L0 is a non-Parikh language
(e.g., Lexp) cannot be generated by an MTT; in fact, we prove that it cannot be
generated by any composition of MTTs.

This paper is structured as follows. In Section 2 we �x some notions used
throughout the paper. Section 3 recalls macro tree transducers. In Section 4 we
establish our two main results. Section 5 concludes with some open problems.

2
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2 Preliminaries

The set f0; 1; : : :g of natural numbers is denoted by N. The empty set is de-
noted by ?. For k 2 N, [k] denotes the set f1; : : : ; kg; thus [0] = ?. For a
set A, A� is the set of all strings over A. The empty string is denoted by "
and the length of a string w is denoted jwj. For strings v; w1; : : : ; wn 2 A�

and distinct a1; : : : ; an 2 A, we denote by v[a1  w1; : : : ; an  wn] the result
of (simultaneously) substituting wi for every occurrence of ai in v. Note that
[a1  w1; : : : ; an  wn] is a homomorphism on strings. For a condition P on a
and w we use, similar to set notation, [a  w j P ] to denote the substitution
[L], where L is the list of all a w for which condition P holds.

For functions f :A ! B and g:B ! C their composition is (f � g)(x) =
g(f(x)); note that the order of f and g is nonstandard. For sets of functions F
and G their composition is F �G = ff � g j f 2 F; g 2 Gg.

2.1 Trees

A set � together with a mapping rank�:� ! N is called a ranked set. For
k 2 N, �(k) denotes the set f� 2 � j rank�(�) = kg. We will often write �(k) to
indicate that rank�(�) = k.

The set of trees over �, denoted by T�, is the smallest set of strings T � (�[
f(; ); ; g)� such that if � 2 �(k), k � 0, and t1; : : : ; tk 2 T , then �(t1; : : : ; tk) 2 T .
For � 2 �(0) we denote the tree �() also by �. For a set A, T�(A) denotes the
set T�[A, where every symbol of A has rank 0 and h�;Ai denotes the ranked
set fh�; ai(k) j � 2 �(k); a 2 Ag (if � is unranked, then every symbol in h�;Ai
is of rank zero). We �x the set of variables X as fx1; x2; : : : g and the set of
parameters Y as fy1; y2; : : : g. For k 2 N, Xk and Yk denote the sets fx1; : : : ; xkg
and fy1; : : : ; ykg, respectively.

For a tree t, the string obtained by reading the labels of its leaves from left
to right, called the yield of t, is denoted by yt. The special symbol e of rank
zero will be used to denote the empty string " (e.g., y(�(a; e)) = a and ye = ").
For a string w = a1 � � �an and a binary symbol b let combb(w) denote the tree

b(a1; b(a2; : : : b(an; e) : : : )) over fb
(2); a

(0)
1 ; : : : ; a

(0)
n g; note that ycombb(w) = w.

A subset L of T� is called a tree language. The class of all regular (or,
recognizable) tree languages is denoted by REGT (cf., e.g., [GS97]). For a tree
language L we denote by yL the string language fyt j t 2 Lg and for a class of
tree languages L we denote by yL the class of string languages fyL j L 2 Lg.
A relation � � T� � T� is called a tree translation or simply translation; by y�
we denote f(s; yt) j (s; t) 2 �g. For a tree language L � T� , �(L) denotes the
set ft 2 T� j (s; t) 2 � for some s 2 Lg. For a class T of tree translations and a
class L of tree languages, T (L) denotes the class of tree languages f�(L) j � 2
T ; L 2 Lg and yT denotes fy� j � 2 T g.

2.2 Tree Substitution and Relabelings

Note that trees are particular strings and that string substitution as de�ned in
the beginning of this section is applicable to a tree to replace symbols of rank

3
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zero; we refer to this type of substitution as \�rst order tree substitution".
Let � be a ranked set and let �1; : : : ; �n be distinct elements of �, n � 1, and

for each i 2 [n] let si be a tree in T�(Yk), where k = rank�(�i). For t 2 T�, the
second order substitution of si for �i in t, denoted by t[[�1  s1; : : : ; �n  sn]]
is inductively de�ned as follows (abbreviating [[�1  s1; : : : ; �n  sn]] by [[: : :]]).
For t = �(t1; : : : ; tk) with � 2 �(k), k � 0, and t1; : : : ; tk 2 T� , (i) if � = �i
for an i 2 [n], then t[[: : :]] = si[yj  tj [[: : :]] j j 2 [k]] and (ii) otherwise t[[: : :]] =
�(t1[[: : :]]; : : : ; tk[[: : :]]). For a condition P on � and s, we use [[�  s j P ]] to
denote the substitution [[L]], where L is the list of all �  s for which condition
P holds.

A (deterministic) �nite state relabeling M is a tuple (Q;�;�; F;R), where
Q is a �nite set of states, � and � are ranked alphabets of input and output

symbols, respectively, F � Q is a set of �nal states, and R is a �nite set of rules
such that for every � 2 �(k), k � 0, and q1; : : : ; qk 2 Q, there is exactly one rule
of the form �(hq1; x1i; : : : ; hqk; xki) ! hq; �(x1; : : : ; xk)i in R, where q 2 Q and
� 2 �(k). The rules ofM are used as term rewriting rules, and the rewrite relation
induced by M (on ThQ;T�i[�) is denoted by )M . The translation realized by
M is �M = f(s; t) 2 T� � T� j s)

�
M hq; ti; q 2 Fg. The class of all translations

that can be realized by �nite state relabelings is denoted by DQRELAB.

3 Macro Tree Transducers

A macro tree transducer is a syntax-directed translation device in which the
translation of an input subtree may depend on its context. The context infor-
mation is processed by parameters. We will consider total deterministic macro
tree transducers only.

De�nition 1. A macro tree transducer (for short, MTT) is a tuple M = (Q;�;
�; q0; R), where Q is a ranked alphabet of states, � and � are ranked alphabets
of input and output symbols, respectively, q0 2 Q(0) is the initial state, and R
is a �nite set of rules ; for every q 2 Q(m) and � 2 �(k) with m; k � 0 there
is exactly one rule of the form hq; �(x1; : : : ; xk)i(y1; : : : ; ym) ! � in R, where
� 2 ThQ;Xki[�(Ym).

A rule of the form hq; �(x1; : : : ; xk)i(y1; : : : ; ym)! � is called the (q; �)-rule and
its right-hand side � is denoted by rhsM (q; �); it is also called a q-rule.

The rules of M are used as term rewriting rules and by )M we denote the
derivation relation induced by M (on ThQ;T�i[�(Y )). The translation realized

by M , denoted by �M is the total function f(s; t) 2 T� � T� j hq0; si )
�
M tg.

The class of all translations that can be realized by MTTs is denoted by MTT.
If for every � 2 �, q 2 Q(m), m � 0, and j 2 [m], yj occurs exactly once in
rhsM (q; �) (i.e., the rules of M are linear and nondeleting in Ym), then M is
simple in the parameters (for short sp; we say, M is an MTTsp). The class of all
translations that can be realized by MTTsps is denoted byMTT sp. If all states of
an MTT are of rank zero, thenM is called top-down tree transducer. The class of
translations realized by top-down tree transducers is denoted by T . For top-down

4
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tree transducers we also consider the case that for a state q and an input symbol
� there may be more than one rule of the form hq; �(x1; : : : ; xk)i ! � in R. Such a
top-down tree transducer is called nondeterministic and the corresponding class
of translations is denoted by N-T (note that this is a class of relations rather
than total functions). The class of translations realized by nondeterministic top-
down tree transducer with monadic input (i.e., each input symbol is of rank 0
or 1) is denoted by N-Tmon.

Let us now consider an example of an MTT.

Example 1. Let M = (Q;�;�; q0; R) be the MTTsp with Q = fq(2); q
(0)
0 g, � =

f�(2); a(0); b(0)g, and R consisting of the following rules.

hq0; �(x1; x2)i ! hq; x2i(hq0; x1i; hq0; x1i)
hq; �(x1; x2)i(y1; y2)! hq; x2i(�(y1; hq0; x1i); �(hq0; x1i; y2))
hq0; ai ! a
hq; ai(y1; y2) ! �(y1; y2)
hq0; bi ! b
hq; bi(y1; y2) ! �(y2; y1)

Consider the input tree t = �(a; �(b; �(b; b))). Then a derivation by M looks as
follows.

hq0; ti )M hq; �(b; �(b; b))i(hq0 ; ai; hq0; ai)
)�

M hq; �(b; �(b; b))i(a; a)
)M hq; �(b; b)i(�(a; hq0 ; bi); �(hq0; bi; a))
)�

M hq; �(b; b)i(�(a; b); �(b; a))
)�

M hq; bi(�(�(a; b); b); �(b; �(b; a)))
)M �(�(b; �(b; a)); �(�(a; b); b))

an�1

�

�

�

a2 a1

an

an�1

an�

�

a2a1

�

an�1

an�

�

a2a1

�

an�1

�

�

�

a2 a1

an

��

�

M( s)�

M

x = b j x = a

Fig. 1. Translations of M with input s for x = b and x = a

In Fig. 1 it is shown how the translations for trees of the form

s = �(a1; �(a2; : : : �(an; x) : : : ))

with a1; : : : ; an 2 �
(0) and n � 1 look like. If x = a then y�M (s) = wwr and if

x = b then y�M (s) = wrw, where w = a1 � � � an and wr denotes the reverse of w
(i.e., the string anan�1 � � � a1). Note that M is sp because both y1 and y2 appear
exactly once in the right-hand side of each q-rule of M . 2

5
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The next lemma will be used in proofs by induction on the structure of the input
tree. Let M = (Q;�;�; q0; R) be an MTT. For every q 2 Q(m) and s 2 T� let
the q-translation of s, denoted by Mq(s), be the unique tree t 2 T�(Ym) such
that hq; si(y1; : : : ; ym) )

�
M t. Note that, for s 2 T�, �M (s) = Mq0(s). The

q-translations of trees in T� can be characterized inductively as follows.

Lemma2. (cf. De�nition 3.18 of [EV85]) Let M = (Q;�;�; q0; R) be an MTT.
For every q 2 Q, � 2 �(k), k � 0, and s1; : : : ; sk 2 T�, Mq(�(s1; : : : ; sk)) =
rhsM (q; �)[[hq0; xii  Mq0(si) j hq

0; xii 2 hQ;Xki]].

4 String Languages Generated by MTT

To prove our �rst main result we need the following small lemma about second
order tree substitution. It says that if we are considering the yield of a tree to
which a second order tree substitution is applied, then inside the substitution
merely the yields of the trees that are substituted are relevant.

Lemma3. Let � be a ranked alphabet, 
1; : : : ; 
n 2 �, and t; s1; s
0
1; : : : ; sn; s

0
n 2

T�(Y ). If ysi = ys0i for every i 2 [n], then

y(t[[
1  s1; : : : ; 
n  sn]]) = y(t[[
1  s01; : : : ; 
n  s0n]]):

Lemma 3 can be proved by straightforward induction on t. We now show how
to generate by a top-down tree transducer the string language generated by an
MTTsp.

Lemma4. yMTT sp � y(DQRELAB � T ).

Proof. Let M = (Q;�;�; q0; R) be an MTTsp. We will construct a �nite state
relabeling N and a top-down tree transducer M 0 such that for every s 2 T� ,
y(�M 0(�N (s))) = y�M (s). The idea is as follows. Let q 2 Q(m) and s 2 T�. Then,
since M is sp, yMq(s) is of the form

w = w0yj1w1yj2w2 � � � yjmwm;

where j1; : : : ; jm 2 [m] are pairwise di�erent and w0; : : : ; wm 2 (�(0))�. For
a string of the form w (where the wi are arbitrary strings not containing pa-
rameters) and for 0 � � � m we denote by part�(w) the string w� . For every
w� the top-down tree transducer M 0 has a state (q; �) which computes w� . The
information on the order of the parameters, i.e., the indices j1; : : : ; jm, will be de-
termined by the �nite state relabelingN in such a way that � 2 �(k) is relabeled
by (�; (pos1; : : : ; posk)), where for each i 2 [k], posi is a mapping associating with
every q 2 Q(m) a bijection from [m] to [m]. For instance, if si equals the tree s
from above, then the � in �(s1; : : : ; si; : : : ; sk) is relabeled by (�; (pos1; : : : ; posk))
and posi(q)(�) = j� for � 2 [m]. Formally, N = (QN ; �; �;QN ; RN ), where

{ QN is the set of all mappings pos which associate with every q 2 Q(m) a
bijection pos(q) from [m] to [m]. For convenience we identify pos(q) with the
string j1 � � � jm over [m], where pos(q)(i) = ji for i 2 [m].
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{ � = f(�; (pos1; : : : ; posk))
(k) j � 2 �(k); k � 0; pos1; : : : ; posk 2 QNg.

{ For every � 2 �(k), k � 0, and pos1; : : : ; posk 2 QN let

�(hpos1; x1i; : : : ; hposk; xki)! hpos; (�; (pos1; : : : ; posk))(x1; : : : ; xk)i

be in RN , where for every q 2 Q(m), pos(q) = order(rhsM (q; �)) and for
t 2 ThQ;Xki[�(Ym), order(t) is the string over [m] de�ned recursively as

follows: if t = yj 2 Ym, then order(t) = j, if t = �(t1; : : : ; tl) with � 2 �(l),
l � 0, and t1; : : : ; tl 2 ThQ;Xki[�(Ym), then order(t) = order(t1) � � � order(tl),

and if t = hq0; xii(t1; : : : ; tl) with hq
0; xii 2 hQ;Xki

(l), l � 0, and t1; : : : ; tl 2
ThQ;Xki[�(Ym), then order(t) = order(tposi(q0)(1)) � � � order(tposi(q0)(l)).

It is straightforward to show (by induction on the structure of s) thatN is de�ned
in such a way that if �N (�(s1; : : : ; sk)) = (�; (pos1; : : : ; posk))(~s1; : : : ; ~sk), then
for every i 2 [k] and q 2 Q(m),

yMq(si) = w0yposi(q)(1)w1yposi(q)(2)w2 � � � yposi(q)(m)wm;

for some w0; : : : ; wm 2 (�(0))�. In the induction step it can be shown that
for t 2 ThQ;Xki[�(Ym), order(t) = j1 � � � jm, where j1; : : : ; jm 2 [m], yt[[: : :]] =

w0yj1w1yj2w2 � � � yjmwm for some w0; : : : ; wm 2 (�(0))�, and [[: : :]] = [[hq0; xii  
Mq0(si) j hq

0; xii 2 hQ;Xki]].
We now de�ne the top-down tree transducer M 0 = (Q0; �;�0; (q0; 0); R

0),
where

{ Q0 = f(q; �)(0) j q 2 Q(m); 0 � � � mg,
{ �0 = �(0) [ fb(2); e(0)g, where e 62 �, and
{ for every (q; �) 2 Q0, (�; (pos1; : : : ; posk)) 2 �

(k), and k � 0 let the rule

h(q; �); (�; (pos1; : : : ; posk))(x1; : : : ; xk)i ! �

be in R0, where � = combb(part�(y(�[[ ]]))), � = rhsM (q; �), and [[ ]] is the
substitution

[[hq0; xii  combb(h(q
0; 0); xiiyposi(q0)(1)h(q

0; 1); xiiyposi(q0)(2) � � �

yposi(q0)(m)h(q
0;m); xii) j hq

0; xii 2 hQ;Xki
(m)]]:

We now prove the correctness ofM 0, i.e., that for every s 2 T�, y(�M 0(�N (s))) =
y�M (s). It follows from the next claim by taking (q; �) = (q0; 0).

Claim: For every (q; �) 2 Q0 and s 2 T�, y(M
0
(q;�)(�N (s))) = part�(yMq(s)).

The proof of this claim is done by induction on the structure of s. Let
s = �(s1; : : : ; sk), � 2 �

(k), k � 0, and s1; : : : ; sk 2 T� . Then y(M
0
(q;�)(�N (s))) =

y(M 0
(q;�)((�; (pos1; : : : ; posk))(~s1; : : : ; ~sk))), where ~si = �N (si) for all i 2 [k].

This equals y(�[: : : ]), where � = rhsM 0 ((q; �); (�; (pos1; : : : ; posk))) and [: : : ] =
[h(q0; �0); xii  M 0

(q0;�0)(�N (si)) j h(q
0; �0); xii 2 hQ

0; Xki]. By the de�nition of

the rules of M 0, � = combb(part�(y(�[[ ]]))), where � = rhsM (q; �) and [[ ]] is as
above. By applying y (yield) and the induction hypothesis we get part�(y(�[[ ]]))	 ,
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where 	 is the string substitution [h(q0; �0); xii  part�0(yMq0(si)) j h(q
0; �0); xii2

hQ0; Xki]. Since 	 does not change parameters, we can move it inside the ap-
plication of part� to get part�(y(�[[ ]])	). If we move 	 inside the application
of y (yield) we get part�(y(�[[ ]]	

0)), where 	 0 denotes the �rst order tree sub-
stitution of replacing h(q0; �0); xii of rank zero by a tree with part�0(yMq0(si))
as yield. Applying 	 0 inside of [[ ]] amounts to replacing hq0; xii by a tree with
yield w = part0(yMq0(si))yposi(q0)(1) � � � partm(yMq0(si)). By the correctness of
the �nite state relabeling N , w = yMq0(si). Since, by Lemma 3, we can put
any tree with yield w in the second order substitution, taking Mq0(si) we get
part�(y(�[[: : :]])) with [[: : :]] = [[hq0; xii  Mq0(si) j hq

0; xii 2 hQ;Xki]]. By Lemma
2 this is equal to part�(yMq(s)) which ends the proof of the claim. 2

Let us look at an example of an application of the construction in the proof of
Lemma 4.

Example 2. Let M be the MTTsp of Example 1. We construct the �nite state
relabeling N and the top-down tree transducer M 0 following the construction
in the proof of Lemma 4. Let N = (QN ; �; �;QN ; RN ) be the �nite state re-
labeling with QN = fq12; q21g, q12 = f(q0; "); (q; 12)g, q21 = f(q0; "); (q; 21)g,
and � = f(�; (q12; q12))

(2); (�; (q12; q21))
(2), (�; (q21; q12))

(2), (�; (q21; q21))
(2),

(a; ())(0), (b; ())(0)g. The set RN of rules of N consists of the rules

a! hq12; (a; ())i
b! hq21; (b; ())i

�(hr; x1i; hr
0; x2i)! hr

0; (�; (r; r0))(x1; x2)i for all r; r0 2 QN :

Consider the tree t = �(a; �(b; �(b; b))) again. Then �N (t) equals

(�; (q12; q21))((a; ()); (�; (q21 ; q21))((b; ()); (�; (q21 ; q21))((b; ()); (b; ())))): (�)

We now construct the top-down tree transducerM 0. LetM 0 = (Q0; �;�0; (q0; 0);
R0) with Q0 = f(q0; 0)

(0); (q; 0)(0); (q; 1)(0); (q; 2)(0)g and �0 = �(0) [ fb(2); e(0)g.
For simplicity we write down the rules of M 0 as tree-to-string rules, i.e., we
merely show the yield of the corresponding right-hand side. Let us consider in
detail how to obtain the right-hand sides of the ((q; �); (�; (r; q21)))-rules for
0 � � � 2 and r 2 QN . Since we are only interested in the yields, we have to
consider the string v = y(rhsM (q; �)[[ ]]), where [[ ]] is de�ned as in the proof of
Lemma 4. This string equals

h(q; 0); x2ih(q0; 0); x1i| {z }
part0(v)

y2 h(q; 1); x2i| {z }
part1(v)

y1 h(q0; 0); x1ih(q; 2); x2i| {z }
part2(v)

:

Hence, for every r 2 QN and 0 � � � 2, yrhsM 0((q; �); (�; (r; q21))) = part�(v);
similarly we get yrhsM 0((q; 0); (�; (r; q12))) = h(q; 0); x2i,

yrhsM 0((q; 1); (�; (r; q12))) = h(q0; 0); x1ih(q; 1); x2ih(q0; 0); x1i,
yrhsM 0((q; 2); (�; (r; q12))) = h(q; 2); x2i.

The remaining rules are, for 0 � � � 2 and r; r0 2 QN ,

8
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h(q0; 0); (�; (r; r
0))(x1; x2)i ! h(q; 0); x2ih(q0; 0); x1ih(q; 1); x2i

h(q0; 0); x1ih(q; 2); x2i
h(q0; 0); (a; ())i ! a
h(q0; 0); (b; ())i ! b
h(q; �); (a; ())i ! "
h(q; �); (b; ())i ! "

Finally, consider the derivation by M 0 with input tree t0 = �N (t) (shown in (�)).
Denote by t0=2 the tree �N (�(b; �(b; b))) and by t0=22 the tree �N (�(b; b)). Again
we merely show the corresponding yields.

h(q0; 0); t
0i

)M 0 h(q; 0); t0=2ih(q0; 0); (a; ())ih(q; 1); t
0=2ih(q0; 0); (a; ())ih(q; 2); t

0=2i
)�

M 0 h(q; 0); t0=22ih(q0; 0); (b; ())i a h(q; 1); t
0=22i a h(q0; 0); (b; ())ih(q; 2); t

0=22i
)�

M 0 h(q; 0); (b; ())i bba h(q; 1); (b; ())i abb h(q; 2); (b; ())i
)�

M 0 bbaabb: 2

From Lemma 4 we obtain our �rst main result: MTTsps and top-down tree
transducers generate the same class of string languages if they take as input a
class of tree languages that is closed under �nite state relabelings.

Theorem5. Let L be a class of tree languages that is closed under �nite state

relabelings. Then yMTT sp(L) = yT (L).

Proof. By Lemma 4, yMTT sp(L) � yT (L) and since every top-down tree trans-
ducer is an MTTsp, yT (L) � yMTT sp(L). 2

Since the class REGT of regular tree languages is closed under �nite state rela-
belings (cf. Proposition 20.2 of [GS97]), we get yMTT sp(REGT ) = yT (REGT )
from Theorem 5. For top-down tree transducers it is known (Theorem 3.2.1 of
[ERS80] and Theorem 4.3 of [Man98b]) that T (REGT ) is equal to the class
OUT (T ) of output tree languages of top-down tree transducers (i.e., taking the
particular regular tree language T� as input). In fact, it is shown in [Man98b]
that for any class 	 of tree translations which is closed under left composi-
tion with \semi-relabelings", which are particular linear top-down tree transla-
tions, 	(REGT ) = OUT (	). Since it can be shown that MTT sp is closed under
left composition with top-down tree translations we get that yOUT (MTT sp) =
yOUT (T ), i.e., MTTsps and top-down tree transducers generate the same class
of string languages. If we consider MTTsps with monadic output alphabet, then
the class of path languages generated by them taking regular tree languages as
input is also equal to yT (REGT ) (cf. the proof of Lemma 7.6 of [EM98]). Thus,
the classes of path and string languages generated by MTTsps are equal.

We now move to our second main result. First we de�ne the operation
rubb1;:::;bn which inserts the symbols b1; : : : ; bn (\rubbish") anywhere in the
strings of the language to which it is applied. Let A be an alphabet, L � A� a
language, and b1; : : : ; bn new symbols not in A. Then rubb1;:::;bn(L) denotes the
language

fw1a1w2a2 � � �wkakwk+1 j a1 � � �ak 2 L; k � 1; w1; : : : ; wk+1 2 fb1; : : : ; bng
�g:
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The following theorem shows that if an MTT M generates rub0(L) (where
rub0 = rubb1;:::;bn for n = 1 and b1 = 0) then, due to the nondeterminism
inherent in rub0, M cannot make use of its copying facility.

Theorem6. Let L be a class of tree languages which is closed under �nite state

relabelings and under intersection with regular tree languages, and let L � A�.

If rub0(L) 2 yMTT (L) then L 2 yMTT sp(L).

Proof. Let M = (Q;�;�; q0; R) be an MTT and K 2 L such that y�M (K) =
rub0(L) and �(0) = A [ f0g. By Lemma 6.6 of [EM98] we may assume that M
is nondeleting, i.e., for every q 2 Q(m) and j 2 [m], yj appears at least once in
the right-hand side of each q-rule. Consider a string of the form

a10
n1a20

n2 � � �al0
nlal+1

with l � 0, a1; : : : ; al+1 2 A, and all n1; : : : ; nl � 0 pairwise di�erent. We call
such a string �-string. Clearly, it is su�cient to consider only �-strings in order to
generate a tree language R with yR = L (if we can construct an MTTsp which
generates as yield language at least all �-strings in rub0(L), then by deletion
of 0s we obtain an MTTsp which generates L as yield language). Consider the
right-hand side of a rule of M in which some parameter yj occurs more than
once. If, during the derivation of a tree which has as yield a �-string, this rule
was applied, then the tree which is substituted for yj in this derivation contains
at most one symbol in A. Because otherwise, due to copying, the resulting string
would not be a �-string. Hence, when deriving a �-string, a rule which contains
multiple occurrences of a parameter yj is only applicable if the yield of the tree
being substituted for yj contains at most one symbol in A. Based on this fact we
can construct the MTTsp M 0 which generates L. The information whether the
yield of the tree which will be substituted for a certain parameter contains none,
one, or more than one occurrences of a symbol in A is determined by relabeling
the input tree. Then this information is kept in the states of M 0. More precisely,
we will de�ne a �nite state relabeling N which relabels � 2 �(k) in the tree
�(s1; : : : ; sk) by (�; (�1; : : : ; �k)), where for every i 2 [k] and q 2 Q,

�i(q) =

8<
:
e if yMq(si) contains no symbol in A
a if yMq(si) = waw0 with w;w0 2 (Y [ f0g)�

dd otherwise,

where a 2 A and d is an arbitrary symbol in A. Before we de�ne N , let us de�ne
an auxiliary notion. For w 2 (�(0) [ Y )� let oc(w) be de�ned as follows. If w 2
(Y [ f0g)�, then oc(w) = e; if w = w1aw2 with a 2 A and w1; w2 2 (Y [ f0g)�,
then oc(w) = a; and otherwise oc(w) = dd.

Let N = (QN ; �; �;QN ; RN ) be the �nite state relabeling with

{ QN = f� j � : Q! (fe; ddg [A)g,

{ � = f(�; (�1; : : : ; �k))
(k) j � 2 �(k); k � 0; �1; : : : ; �k 2 QNg, and
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{ RN containing for every �1; : : : ; �k 2 QN and � 2 �(k) with k � 0 the rule

�(h�1; x1i; : : : ; h�k ; xki)! h�; (�; (�1 ; : : : ; �k))(x1; : : : ; xk)i;

where for every q 2 Q, �(q) = oc(y(rhsM (q; �)�)) and � denotes the second
order substitution (where b is an arbitrary binary symbol)

[[hq0; xii  combb(�i(q
0)y1 � � � ym) j hq

0; xii 2 hQ;Xki
(m);m � 0]]:

It should be clear that N realizes the relabeling as described above.
We now de�ne M 0 = (Q0; �;�0; q00; R

0) to be the MTT with

{ Q0 = f(q; ') j q 2 Q(m);m � 0; ' : [m] ! (fe; ddg [ A)g, where the rank of
(q; ') with q 2 Q(m) is jfj 2 [m] j '(j) = ddgj,

{ �0 = (� � f0g) [ fb(2); dummy(2); e(0)g, where b, dummy, and e are not in
�,

{ q00 = (q0;?), and

{ R0 consisting of the following rules. For every (q; ') 2 Q0(n) and (�; (�1; : : : ;
�k)) 2 �

(k) with n; k � 0 and q 2 Q(m) let

h(q; '); (�; (�1 ; : : : ; �k))(x1; : : : ; xk)i(y1; : : : ; yn)! �

be in R0, where � = combdummy(y1 � � � yn) if there is a j 2 [m] such that
'(j) = dd and yj occurs more than once in t = rhsM (q; �) and otherwise �
is obtained from t by the following replacements:

1. Replace each subtree hq0; xii(t1; : : : ; tl) with hq0; xii 2 hQ;Xki
(l), l �

0, and t1; : : : ; tl 2 ThQ;Xki[�(Ym), by the tree h(q0; '0); xii(tj1 ; : : : ; tjl0 ),

where fj1; : : : ; jl0g = '0
�1
(dd) with j1 < � � � < jl0 and for every j 2 [l],

'0(j) = oc(y(tj�	)) with � de�ned as above, and

	 = [y�  '(�) j � 2 [m]]:

2. For j 2 [m], replace yj by '(j) if '(j) 6= dd, and otherwise replace it by
y� with � = jf� j � < j and '(�) = ddgj+ 1.

3. Replace each occurrence of 0 by e.

Obviously M 0 is sp. If we now consider the yields of all trees in �M 0(�N (K))
which do not contain a dummy symbol, then we obtain L. By Theorem 7.4(1) of
[EV85] R = ��1

M 0 (T�0�fdummyg) is a regular tree language. HenceK
0 = �N (K)\R

is in L and L = �M 0 (K 0) is in yMTT sp(L). 2

Note that Theorems 5 and 6 can be applied to L = REGT . Due to the next
lemma they can also be applied to L =MTT n(REGT ) for n � 1.

Lemma7. Let L be a class of tree languages. If L is closed under �nite state

relabelings, then so is MTT (L).
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Proof. Let M = (Q;�;�; q0; R) be an MTT and let N = (QN ; �; �; F;RN ) be
a �nite state relabeling. We now sketch how to construct a �nite state relabeling
N 0 and an MTT M 0 such that for every s 2 T� , �M 0(�N 0(s)) = �N (�M (s)).
The idea is similar to the proof of Theorem 6. The relabeling N 0 replaces the
symbol � in �(s1; : : : ; sk) 2 T� by (�; (�1; : : : ; �k)), where each �i associates with
every q 2 Q(m) a mapping of type Qm

N ! QN such that for p1; : : : ; pm 2 QN ,

�i(q)(p1; : : : ; pm) = p if Mq(si) )
�
N̂
hp; ~si, where N̂ is the extension of N to

� [ YM by rules yj ! hpj ; yji. Thus, if we know in which states p1; : : : ; pm the
relabeling N arrives after processing the trees which will be substituted for the
parameters y1; : : : ; ym, respectively, then �i(q)(p1; : : : ; pk) is the state in which
N arrives after processing the part of the output tree of M that corresponds to
Mq(si). The information on p1; : : : ; pk is encoded into the states ofM 0; i.e., each
state of M 0 is of the form (q; '), where q 2 Q(m), ' : [m]! QN , and '(j) is the
state in QN in which N arrives after processing the tree which is substituted for
yj in a derivation by M . Together we have su�cient information to \run" N on
the right-hand side of M to obtain the corresponding rules of M 0. 2

In the next lemma we will show that the n-fold application of rub0 can be
simulated by a single application of rub0;1; i.e., if we know that rub0;1(L) 2
yMTT (L), then this means that also rubn0 (L) for any n � 2 is in yMTT (L).
Note that rubn0 (L) = rubb1;:::;bn(L), where b1; : : : ; bn are new symbols not in L.

Lemma8. Let L be a class of tree languages which is closed under �nite state

relabelings. If rub0;1(L) 2 yMTT (L) then for every n � 2, rubb1;:::;bn(L) 2
yMTT (L).

Proof. It is straightforward to construct an MTT Myield which translates every
input tree into its yield, represented as a monadic tree (e.g., �(a; b) is translated

into a(b̂)). In fact in Example 1(6, yield) of [BE98] it is shown that this tree
translation can be de�ned in monadic second order logic (MSO). By Theorem
7.1 of [EM98] the MSO de�nable tree translations are precisely those realized
by �nite copying macro tree transducers. We will now de�ne a top-down tree
transducer Mn which translates a monadic tree over the ranked alphabet � =
f0(1); 1(1); 0̂(0); 1̂(0)g into a tree with yield in fb1; : : : ; bng

�. This is done as follows.
We use a Hu�man code to represent each bi by a string over f0; 1g; more precisely,
the string 0i1 represents bi+1 for every 0 � i � n � 1. Mn has states 1; : : : ; n
and, starting in state 1, it arrives in state i after processing i � 1 consecutive
0s. In state i, Mn outputs bi (in the yield) if it processes a 1 and moves back to
state 1.

Let n � 2 and de�ne Mn = ([n]; �; �; 1; R) to be the top-down tree trans-

ducer with � = f
(2); b
(0)
1 ; : : : ; b

(0)
n g and R as follows.

h�; 1(x1)i ! 
(b� ; h1; x1i) for � 2 [n]
h�; 0(x1)i ! h� + 1; x1i for � 2 [n� 1]
hn; 0(x1)i ! 
(bn; h1; x1i)

h�; 1̂i ! e for � 2 [n]

h�; 0̂i ! e for � 2 [n]
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Clearly, y�Mn
(T�) = fb1; : : : ; bng

� and hence if yL = f0; 1g� then

y�Mn
(�Myield

(L)) = fb1; : : : ; bng
�:

Let � be a ranked alphabet. If we change Mn to have as input ranked al-
phabet �0 = � [ f�(1) j � 2 �(0)g [ f�̂(0) j � 2 �(0)g, as output alphabet
� 0 = � [�(0), and for every � 2 [n] the additional rules h�; �(x1)i ! 
(�; h1; x1i)

and h�; �̂i ! �, then for every tree language K over � with yK = rub0;1(L),
y�Mn

(�Myield
(K)) = rubb1;:::;bn(L).

We can now compose �Myield
with �Mn

to obtain again a �nite copying MTT
which realizes �Myield

��Mn
. This follows from the fact that MSO de�nable trans-

lations are closed under composition (cf. Proposition 2 of [BE98]) and that Mn

is �nite copying (it is even linear, i.e., 1-copying).
In Corollary 7.9 of [EM98] it is shown that �nite copying MTTs with regular

look-ahead have the same string generating power as �nite copying top-down tree
transducers with regular look-ahead. Hence, there is a �nite copying top-down
tree transducer with regular look-aheadM 00 such that y�M 00(K) = rubb1;:::;bn(L)
if yK = rub0;1(L). Since regular look-ahead can be simulated by a relabeling (see
Proposition 18.1 in [GS97]) we get that rubb1;:::;bn(L) 2 yT (DQRELAB(MTT (
L))) and, by Lemma 7 and the closure of MTT under right composition with T
(Theorem 4.12 of [EV85]), this means that rubb1;:::;bn(L) is in yMTT (L). 2

The proof of Lemma 8 in fact shows that yMTT (L) is closed under deterministic
generalized sequential machine (GSM) mappings. For the case of nondeterminis-
tic MTTs it is shown in Theorem 6.3 of [DE98] that the class of string languages
generated by them is closed under nondeterministic GSM mappings.

We are now ready to prove that there is a string language which can be
generated by a nondeterministic top-down tree transducer with monadic input
but not by the composition closure of MTTs.

Theorem9. yN-Tmon(REGT )�
S
n�0 yMTTn(REGT ) 6= ?.

Proof. Let n � 1. Since MTT n(REGT ) is closed (i) under intersection with
REGT (follows trivially from the fact that REGT is preserved by the inverse
of MTT n, cf. Theorem 7.4(1) in [EV85]) and (ii) under �nite state relabelings
(Lemma 7), we can apply Theorem 6 to L = MTT n(REGT ). We obtain that
rubb1;:::;bn(L) 2 yMTTn(REGT ) implies rubb1;:::;bn�1

(L) 2 yMTT sp(MTT n�1(
REGT )). By Theorem 5 the latter class equals yT (MTTn�1(REGT )) and since
MTT �T =MTT (Theorem 4.12 of [EV85]), it equals yMTTn�1(REGT ). Hence,
by induction, L 2 yT (REGT ).

Let us now consider the concrete language Lexp = fa2
n

j n � 0g. By the
above we know that if rubb1;:::;bn(L) 2 yMTTn(REGT ), then L 2 yT (REGT ).
Hence for L = rubb(Lexp) we get that rubb1;:::;bn(L) 2 yMTTn(REGT ) implies
rubb(Lexp) 2 yT (REGT ). But by Corollary 3.2.16 of [ERS80] it is known that
rubb(Lexp) is not in yT (REGT ) (the proof uses a bridge theorem which would
imply that Lexp can be generated by a �nite copying top-down tree transducer;

13
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but the languages generated by such transducers have the \Parikh property"
and hence cannot be of exponential growth).

Altogether we get that rubb1;:::;bn;b(Lexp) is not in yMTTn(REGT ). By
Lemma 8 this means that rub0;1(Lexp) 62 yMTTn(REGT ). It is easy to show
that rub0;1(Lexp) can be generated by a nondeterministic top-down tree trans-
ducer with monadic input; in fact, in Corollary 3.2.16 of [ERS80] it is shown
that this language can be generated by an ET0L system. The class of languages
generated by ET0L systems is precisely the class of string languages generated
by nondeterministic top-down tree transducers with monadic input [Eng76]. 2

Note that the last statement in the proof of Theorem 9 implies that ET0L �S
n�0 yMTTn(REGT ) 6= ?, where ET0L is the class of languages generated

by ET0L systems. It is known that the IO-hierarchy
S
n�0 yYIELD

n(REGT ) is
inside

S
n�0 yMTTn(REGT ) (this follows, e.g., from Corollary 4.13 of [EV85]).

From Theorem 9 we obtain the following corollary.

Corollary 10. rub0;1(Lexp) is not in the IO-hierarchy.

5 Conclusions and Further Research Topics

In this paper we have proved that macro tree transducers which are simple in
the parameters generate the same class of string languages as top-down tree
transducers. Furthermore we have shown that there is a string language which
can be generated by a nondeterministic top-down tree transducer with a regular
monadic input language but not by the composition closure of MTT.

��

QQ
�� QQ

��
yOUT (T )

yOUT (N-T)

yOUT (ATT)

yOUT(MTT )

yOUT(ATT 2)

yOUT(MTT 2)
: : :

Fig. 2. Inclusion diagram for classes of string languages generated by tree transducers

Let us now consider another type of tree transducer: the attributed tree
transducer (ATT) [F�ul81]. Since the class ATT of translations realized by ATTs
is a proper subclass of MTT it follows that rub0;1(Lexp) is not in the class
yOUT (ATT ) of string languages generated by ATTs. Since nondeterministic
top-down tree transducers with monadic input equal cooperating regular tree
grammars [FM98] and attributed tree transducers have the same term generat-
ing power as context-free hypergraph grammars, it follows that there is a tree
language which can be generated by a cooperating regular tree grammar but not
by a context-free hypergraph grammar. This remained open in [Man98a].

It is known that the class of string languages generated by top-down tree
transducers is properly contained in that generated by ATTs (see, e.g., [Eng86]).
Together with Theorem 9 this means that the two leftmost inclusions in Fig. 2
are proper (inclusions are edges going from left to right). However, it is open
whether the other inclusions in Fig. 2 are proper. For instance, we do not know

14
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whether there is a language which can be generated by an MTT but not by
an ATT. Note that for the corresponding classes of tree languages we know the
answer: the language f
2

n

(�) j n � 0g of monadic trees of exponential height
can be generated by an MTT but not by an ATT (cf. Example 6.1 in [Man98b]).

Acknowledgement I wish to thank Joost Engelfriet for helpful discussions.
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Matching Speci�cations for Message Sequence

Charts

Anca Muscholl

Institut f�ur Informatik, Universit�at Stuttgart,
Breitwiesenstr. 20-22, 70565 Stuttgart, Germany

Abstract. Message sequence charts (MSC) are widely used in the early
design of communication protocols. They allow describing the commu-
nication skeleton of a system. We consider a basic veri�cation task for
hierarchical MSCs, the matching problem via MSC templates. We char-
acterize the complexity of checking properties which are expressible by
and-or templates, resp. by LTL formulas. Both problems are shown to
be PSPACE-complete.

1 Introduction

Message sequence charts (MSC) are an ITU-standardized notation which is
widely used for the early design of communication protocols. They describe in a
graphical way how message passing is supposed to be performed between con-
current processes. Although MSCs do not contain the full information that is
needed for implementing the described protocols, they can be used for various
analysis purposes. For example, one can use MSCs to detect mistakes in the
design, like race conditions [1] or non-local choice [2]. Some tools for performing
basic veri�cation tasks have been developed, [1, 3].

The problem considered in this paper is to verify certain properties of MSC
graphs (hierarchical MSCs) by means of template (MSC) graphs. Matching a
template graph with a system graph means that a speci�c set of executions in
the template is required to occur in an execution of the system, such that the
causal order of events is preserved. The occurrence of executions is meant as an
embedding, i.e. it allows gaps. (Actually, determining the existence of an exact
mapping is easily seen to be undecidable, [7]). Two semantics have been already
considered for template graphs, or-graphs resp. and-graphs, [7].

Here we focuss on speci�cations (templates) given as and-or MSC graphs,
which can be seen as alternating transition systems with an associated causal
order related to Mazurkiewicz traces, [5]. Like alternating automata on !-words
[10], it is more convenient to translate speci�cations into and-or MSC graphs
than just or-graphs. The matching problem for and-or template graphs is shown
to be PSPACE-complete. However, our proof shows somewhat surprisingly that
and-or templates are not more expressive than or-templates (or and-templates).
And-or MSC templates just provide a more succinct representation of speci�ca-
tions. They express properties given by shu�e ideals (of �nite sets) and liveness

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 273-287, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



conditions. We also consider the problem of specifying templates by LTL for-
mulas, that is by matching the causal orders of sequences which satisfy a given
formula. For this semantics we show that deciding the existence of a matching
is PSPACE-complete, too. The paper is organized as follows: Sect. 2 gives basic
notions and de�nitions, in Sect. 3 we consider the and-or matching problem, and
Sect. 4 deals with the matching problem for LTL speci�cations.

2 Preliminaries

De�nition 1 (MSC). A message sequence chart M = (E ; <;P ; L; T ) is given
by a poset (E ; <) of events, a set P of processes, a mapping L : E ! P that
associates each event with a process, and a mapping T : E ! fs; rg that describes
the type of each event (send or receive).

The partial order < is called the visual order of events and it is obtained from
the syntactical representation of the chart (e.g. represented according to the
standard syntax ITU-Z 120). The visual order is induced by an acyclic relation
<c [ (

S
P2P <P ) that is explained in the following. First, there is a one-to-one

correspondence between send events, E \T�1(s), and receive events, E \T�1(r).
Let M denote the graph of this correspondence, i.e. the set of messages. Then
we have e <c f for every message (e; f) 2 M (message ordering). Secondly, for
every process P 2 P the set E \ L�1(P ) is totally ordered by <P (process line
ordering).

In general, the visual order provides more ordering than intended by the
designer. Therefore every chart has an associated causal structure providing
the intended ordering [1]. Causal structures are related to pomsets [9], event
structures [8], and Mazurkiewicz traces [4]. A causal structure is obtained from a
chart by means of a given semantics, which depends on the system architecture.
Formally, the causal structure of a chartM = (E ; <;P ; L; T ) is given as tr(M) =
(E ;�;P ; L; T ), where the only di�erence between M and tr(M) is the poset
(E ;�), with � denoting the causal order. The partial order � is generated by
a so-called precedence relation ��, which depends on the implementation. The
meaning is that for any two events e and f , we have e��f if and only if event e
must terminate before event f starts.

As the semantics used throughout the paper, we de�ne the precedence rela-
tion for an architecture with �fo queues. This means that every one-directional
communication between two processes is done through a �fo channel. For this
architecture we �rst impose the following constraint on the visual order: For any
messages (e; f); (e0; f 0) 2 M with e <P e0 and L(f) = L(f 0) = P 0 for some
P; P 0 2 P we require that f <P 0 f 0. Let e; f 2 E be two events. Then e��f for
the �fo semantics if one of the following holds:

1. A send preceded by some event on the same process:

T (f) = s ^ e <P f for some process P :

2. Message ordering: e <c f .
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3. Messages ordered by the �fo queue:

T (e) = T (f) = r ^ e <P f for some process P ^

9e0; f 0 (e0 <c e ^ f 0 <c f ^ e0 <P 0 f 0 for some process P 0) :

Slightly abusing the notation, we identify tr(M) with the set of all lineariza-
tions of the causal order of tr(M). We also write tr(�) for a sequence � 2 E1

and mean by that the set of all linearizations of the causal order associated with
�.

Given two charts Mi = (Ei; <i;P ; Li; Ti) over the same set of processes we

de�ne their product as the chart M1M2 = (E1
�
[ E2; <;P ; L1

�
[ L2; T1

�
[ T2),

where <=<1 [ <2 [
S
P2P(E1 \ L�1(P ))� (E2 \ L

�1(P )).

De�nition 2 (MSC graph). An MSC graph N = (S; �; s0; c;P) is given as a
�nite, directed graph (S; �; s0) with state set S, transition relation � � S � S,
source state s0 2 S, together with a mapping c associating each state s with a
�nite chart c(s) over the process set P.

Let � = s1; s2; : : : be a (possibly in�nite) path in N , i.e. (si; si+1) 2 � for
every i. The chart de�ned by � is given as c(�) = c(s1)c(s2) : : : . We denote by
tr(�) the causal structure associated with c(�), resp. by �� the associated causal
order.

A maximal path of N is a path in the graph which starts with the source state
and is either in�nite or it ends in a sink state.

In order to simplify the presentation we assume that in an MSC graph N
every state s 2 S is associated with a single event. This is no restriction, due
to the following observation: If � = �1 � � ��k denotes any topological sorting of
the visual order of a chart M , then tr(�) = tr(M). Let M = c(s) for a state

s 2 S. We can replace s by a sequence of states s = s0
�1! s1

�2! � � � sk and add
transitions from sk to all successors of s.

De�nition 3 (Matching). Under a given semantics, a template M with the
causal structure tr(M) = (EM ;�M ; LM ; TM ;PM ) matches an MSC N with the
causal structure tr(N) = (EN ;�N ; LN ; TN ;PN) if and only if PM � PN and
there exists an injective mapping (called embedding) h : EM ! EN such that

{ for each e 2 EM , we have LN (h(e)) = LM (e) and TN (h(e)) = TM (e) (pre-
serving processes and types), and

{ if e1 �M e2 then h(e1) �N h(e2) (preserving the causal order).

A path �1 in a graph M matches a path �2 in a graph N if the chart c(�1) matches
the chart c(�2).

Under the �fo semantics it su�ces to consider only the type and the location
of events. Let P = fP1; : : : ; Pmg be the set of processes and let E = fsij ; rij j
1 � i 6= j � mg. The set E consists of abstract events and is related to any set of
events E by means of a mapping ev : E ! E. Consider a message (e; f) 2M with

275Matching Specifications for Message Sequence Charts    



L(e) = Pi, L(f) = Pj . Then we let ev(e) = sij and ev(f) = rij . Let � be a path
in an MSC graph, then msg(�) � E denotes the set fev(e) j e occurs in c(�)g.
The mapping ev extends to a homomorphism ev : E1 ! E1. Assume that � is
a topological sorting of c(�). Let ev(�) 2 E1 = E� [ E! denote the (�nite or
in�nite) sequence of abstract events ev(�).

For the remaining of the paper we will refer to the elements of E simply
as events. All notions introduced so far, e.g. precedence rules, causal order,
matchings, can be transferred to the events in E.

3 And-Or MSC Graphs

An and-or MSC graph M = (S; �; s0; c;S^;S_;P) is given as an MSC graph
where the set of states is partitioned in two sets, the set of and-states S^ and
the set of or-states S_.

De�nition 4 (And-or MSC graphs). Let M = (S; �; s0; c;S^;S_;P) be an
and-or MSC graph. A run R of M is a tree R = (X;!; x0; `; ev) with root x0
and nodes labelled by states, ` : X ! S, such that:

1. x! y in R implies that (`(x); `(y)) 2 � .

2. Every node x 2 X with `(x) = s 2 S_ has one successor in R, if fs0 j
�(s; s0)g 6= ;, otherwise it has no successor.

3. Every node x 2 X with `(x) = s 2 S^ has exactly k successors in R, all
labelled di�erently, where k = jfs0 j �(s; s0)gj.

Moreover, ev : X ! E labels each node x by the event ev(e), where e = c(`(x)).

A run R is called maximal if all leaves are labelled by states without any
successors in M and the root is labelled by the source state.

An and-or MSC graph is an example for alternating transition systems. It
can be used for specifying scenarios between a component of a system and the
environment. Here, the moves of the environment are modelled as usually as
universal moves, i.e. the component is required to meet its speci�cation no matter
how the environment behaves. Consider for example the and-or graph in Fig. 1,
where stateN1 is an and-state and N2; N3 are or-states. For simplicity, the states
are labelled by messages, not by single events. The MSC graph expresses that
there are in�nitely many connections requested by P2 (from P1), and all of them
are either successful or P2 gets into an in�nite loop requesting a connection.
Moreover, each time when process P2 requests a connection, it expects (several)
data transmissions from P3.

De�nition 5 (And-or matching). Given a template M as an and-or MSC
graph and a system N as an MSC graph. We say that the template matches the
system if there is some maximal run R of M and a maximal path � of N such
that every path in R matches �.
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P1 P2

P1 P2 P2 P3

connect-req

connect data

N1

N2

N3

s1r1

s2 r2 s3r3

Fig. 1. An and-or MSC graph.

Consider again the and-or template graph M of the above example. In every
maximal run ofM the and-nodeN1 occurs in�nitely often. Therefore, a maximal
run of M matches an MSC N only if N contains in�nitely many events of the
same type as s1, r1. This holds also for s2; r2, since every maximal run of M
includes paths Nk

1N2 for every k, and we have r1��s2��r2. The situation di�ers
for node N3. We might have a maximal run where N3 occurs on every path just
once, before N2. But we do not have any events e in N1, f in N3 such that
e��f . Hence, s3 for example can be mapped for each occurrence of the node N3

in the run of M to the same event in the MSC N . (The speci�cation given by
M is in some sense incomplete, it does not correspond to the intuition given
above). Moreover, the combination between states occurring in�nitely often and
dependency between events makes matching for and-or templates to a quite
complex task.

3.1 The Complexity of And-Or Matching

Our main result is that matching and-or template graphs is PSPACE-complete.
Thus, and-or matching appears to be computationally more di�cult than match-
ing or-templates, resp. and-templates. The latter problems have been shown to
be NP-complete, [7].

The next proposition gives the lower bound for the and-or matching problem.
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Proposition 1. The problem whether an and-or template graph matches a sys-
tem graph is PSPACE-hard.

Proof. We give a reduction from TQBF, i.e. the question whether a quanti�ed
Boolean formula is true or not. Suppose that Q0x0 � � �Qlxl F (x0; : : : ; xl) is in
prenex normal form, with Qi 2 f9;8g and F a quanti�er-free formula in 3-CNF.
That is, F = C1 ^ � � � ^ Cm, with Cj denoting disjunctions of at most three
literals. For simplifying notations, the graphs M , N described below are such
that states are labelled by charts (instead of events). Recall that this can be
easily translated to a labelling by events.

Let the set of processes be P = fPi; P 0
i ; Ri; R

0
i j 0 � i � lg. Let also pi

(resp. p0i) denote a message from Pi to P 0
i (resp. from P 0

i to Pi). Analogously,
let ni resp. n

0
i denote a message from Ri to R

0
i, resp. from R0

i to Ri. The system
graph N (see also Fig. 2) is the single MSC p01p1n

0
1n1 � � � p

0
lpln

0
lnl. Note that the

events e with L(e) 2 fPi; P
0
ig are totally ordered in the causal order. Similarly,

all events e with L(e) 2 fRi; R
0
ig are totally ordered.

Pi P 0

i
Ri R0

i

p0

i
n0

i

pi ni

Fig. 2. The system graph.

The template graph M = (S; �; s0; c;S_;S^) is given by the vertex set

S = fsi; s
+
i ; s

�
i j 0 � i � lg [ fti; ti;1; ti;2; ti;3 j 1 � i � mg [ ftg ;

and the transition relation � � S � S:

� = f(si; s
+
i ); (si; s

�
i ); (s

+
j ; sj+1); (s

�
j ; sj+1) j 0 � i; j � l; j 6= lg [

f(s+l ; t); (s
�
l ; t)g [ f(t; ti) j 1 � i � mg [ f(ti; ti;1); (ti; ti;2); (ti; ti;3) j 1 � i � mg

For s 2 S we de�ne s 2 S^ if and only if either s = si and Qi = 8, or s = t.
That is, the nodes si, 0 � i < l, are of type corresponding to the quanti�er
Qi. Moreover, the node t is an and-node corresponding to the conjunction of
the clauses. All remaining nodes are or-nodes. The states s+i ; s

�
i are labelled by

single messages (see also Fig. 3):

c(s) =

�
pi for s = s+i ; 0 � i � l
ni for s = s�i ; 0 � i � l
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Let Cj = xj;1 _ xj;2 _ xj;3 be a clause. If xj;1 = xk is a positive literal then let
c(tj;1) = n0k. For a negative literal xj;1 = �xk we let c(tj;1) = p0k. The de�nition
of c(tj;2); c(tj;3) is similar, depending on xj;2 resp. xj;3. For example, in Fig. 3
we represented the clause x1 _ �x2 _ x3. All remaining states are labelled by ;.

: : :

...

...

p0

n0

pl

nl

(Q0) (Ql) (8) (9)

n0

1

p0

2

n0

3

Fig. 3. The template graph.

There is a natural bijection between the assignments � : fx1; : : : ; xng !
ft; fg for F and the paths from s0 to t in M . Formally, if s+i belongs to a path
then xi is assigned the value t, whereas if s�i belongs to a path, then xi is
assigned the value f . It is not di�cult to verify that a run R of M matches the
system chart N if and only if every path in R from s0 to t de�nes an accepting
assignment for F . Hereby, we choose for every clause a leaf corresponding to a
true literal. The (easy) proof is left to the reader.

3.2 Matching and-or templates in PSPACE

Showing the lower bound for the and-or matching problem was quite straight-
forward, which is not the case with the upper bound. Actually, it is a priori not
clear why it would be possible to restrict the and-or matching problem to a �nite
instance of matching. The aim of the next propositions is to give a decomposi-
tion of maximal runs in an and-or template graph in two parts. The �rst part is
a polynomially bounded tree, all paths of which have to be matched against a
�nite path in the system. The remaining part is the so-called recurrent part, for
which only (abstract) events have to be recorded, all of which have to occur in
a loop of the system graph.

Let x = x1; : : : ; xk = y be a path in a run R = (X;!; x0; `; ev). We write
x � y whenever the event ev(x) precedes causally the event ev(y) in the sequence
ev(x1) � � � ev(xk). Let y#= fx 2 X j x � yg.
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De�nition 6. Let R = (X;!; x0; `; ev) be a run in an and-or MSC graph M .
Let Xe = fx 2 X j ev(x) = eg. We de�ne a set of events E�n(R) � E as

E�n(R) = fe 2 E j maxfjx# j j x 2 Xeg <1g :

By X�n(R) � X we denote the subset of vertices X�n(R) = fx #j ev(x) 2
E�n(R)g.

Intuitively, E�n(R) � E contains all events which require an exact match-
ing for the corresponding nodes x (resp. paths from x #), i.e. for nodes x with
ev(x) 2 E�n(R). Equivalently, for nodes x with events from E nE�n(R) the only
information needed is ev(x) 2 E. Consider again the and-or template of Fig. 1.
We have E�n(R) � fs32; r32g for every maximal run R of M . Put it another way,
s21 =2 E�n(R), since N1 has to repeat in�nitely often on some path of the run.
Moreover, s12 =2 E�n(R) since every maximal run includes paths Nk

1N2 for every
k and r1��s2. The situation di�ers for node N3. We might have a maximal run
where N3 occurs on every path just once, before N2. Since there is no depen-
dence from N1 to N3 all events e with ev(e) = s32 can be mapped to the same
event on the system path (similarly for ev(e) = r32). Thus, node N2 represents
the bounded part, which has to be matched exactly against the system.

Notations: Let M = (S; �; s0; c;S^;S_) be an and-or graph and consider a
run R = (X;!; x0; `; ev). Let � = (x1; x2; : : : ) be a sequence of vertices from X ,
then `(�) denotes the sequence of states (`(x1); `(x2); : : : ) 2 S1. For x 2 X we
denote by Rx the subtree of R with root x and by �(x) the path (x0; : : : ; xk)
from x0 to x = xk. By ��n(x) we denote the subsequence (xi1 ; : : : ; xil) of �(x)
containing exactly the vertices from X�n(R). (I.e. we have xj 2 X�n(R) if and
only if j = im for some m.) More generally, for a (�nite or in�nite) path � in R
we denote by ��n(�) the subsequence of vertices of � belonging to X�n(R).

Remark 1. Note that for any path � in R the subsequence ��n(�) is �nite. More-
over, there exists a sequence of events � 2 (E n E�n(R))

1 such that ev(�) and
ev(��n(�))� de�ne the same causal structure, i.e. tr(ev(�)) = tr(ev(��n(�))�).

Lemma 1. Let M be an and-or template graph and consider a run R0 of M .
Let e 2 E�n(R

0). Then there exists a run R = (X;!; x0; `; ev) of M satisfying
the following conditions:

1. Every path of R is a subpath of some path in R0.

2. Let x; y; z 2 X be such that x 2 Xe and y; z 2 x#. Then `(y) = `(z) implies
y = z.

3. We have E�n(R
0) � E�n(R). Moreover, if R0 is maximal, then R is maximal,

too.

The previous lemma says that it su�ces to consider maximal runs R where
for every path � the subsequence ��n(�) has length at most jSj, with S denoting
the set of states of M .
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Lemma 2. Let M be an MSC and let � be a loop in an MSC graph such that
msg(M) � msg(�). Then M matches �!.

Lemma 3. Let R be a run in an and-or template graph M and let N be a system
graph. Then R matches N if and only if R matches some path in N of the form
�0�

!
1 , where �0 is a �nite path and �1 is a (possibly empty) loop.

Lemma 4. Let R = (X;!; x0; `; ev) be a run in an and-or template graph M
and let � = �0�

!
1 be a path in a system graph N such that R matches �. Then

we have

1. (E nE�n(R)) � msg(�1)

2. Every path � in R is such that ��n(�) matches �0�
jSj
1 .

The proposition below says that it is su�cient to consider maximal runs R
such that any two vertices x; y 2 X�n(R) which are such that the subpaths ��n(x)
and ��n(y) have the same sequence of state labels also have equal subtrees. We
assume in the following w.l.o.g. that the source state of the template has no
incoming edges, thus the root x0 of a run R belongs to X�n(R).

Proposition 2. Let M be an and-or template graph and consider a run R of
M . Then a run R0 = (X;!; x0; `; ev) of M exists such that:

1. For all vertices x; y 2 X�n(R
0) with `(��n(x)) = `(��n(y)) we have R

0
x = R0

y.
2. For every path �0 in R0, the causal structure tr(��n(�

0)) is equal to tr(��n(�)),
for some path � in R.

3. If R satis�es Lemma 1, then R0 satis�es Lemma 1, too. Moreover, if R is
maximal, then R0 is also maximal and we have �nally E�n(R) � E�n(R

0).

Proof. Consider a maximal run R satisfying Lem. 1. We assume that R does
not satisfy the �rst condition of the statement and we consider two vertices
x; y from X�n(R) with `(��n(x)) = `(��n(y)), but Rx 6= Ry. Clearly, x; y are
incomparable w.r.t. the successor relation in R, since they are labelled by the
same state. We claim that the run R0 obtained from R by replacing Ry by a
copy of Rx satis�es Conds. (2) and (3) of the statement. To see this, note that
for every maximal path �0 in R0 containing y there is a corresponding maximal
path � in R containing x such that `(��n(�)) = `(��n(�

0)) (here ��n is meant
w.r.t. R.) Moreover, the nodes in � n��n(�) (resp. in �

0 n��n(�
0)) are labelled by

events from E nE�n(R).
For subtrees R0 of R we de�ne m(R0) as

m(R0) = maxfj��n(�)j j � is a path in R0g :

Note that m(R0) is de�ned w.r.t. R, i.e. ��n(�) is given by R. We show below
by induction on m(R0) how to obtain a run R̂ satisfying the requirement of the
proposition with regard to X�n(R). This means that any two vertices x; y of R̂
with `(��n(x)) = `(��n(y)) will have equal subtrees. However, we will obtain
E�n(R) � E�n(R̂). If E�n(R) = E�n(R̂) then we are done, since in this case
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��n(�) as given by R is the same as ��n(�) as given by R̂. Otherwise we repeat
the construction with R̂. After at most jEj steps we obtain the desired run.

For de�ning R̂ we consider all vertices x 2 X�n(R) at depth 1, i.e. ��n(x) =
(x0; x) has length 1. Suppose that x is labelled by s 2 S and let us choose
some �xed vertex xs of this kind, for each possible s. Consider the subtree Rxs

rooted at xs. Clearly, m(Rxs) < m(R). By induction we may assume that any
two vertices y; z in Rxs with `(��n(y)) = `(��n(z)) have equal subtrees. We can
replace all subtrees Rx for x with ��n(x) = (x0; x), `(x) = s, by Rxs and obtain
the desired run R̂.

The next proposition gives the characterization for deciding the existence of
a matching from an and-or graph into an MSC graph.

Proposition 3. Let M be an and-or template graph and let N be a system
graph. Let S denote the set of states of M . Then M matches N if and only if
there exist

1. A set of events G � E of M .
2. A path � in N to a strongly connected component C of N with G � msg(C).
3. A tree T0 = (X;!; x0; `; ev) labelled by ` : X ! S, ev : X ! E, such that

for any two distinct nodes x; y 2 X which are either siblings or comparable
in T0, `(x) 6= `(y). Moreover, every path of T0 matches the path � in N .

4. A maximal run R of M such that for every maximal path � of R we have
tr(ev(�)) = tr(ev(�)�), where � is a maximal path in T0 and � 2 G1.

Proof. By Lem. 3, 4 and Prop. 2 we can assume that we have a maximal run R =
(X;!; x0; `; ev) of M which satis�es the �rst condition of Prop. 2 and matches
a path ��!1 in N . Let C denote the strongly connected component represented
by �1. Let G = E nE�n(R), then G � msg(�1) by Lem. 4. By assumption, the
root x0 of R belongs to X�n(R). De�ne �rst a tree T 00 = (X�n(R);!; `; x0) by
letting x! y in T 00 whenever there is a path x! x1 ! � � � ! xk ! y in R with
xi =2 X�n(R) for every i. The tree T0 is now de�ned by identifying two vertices
x; y in T 00 whenever `(�(x)) = `(�(y)). By Cond. (1) of Prop. 2 this step is well-
de�ned. By Rem. 1 every maximal path � in R has the same causal structure as
ev(��n(�))�, for some � 2 G1. Moreover, ��n(�) is a maximal path in T0.

Remark 2. The length of the path � in the previous proposition can be bounded
by a polynomial in jSj and jS 0j, where S 0 is the set of states of N .

The next lemma implies that we can check the last condition of Prop. 3 in
PSPACE.

Lemma 5. Let M = (S; �; s0; c;S^;S_;P) be an and-or template graph. Sup-
pose that we are given a state r 2 S, a set L � S of sink states in M and a set
of events I(s) � E for each s 2 L, as well as a set G � E. Then we can check
in PSPACE whether a maximal run R = (X;!; x0; `; ev) of M exists satisfying
the following conditions:
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1. State r labels the root x0 of R.
2. For every state s 2 L there is at least one leaf labelled by s. Moreover, every

non-leaf node x is labelled by ev(x) 2 G.

3. For every path y
+
! x in R to a leaf x with `(x) = s we have either ev(y) 2

I(s) or y = x0.

Theorem 1. There is a PSPACE algorithm for deciding whether an and-or
template graph M matches a system graph N .

Proof. We have to check in PSPACE the existence of T0, R, G, �, C as in
Prop. 3. Clearly, G � E and C can be guessed and stored. By Rem. 2 the path
� can also be stored. The problem arises with T0, since the size of T0 might be
exponential (however, the depth and the degree of T0 are linear in jSj, hence
we can store paths of T0.) The main idea is to guess the tree T0 implicitly, in a
DFS traversal where we store together with the current path also the (ordered
sequence of) siblings of the intermediate nodes. Using Lem. 5 it is su�cient to
verify the existence of a suitable run R piecewise, along with the DFS traversal.

The (nondeterministic) PSPACE algorithm works as follows (see also Fig. 4).
Assume that the current path in T0 is s0; : : : ; sk, k < jSj, and that we also stored
the (ordered) sequence Li of siblings of si in T0, 1 � i < k. Moreover, we guessed
sets of events I(s) � E for all s 2 Li+1 and we veri�ed the existence of maximal
runs satisfying Lem. 5 with r = si, L = Li+1, G. If k < jSj then we can either
proceed with DFS and guess sk+1; Lk+1; : : : , or sk is a leaf in T0 and we apply
Lem. 5 with L = ;. Furthermore we verify that (s0; : : : ; sk) is downward closed
w.r.t. the causal order in the run built so far by using Lem. 5. For this, we use
the sets I(si). Using Lem. 5 we checked that a suitable run with root si�1 exists
s.t. every node on the path from si�1 to si is labelled by an event from I(si).
Thus, it su�ces to check for each i < j � k and each e0 2 I(si) that e

0�� ev(sj)
is not satis�ed. Finally, we verify that the path (s0; : : : ; sk) matches � and then
we backtrack in the DFS traversal.

3.3 Specifying Properties by And-Or Templates

Consider a template given as an and-or MSC graph M . We want to determine
the set of event sequences L(M) � E1 which are described by M . That is, we
let � 2 L(M) if � = ev(�) for some path � in a system graph such that there is
a matching of some maximal run ofM into the path �. Prop. 3 gives us the basic
description of the set L(M) as a �nite union over languages L(M;T0; G) � E1,
where T0 is a tree labelled by states of M and G � E is a set of events of M .
Let � 2 L(M;T0; G) if

{ every event e 2 G occurs in�nitely often in �, and
{ every path of T0 matches �.

For any language F � E� we denote by FttE� the shu�e ideal generated by
F , i.e. FttE� = fv0u1v1 � � �unvn j u1 � � �un 2 F; vi 2 E�g. For subsets G � E

283Matching Specifications for Message Sequence Charts    



s0

I(s1)

s1

I(s2)

s2
...

sk

...

I(sk)

L1

L2

Lk

Fig. 4. Guessing the maximal run R, resp. the path (s0; : : : ; sk) in T0.

we denote by inf(G) the set of sequences � 2 E1 where every event e 2 G
occurs in�nitely often. For � 2 E1 we denote below by tr(�) � E1 the set of
linearizations of the causal order of �. Let tr(F ) = [�2F tr(�).

Proposition 4. Let M be an and-or MSC template graph over the event set E.
The language L(M) associated with the template M has the form

[
F;G

(FttE�)inf(G) ;

where F � E� is a �nite set, tr(F ) = F and G � E.

Proof. Any language L(M;T0; G) as described above is a (�nite) intersection of
languages of the form (tr(�)ttE�)inf(G), where � is such that tr(�) � tr(�) for
some path � in T0 with � = ev(�). Let �; � 2 E�, G;H � E. Then we have

(tr(�)ttE�)inf(G) \ (tr(�)ttE�)inf(H) = (�ttE�)inf(G [H) ;
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where � contains all sequences 
 of minimal length such that for some �0 2 tr(�),
�0 2 tr(�), both �0; �0 are subwords of 
. Moreover, it is not hard to check that
� can be chosen s.t. tr(� ) = � .

4 Matching LTL Properties

In this section we consider properties (templates) speci�ed by linear temporal
logic. Our LTL formulas de�ne �nite or in�nite strings over the alphabet E =
fsij ; rij j 1 � i 6= j � mg of events. They are built over atomic propositions
Pe, e 2 E, using the temporal operators X (nexttime) and U (until), and the
Boolean connectives ^;_;:.

De�nition 7 (LTL Matching Problem). Given a template M as an LTL
formula � and a system N as an MSC graph. We say that the template M
matches the system N if there is some sequence of events � 2 E! such that
� j= � and � matches some maximal path in N .

Theorem 2. The LTL matching problem is PSPACE-complete.

We will show the above theorem in a more general setting using automata.
Recall that every state of the system graph N is labelled by a single event.
Thus we can easily associate to N a nondeterministic B�uchi automaton AN of
the same size such that L(AN ) consists of all maximal executions of N . On
the other hand it is well-known how to associate to every LTL formula � an
alternating B�uchi automaton with O(j�j) states accepting exactly the sequences
satisfying �, see e.g. [10]. Moreover, for every alternating B�uchi automaton with
n states there is an equivalent nondeterministic B�uchi automaton with 2O(n)

states which can be built o�-line using only O(n) space, see [6]. We are thus led
to a language-theoretical formulation of the LTL matching problem:

The matching problem for alternating automata: Given an alternating
B�uchi automaton AM and a nondeterministic B�uchi automaton AN over E.
Then we ask whether some sequences � 2 L(AM ), � 2 L(AN ) exist such that �
matches �.

Proposition 5. The matching problem for alternating automata is PSPACE-
complete.

Proof. Due to the PSPACE-hardness of the satis�ability problem for LTL it suf-
�ces to show the upper bound. Let AM denote an alternating B�uchi automaton
and let BM = (Q;E; q0; �; F ) denote an equivalent nondeterministic B�uchi au-
tomaton as given by [6]. Let AN = (Q0; E; q00; �

0; F 0) denote the nondeterministic
B�uchi automaton representing the system. By an immediate modi�cation and
extension of Lem. 3 we note that M matches N if and only if �nal states f 2 F ,
f 0 2 F 0 exist such that

{ for some paths � = (q0; : : : ; qk = f) in BM , resp. �0 = (q00; : : : ; q
0
l = f 0)

in AN , the execution of � matches the execution of �0, i.e. ev(�) matches
ev(�0), and
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{ some loops � around f , resp. �0 around f 0 exist satisfying msg(�) � msg(�0).

Clearly, we can choose � of length k � jQj. But since jQj 2 2O(n) we cannot
guess � directly. On the other hand, we have to match � against �0 and this
means that we have to consider permutations, due to the causal order of the
events. To overcome these problems we consider below the shape of � and �0 in
more details and exploit the fact that matching allows gaps.

We denote by C1; C2; : : : ; Cm the maximal strongly connected components
of the subgraph of AN induced by �0. Thus, �0 = �01 � � ��

0
m, such that w.l.o.g. �0i

induces Ci. The components Ci are naturally ordered, and we write Ci < Cj for
i < j.

Consider some mapping � matching � into �0. We decompose � into maximal
segments �i, � = �1 � � ��r, such that for every segment �i all events of ev(�i) are
matched by � into the same component �0j , for some j. Let C(i) 2 f1; : : : ;mg
denote the component Cj with �(e) 2 �0j for all events e in ev(�i). Note that
for every 1 � i < j � r, C(i) > C(j) implies that e 6� e0 for all events e; e0 with
e occurring in ev(�i), resp. e

0 occurring in ev(�j). Otherwise, by the de�nition
of matchings, we would require that �(e) � �(e0), contradicting C(i) > C(j).
The second basic observation is that every segment �i matches any path �i in
C(i) which visits every state of C(i) su�ciently often. Therefore, we claim that
a path � in BM matches some path �0 in AN if and only if

{ some maximal strongly connected components C1; : : : ; Cm exist in AN with
q00 2 C1, as well as transitions from Ci to Ci+1 for all i,

{ � can be decomposed as � = �1 � � ��r such that for every i some component
C(i) 2 fC1; : : : ; Cmg exists such that msg(�i) � msg(C(i)),

{ for every 1 � i < j � r with C(i) > C(j) we have e 6� e0 for all events e; e0

occurring in ev(�i), resp. in ev(�j).

We already showed one direction of the claim. For the converse, assume that
Ci; �j ; C(k) exist as above. Let �k denote the subpath of � consisting of all
segments �i with C(i) = Ck . Since msg(�k) � msg(Ck) and Ck is strongly
connected, we can determine a path �0k looping in Ck such that �k matches �0k
(via some mapping �). Moreover, �0k can be chosen such that �0 = �01 � � � �

0
m is a

path in AN . Finally the last condition above yields that � matches �0. This is
seen by noting that for any events e; e0 occurring in ev(�i), resp. ev(�j), e � e0

implies i < j, hence also �(e) � �(e0).
The PSPACE algorithm on input AM ;AN works as follows. First we guess

m � jQ0j strongly connected components C1; : : : ; Cm of AN , such that q00 2
C1 and there exist edges from Ci to Ci+1, for all i. We guess the path � in
BM and its decomposition � = �1 � � ��r on-line. The only information which is
(temporarily) stored concerns event types, which are required in order to check
that e 6� e0 for all events e; e0 occurring in ev(�i), resp. ev(�j), satisfying i < j
and C(i) > C(j). For this step, we have to record at most m subsets of E. More
precisely, assume that E1; : : : ; Em � E are initially empty. Along with guessing
�i and some C(i) = Ck we store msg(�i) � E and check that for no events
e 2 Ej , e

0 2 msg(�i) we have e��e0, whenever Ck < Cj (i.e. k < j). Then we add
msg(�i) to Ek. Moreover, we verify that msg(�i) � msg(C(i)).

286 Anca Muscholl



5 Conclusion

In this paper we characterized the complexity of matching template MSCs which
are given as and-or graphs, resp. by LTL formulas. Under these semantics the
matching problem becomes PSPACE-complete. However, our proofs show that
the increased complexity (compared with previously investigated template se-
mantics, e.g. or-graphs) is due rather to a more succinct representation than to
more expressiveness. This leads to the question whether using negations resp. re-
quiring that certain events occur only �nitely often might increase the expres-
siveness.

Acknowledgments. The referees are kindly acknowledged for the careful read-
ing and the suggestions for improving the presentation of the paper.
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Abstract. This paper presents a mu-calculus-based modal logic for de-
scribing properties of probabilistic labeled transition systems (PLTSs)
and develops a model-checking algorithm for determining whether or
not states in �nite-state PLTSs satisfy formulas in the logic. The logic
is based on the distinction between (probabilistic) \systems" and (non-
probabilistic) \observations": using the modal mu-calculus, one may spec-
ify sets of observations, and the semantics of our logic then enable state-
ments to be made about the measures of such sets at various system
states. The logic may be used to encode a variety of probabilistic modal
and temporal logics; in addition, the model-checking problem for it may
be reduced to the calculation of solutions to systems of non-linear equa-
tions.

1 Introduction

Classical temporal-logic model checking [CES86, McM93] provides a basis for
automatically checking the correctness of �nite-state systems such as hardware
designs and communication protocols. In this framework, systems are modeled
as transition systems, and requirements are posed as formulas in temporal logic.
A model checker then accepts two inputs, a transition system and a tempo-
ral formula, and returns \true" if the system satis�es the formula and \false"
otherwise.

In traditional model checking, system models include information about the
possible choices of execution steps in any given state. The corresponding tempo-
ral logics then combine a language for describing properties of system \runs" with
quanti�ers for indicating when all/some of the runs of a system have a given prop-
erty [Koz83, EH86]. When system models include probabilistic information re-
garding their operational behavior, however, one frequently wishes to determine
not just whether or not all/some system behaviors have a given property, but
\howmany" of them do. Many important questions of design and performance in
distributed systems and communication protocols, such as \hot-spot" detection
or reliability information, can be addressed more appropriately in such a proba-
bilistic framework. Several examples of applying probabilistic model-checking to
practical situations have been reported by Hansson [Han94]. Such motivations
have led to the study of numerous probabilistic variants of temporal logic and
model checking [ASB+95, BdA95, CY88, Han94, HK97, LS91, PZ93, Var85].

W. Thomas (Ed.): FOSSACS’99, LNCS 1578, pp. 288-305, 1999. 
c Springer-Verlag Berlin Heidelberg 1999



The goal of this paper is to develop a uniform framework for temporal log-
ics for probabilistic systems. To this end, we show how the unifying classical
temporal logic, the modal mu-calculus [Koz83, EL86], may be altered by adding
probabilistic quanti�ers constraining the \probability" with which probabilistic
systems satisfy mu-calculus formulas. We then show how a variety of existing
probabilistic logics may be represented in our framework and present a model-
checking algorithm.

2 Probabilistic Transition Systems and the Logic GPL

This section introduces the model of probabilistic computation used in this paper
and de�nes the syntax and semantics of our logic, Generalized Probabilistic
Logic.

2.1 Reactive Probabilistic Labeled Transition Systems

We use the reactive probabilistic labeled transition systems (PLTS for short)
of [vGSST90, LS91] as models of probabilistic computation. These are de�ned
with respect to �xed sets Act and Prop of atomic actions and propositions,
respectively. The former set records the interactions the system may engage in
with its environment, while the latter provides information about the states the
system may enter.

De�nition1. A PLTS L is a tuple (S; �; P; I), where

{ (s; s0; s1 2)S is a countable set of states;
{ � � S � Act� S is the transition relation;
{ P : � ! (0; 1], the transition probability distribution, satis�es:X

(s;a;s0)2�

P (s; a; s0) 2 f0; 1g

for all s 2 S, a 2 Act; and
{ I : S ! 2Prop is the interpretation function.

Intuitively, a PLTS records the operational behavior of a system, with S repre-
senting the possible system states and � the execution steps enabled in di�erent
system states; each such step is labeled with an action, and the intention is that
when the environment of the system enables the action, the system may engage
in a transition labeled by the action. When this is the case, P (s; a; s0) represents
the probability with which the transition (s; a; s0) is selected as opposed to other
transitions labeled by a emanating from state s. Note that the conditions on P
ensure that if (s; a; s0) 2 � for some s0, then

P
(s;a;s0)2� P (s; a; s

0) = 1. In what

follows we write s
a
! s0 if (s; a; s0) 2 �.

In this paper we wish to view a (state in a) PTLS as an \experiment" in
the probabilistic sense, with an \outcome", or \observation", representing a res-
olution of all the possible probabilistic choices of transitions the system might
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experience as it executes. More speci�cally, given a state in the PLTS we can
unroll the PLTS into an in�nite tree rooted at this state. An observation would
then be obtained from this tree by resolving all probabilistic choices, i.e. by
removing all but one edge for any given action from each node in the tree. Fig-
ure 1 presents a sample PLTS, its unrolling from a given state, and an associated
observation.

b
.
.
.

a 1/3

a 2/3

b 1

a 2/3

a 2/3

a 1/3

a 1/3

a 1/3

b 1

b 1

b 1
(a) PLTS

(b) Its unrollinga

ba

(c) an observation

Fig. 1. A PLTS, its unrolling from a state, and an observation.

2.2 Syntax of GPL

Generalized Probabilistic Logic (GPL) is parameterized with respect to a set
(X;Y 2)V ar of propositional variables, a set (a; b 2)Act of actions, and a set
(A 2)Prop of atomic propositions. The syntax of GPL may then be given using
the following BNF-like grammar, where 0 � p � 1.

� ::= A j :A j �1 ^ �2 j �1 _ �2 j�>p j��p 

 ::= � j X j  1 ^  2 j  1 _  2 j hai j [a] j �X: j �X: 

The operators � and � bind variables in the usual sense, and one may de�ne the
standard notions of free and bound variables. Also, we refer to an occurrence
of a bound variable X in a formula as a �-occurrence if the closest enclosing
binding operator for X is � and as a �-occurrence otherwise. GPL formulas are
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required to satisfy the following additional restrictions: they must contain no
free variables, and no sub-formula of the form �X: (� X: ) may contain a free
�-occurrence (�-occurrence) of a variable.3 In what follows we refer to formulas
generated from nonterminal � etc. as state formulas and those generated from  
as fuzzy formulas; the formulas of GPL are the state formulas. We use (�; �0 2)�
to represent the set of all state formulas and ( ;  0 2)	 for the set of all fuzzy
formulas. In the remainder of the paper we write 
[
0=X] to denote the the
simultaneous substitution of 
0 for all free occurrences of X in 
. We also note
that although the logic limits the application of : to atomic propositions, this
does not restrict the expressiveness of the logic, as we indicate later.

The next subsection de�nes the formal semantics of GPL, but the intuitive
meanings of the operators may be understood as follows. Fuzzy formulas are to
be interpreted as specifying sets of observations of PLTSs, which are themselves
non-probabilistic trees as discussed above. An observation is in the set corre-
sponding to the fuzzy formula if the root node of the observation satis�es the
formula interpreted as a traditional mu-calculus formula: so hai holds of an
observation if the root has an a-transition leading to the root of an an obser-
vation satisfying  , while it satis�es [a] if every a-transition leads to such an
observation. Conjunction and disjunction have their usual interpretation. �X: 
and � X: are �xpoint operators describing the \least" and \greatest" solutions,
respectively, to the \equation" X =  . It will turn out that any state in a given
PLTS de�nes a probability space over observations and that our syntactic re-
strictions ensure that the sets of observations de�ned by any fuzzy formula are
measurable in a precise sense. State formulas will then be interpreted with re-
spect to states in PLTSs, with a state satisfying a formula of the form ��p if
the measure of observations corresponding to the state is at least p.

2.3 Semantics of GPL

This subsection formalizes the notions described informally above. We �rst de�ne
observations of a PLTS and show how the observations from a given state in a
PLTS form a probability space. We then use these probability spaces to interpret
GPL formulas. In what follows we �x sets Act and Prop.

PLTSs and Measure Spaces of Observations To de�ne the observation
trees of a PLTS we introduce partial computations, which will form the nodes of
the trees.

De�nition2. Let L = (S; �; P; I) be a PLTS. Then a sequence of the form

s0
a1! s1 � � �

an! sn is a partial computation of L if n � 0 and for all 0 � i < n,

si
ai+1
! si+1.

Note that any s 2 S is a partial computation. If � = s0
a1! s1 � � �

an! sn is a
partial computation then we de�ne fst(�) to be s0 and lst(�) to be sn. We also

3 In other words, formulas must be alternation-free in the sense of [EL86].
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use (�; �0 2)CL to refer to the set of all partial computations of L and take
CL(s) = f� 2 CL j fst(�) = sg for s 2 S. We de�ne the following notations for
partial computations.

De�nition3. Let � = s0
a1! s1 � � �

an! sn and �0 = s00
a01! s01 � � �

a
n0! s0n0 be partial

computations of PLTS L = (S; �; P; I), and let a 2 Act.

1. If sn
a
! s00 then �

a
! �0 is the partial computation s0

a1! s1 � � �
an! sn

a
! s00

a01!

s02 � � �
an0! s0n0 .

2. �0 is a pre�x of � if �0 = s0
a1! s1 � � �

ai! si for some i � n.

We also introduce the following terminology for sets of partial computations.

De�nition4. Let L = (S; �; P; I) be a PLTS, and let C � CL be a set of
computations.

1. C is pre�x-closed if, for every � 2 C and �0 a pre�x of �, �0 2 C.
2. C is deterministic if for every �; �0 2 C with � = s0

a1! s1 � � �
an! sn

a
! s � � �

and �0 = s0
a1! s1 � � �

an! sn
a0

! s0 � � �, either a 6= a0 or s = s0.

The term pre�x-closed is standard, but the notion of determinacy of sets of
partial computations deserves some comment. Intuitively, if two computations
in a deterministic set of partial computations share a common pre�x, then the
�rst di�erence they can exhibit must involve transitions labeled by di�erent
actions; they cannot involve di�erent transitions with the same action label.

We can now de�ne the deterministic trees, or d-trees, of a PLTS L as follows.

De�nition5. Let L = (S; �; P; I) be a PLTS. Then ; 6= T � CL is a d-tree if
the following hold.

1. There exists an s 2 S such that T � CL(s).
2. T is pre�x-closed.
3. T is deterministic.

If C is a d-tree then we use root(C) to refer to the s such that C � CL(s) and

edges(C) to refer to the relation f(�; a; �0) j �; �0 2 C ^ 9s0 2 S:�0 = �
a
! sg.

We use TL to refer to all the d-trees of L and set TL(s) = fT 2 TL j root(T ) =

sg. We call T 0 a pre�x of T if T 0 � T . We write T
a
! T 0 if froot(T )

a
! �0 j �0 2

T 0g � T ; intuitively, T 0 is then the subtree of T pointed to by an a-labeled edge.
A d-tree T is �nite if jT j <1. Finally, we say that a d-tree is maximal if there
exists no d-tree T 0 with T � T 0 and use ML and ML(s) to refer to the set of
all maximal d-trees of L and all maximal d-trees of L rooted at s, respectively.

We wish to view the maximal deterministic d-trees of a PLTS as the \out-
comes" of the PLTS and to talk about the likelihoods of di�erent sets of out-
comes. In order to do this, we de�ne a probability space over maximal d-trees
rooted at a given state of L. The construction of this space is very similar in
spirit to the standard sequence space construction for Markov chains [KSK66]:
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we de�ne a collection of \basic cylindrical sets" of maximal trees and use them
to build a probability space over sets of maximal trees. The technical details
appear below; in what follows, �x L = (S; �; P; I).

A basic cylindrical subset of ML(s) contains all trees sharing a given �nite
pre�x.

De�nition6. Let s 2 S, and let T 2 TL(s) be �nite. Then BT � ML(s) is
de�ned as: BT = f T 0 2ML j T � T 0g:

We can also de�ne the measure of a basic cylindrical set as follows.

De�nition7. Let T 2 TL(s) be �nite, and let BT be the associated basic cylin-
drical set. Then the measure, m(BT ), of BT is given by:

m(BT ) = �(�;a;�0)2edges(T )P (lst(�); a; lst(�
0)):

Intuitively, m(BT ) represents the proportion of all maximal d-trees emanating
from the root of BT that have BT as a pre�x.

For any given state s in L we can form the associated collection of basic
cylindrical sets B�s consisting of sets of the formBT for �nite T with root(T ) = s.
We can then de�ne a probability space (ML(s);Bs;ms) as follows.

De�nition8. Let s 2 S. Then Bs is the smallest �eld of sets containing B�s and
closed with respect to denumerable unions and complementation. ms : Bs !
[0; 1] is then de�ned inductively as follows.

ms(BT ) = m(BT )

ms(
[
i2I

Bi) =
X
i2I

ms(Bi) for pairwise disjoint Bi

ms(B
c) = 1�ms(B)

It is easy to show that for any s, ms is a probability measure over Bs. Conse-
quently, (ML(s);Bs;ms) is indeed a probability space. We refer to a set M �
ML(s) as measurable if M 2 Bs.

Semantics of Fuzzy Formulas In the remainder of this section we de�ne the
semantics of GPL formulas with respect to a �xed PLTS L = (S; �; P; I) by
giving mutually recursive de�nitions of a relation j=L� S � � and a function
�L : 	 ! 2ML . The former indicates when a state satis�es a state formula, while
the latter returns the set of maximal d-trees satisfying a given fuzzy formula. In
this subsection we present �L; the next subsection then considers j=L. In what
follows we �x L = (S; �; P; I).

Our intention in de�ning �L( ) is that it return trees that, interpreted as
(non-probabilistic) labeled transition systems, satisfy  interpreted as a mu-
calculus formula. To this end, we augment �L with an extra environment pa-
rameter e : V ar ! 2ML that is used to interpret free variables. The formal
de�nition of �L is the following.
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De�nition9. The function �L is de�ned inductively as follows.

{ �L(�)e = [sj=L�ML(s)
{ �L(X)e = e(X)

{ �L(hai )e = fT j 9T 0 : T
a
�! T 0 ^ T 0 2 �L( )eg

{ �L([a] )e = fT j (T
a
�! T 0)) T 0 2 �L( )eg

{ �L( 1 ^  2)e = �L( 1)e \�L( 2)e
{ �L( 1 _  2)e = �L( 1)e [�L( 2)e
{ �L(�X: )e = [1i=0Mi, where M0 = ; and Mi+1 = �L( )e[X 7!Mi].
{ �L(�X: )e = \1i=0Ni, where N0 =ML and Ni+1 = �L( )e[X 7! Ni].

When  has no free variables, �( )e = �( )e0 for any environments e; e0. In
this case we drop the environment e and write �L( ).

Some comments about this de�nition are in order. Firstly, it is straight-
forward to show that the semantics of all the operators except � and � are
those that would be obtained by interpreting maximal deterministic trees as
labeled transition systems and fuzzy formulas as mu-calculus formulas in the
usual style [Koz83]. Secondly, because d-trees are deterministic it follows that if
T 2 �L(hai ) then T 2 �L([a] ). Finally, the de�nitions we have given for �
and � di�er from the more general accounts that rely on the Tarski-Knaster �x-
point theorem. However, because of the \alternation-free" restriction we impose
on our logic and the fact that d-trees are deterministic, the meanings of �X: 
and �X: are still least and greatest �xpoints in the usual sense.

We close this section by remarking on an important property of �L. For
a given s 2 S let �L;s( ) = �L( ) \ ML(s) be the maximal d-trees from s
\satisfying"  . We have the following.

Theorem10. For any s 2 S and  2 	 , �L;s( ) is measurable4.

Semantics of State Formulas We now de�ne the semantics of state formulas
by de�ning the relation j=L.

De�nition11. Let L = (S; �; P; I) be a PLTS. Then j=L is de�ned inductively
as follows.

{ s j=eL A i� A 2 I(s).
{ s j=eL :A i� A 62 I(s).
{ s j=eL �1 ^ �2 i� s j= �1 and s j= �2.
{ s j=eL �1 _ �2 i� s j= �1 or s j= �2.
{ s j=eL �>p i� ms(�L;s( )e) > p.
{ s j=eL ��p i� ms(�L;s( )e) � p.

An atomic proposition is satis�ed by a state if the proposition is a mem-
ber of the propositional labeling of the state. Conjunction and disjunction are
interpreted in the usual manner, while a state satis�es a formula �>p i� the
measure of the observations of  rooted at s exceeds p, and similarly for ��p .

4 The question of whether the observations of non-alternation free formula are mea-
surable is still open
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Properties of the Semantics We close this section by remarking on some of
the properties of GPL. The �rst shows that the modal operators for fuzzy formu-
las enjoy certain distributivity laws with respect to the propositional operators.

Lemma12. For a PLTS L, fuzzy formulas  1 and  2 and a 2 Act, we have:

1. �L(hai( 1 _  2)) = �L(hai 1 _ hai 2)
2. �L([a]( 1 _  2)) = �L([a] 1 _ [a] 2)
3. �L(hai( 1 ^  2)) = �L(hai 1 ^ hai 2)
4. �L([a]( 1 ^  2)) = �L([a] 1 ^ [a] 2)
5. �L([a] 1 ^ hai 2) = �L(hai( 1 ^  2))

That [a] distributes over _ and hai over ^ is due to the determinacy of d-trees.
Based on Theorem 10 and the de�nition of �L, the next lemma also holds.

Lemma13. Let s 2 S, a 2 Act and  ;  1;  2 2 	 . Then we have the following.

ms(�L( 1 _  2)) = ms(�L( 1)) +ms(�L( 2))�ms(�L( 1 ^  2)) (1)

ms(�L(hai )) =
X

(s;a;s0)2�

P (s; a; s0) �ms0(�L( )) (2)

ms(�L([a] )) =

�
ms(�L(hai )) if (s; a; s0) 2 � for some s0

1 otherwise
(3)

Finally, although our logic only allows a restricted form of negation, we do have
the following.

Lemma14. Let L = (S; �; P; I) be a PLTS with s 2 S, and let  and � be fuzzy

and state formulas, respectively. Then there exist formulas neg( ) and neg(�)
such that:

�L;s(neg( )) =ML(s) � �L;s( ) and s j=L neg(�), s 6j=L �:

Proof. Follows from the duality of ^/_, [a]/hai, �/�, and �>p/��1�p.

3 Expressiveness of GPL

In this section we illustrate the expressive power of GPL by showing how three
quite di�erent probabilistic logics may be encoded within it.

3.1 Encoding Probabilistic Modal Logic

Probabilistic Modal Logic (PML) [LS91] is a probabilistic version of Hennessy-
Milner logic [HM85] that has been shown to characterize probabilistic bisimu-
lation equivalence over PLTSs. The formulas of the logic are generated by the
following grammar:

� ::= A j �1 ^ �2 j :� j haip�
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where 0 � p � 1, A 2 Prop and a 2 Act. Formulas are interpreted with respect
to states in a given PLTS L = (S; �; P; I) via a relation j=PML

L � S � �. The
de�nition appears below; the cases for : and ^ have been omitted.

s j=PML
L A i� A 2 I(s)

s j=PML
L haip� i�

P
fs0 j (s;a;s0)2� ^ s0j=PML

L
�g P (s; a; s

0) � p

Note that a state s satis�es haip� provided that the probability of taking
an a-transition to a state satisfying � is at least p. This observation suggests
the following encoding function EPML for translating PML formulas into GPL
formulas.

EPML(�) =

8>><
>>:

� if � 2 Prop
EPML(�1) ^ EPML(�2) if � = �1 ^ �2
neg(EPML(�

0)) if � = :�0

��phaiEPML(�
0) if � = haip�

0

In essence, the translation e�ectively replaces all occurrences of haip by ��p.
We have the following.

Theorem15. Let � be a PML formula and s be a state of PLTS L. Then

s j=PML
L � i� s j= EPML(�).

3.2 Encoding pCTL�

pCTL� [ASB+95] represents a probabilistic variant of the temporal logic CTL� [EH86].
The latter logic is interpreted with respect to Kripke structures; the former is
interpreted with respect to structures referred to in [ASB+95] as Markov pro-

cesses (MP), which may be viewed as probabilistic Kripke structures. It turns
out that MPs form a subclass of PLTSs. This section will show that pCTL� has
a uniform encoding in GPL.

A Markov process may be seen as a PLTS having only one action and in
which every state has at least one outgoing transition.

De�nition16. Let Act = fag. Then a Markov process (MP) is a PLTS (S; �; P; I)
such that for any s 2 S,

P
fs0 j (s;a;s0)2�g P (s; a; s

0) = 1.

It is straightforward to see that the d-trees of a MP are in fact isomorphic
to sequences of states from the MP: a sequence � = s0s1 : : : coincides with the
d-tree f�0; �1; : : :g, where �0 = s0 and �i+1 = �i

a
! si+1. It then turns out that

the measure space of d-trees for a state in a MP coincides with the standard
sequence space construction for Markov chains [KSK66]. Consequently, in the
following we will use the function ms to refer to the measure of both sets of
sequences and sets of d-trees. We also use the following notations on in�nite
sequences � = s0s1 : : :: �[i] = si, and �

i = sisi+1 : : :.
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Interpreting GPL over Markov Processes As every state in a MP has an
outgoing transition, the semantics of the GPL constructs hai and [a] coincide.
That is, when M is a MP following from De�nition 9 implies that �M(hai ) =
�M ([a] ):

In the rest of this subsection we will show that pCTL� can be encoded in
GPL. What makes the encoding possible are that:

{ The logic GPL is a two-level logic, much like CTL� and pCTL�. Conse-
quently, probabilistic quanti�ers in pCTL� formulae can be translated to
probabilistic quanti�er of GPL formulae.

{ The semantics of fuzzy formulae are sets of sequences, when the model is
a Markov chain, and thus, fuzzy formulae play the role of linear-time �-
calculus formulae. Given that alternation-free linear time modal �-calculus
is as expressive as linear time temporal logic (LTL) [Sti92], the LTL portion
of pCTL� (i.e., the path formulae of pCTL�) can be embedded into fuzzy
formulae.

This encoding contrasts with the encoding of CTL� intomodal �-calculus [EL86],
where alternation is needed in the translation; the reason being that, unlike GPL,
modal �-calculus does not have path quanti�ers.

pCTL� Let (A 2)Prop be a set of atomic propositions. The grammar below
summarizes the syntax of pCTL�, which has two levels|state formulas (�) and
path formulas ( ). State formulas specify properties that hold in states of a MP
while path formulae specify properties of execution sequences.

� ::= A j :� j �1 _ �2 j Pr<p j Pr>p 

 ::= � j : j  1 _  2 j X j  1U 2

Here Pr>p and Pr<p are probabilistic quanti�ers, while X denotes the next-state
and U the until operator, respectively

The semantics of pCTL� formulas is given with respect to a MP M =
(S; �; P; I) via a relation j=M relating states in M to state formulas, and paths
(in�nite state sequences) in M to path formulas. The interpretations of : and _
are standard, and we omit them; what follows de�nes the meanings of the other
operators.

s j=pCTL
�

M A i� A 2 I(s)

s j=pCTL
�

M Pr<p i� ms(f� j � j=pCTL
�

M  g) < p

s j=pCTL
�

M Pr>p i� ms(f� j � j=pCTL
�

M  g) > p

� j=pCTL
�

M � i� �[0] j=pCTL
�

M �

� j=pCTL
�

M X i� �1 j=pCTL
�

M  

� j=pCTL
�

M  1 U 2 i� 9k � 0 : �k j=pCTL
�

M  2 ^ 8j : 0 � j < k : �k j=pCTL
�

M  1

Our encoding of pCTL� in GPL translates state formulas into state formulas and
path formulas into fuzzy ones. Our approach relies on the following recursive
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characterization of U: � j=M  1U 2 i� � j=M  2 _ ( 1 ^ X( 1 U 2)): The
encoding may now be given as a function EpCTL� as follows, where 
 is either a
state formula or a path formula.

EpCTL�(
) =

8>>>>>>>><
>>>>>>>>:


 if 
 2 Prop
neg(EpCTL�(
0)) if 
 = :
0

EpCTL�(
1) _ EpCTL�(
2) if 
 = 
1 _ 
2
��pneg(EpCTL�( )) if 
 = Pr<p 
�>pEpCTL�( ) if 
 = Pr>p 
haiEpCTL�( ) if 
 = X 
�X:(EpCTL�( 2) _ (EpCTL�( 1) ^ haiX)) if 
 =  1U 2

We now have the following.

Theorem17. Let M be a MP, let s be a state in M , and let � be a path in M .

Then:

1. For any pCTL� state formula �, s j=pCTL
�

M � i� s j=M EpCTL�(�).

2. For any pCTL� path formula  , � j=pCTL
�

M  i� � 2 �M (EpCTL�( ))

3.3 Reconstructing the Logic of Huth and Kwiatkowska

Huth and Kwiatkowska develop a notion of quantitative model checking [HK97] in
which one calculates the likelihood with which a system state satis�es a formula.
The basis for their approach lies in a semantics for the modal mu-calculus that
assigns \probabilities", rather than truth values, to assertions about states in
a PLTS. In this section we brie
y review their approach, o�er a criticism of it,
and show how GPL provides a principled means of remedying the criticism.

The syntax of their logic coincides with the semantics of our fuzzy formu-
las with the following exceptions: (1) they allow negation (although in such
a way that negations can be eliminated in the usual manner); (2) the only
atomic propositions are tt (\true") and � (\false"); (3) no use of the proba-
bilistic quanti�ers ��p and �>p is allowed. They then present three semantics
for the logic that di�er only in their interpretation of conjunction. Each inter-
prets formulas as functions mapping states to numbers in [0; 1]; formally, given
PLTS L, [[ ]]L : S ! [0; 1] represents the interpretation of formula  . What
follows presents the relevant portions of these semantics.

[[tt]]L(s) = 1

[[hai ]]L(s) =
X

s02�(s;a)

P (s; a; s0) � [[ ]]L(s
0)

[[ 1 ^  2]]L(s) = f([[ 1]]L(s); [[ 2]]L(s))

The meanings of the other boolean and modal operators may be obtained using
dualities (e.g. [[[a] ]]L(s) = 1 � ([[hai: ]]), while the meanings of �xed points
may be obtained using the usual Tarski-Knaster construction. The semantics of
^ contains a parameter f ; [HK97] provides three di�erent instantiations of f .
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1. f(x; y) = min(x; y)
2. f(x; y) = x � y
3. f(x; y) = max(x+ y � 1; 0)

Each unfortunately has its drawbacks. The �rst two fail to validate some ex-
pected logical equivalences; for example it not the case that tt is equivalent to
 _ : . The authors refer to the third as a \fuzzy" interpretation and indicate
that it is intended only to provide a \lower approximation" on probabilities;
\real" probabilities are therefore not calculated.

GPL permits a similar interpretation to be attached to the mu-calculus, but
in such a way that exact probabilities may be assigned to formulas. Consider the
function [[ ]]GPLL given by:

[[ ]]GPLL (s) = ms(�L( )):

One can show that this interpretation preserves much of the semantics of Huth
and Kwiatkowska; in particular, Lemmas 13 and 14 show that this de�nition at-
taches the same interpretations to the modalities. It is also the case that expected
logical equivalences hold, and that this interpretation yields a probability with
a precise, measure-theoretic interpretation. Finally, it should be easy to observe
that our logic coincides with probabilistic bisimulation [LS91] { a property not
true of Huth and Kwiatkowska's interpretation.

4 Model Checking

This section now describes a procedure for determining whether or not a given
state in a �nite-state PLTS satis�es a GPL formula. We present the algorithm
in two stages. The �rst shows how to calculate the measure of observations that
are rooted at a given PLTS state and satisfy a fuzzy formula; the second then
shows how this routine may be used to implement full GPL model checking.
We assume that the formulas to be considered have no unguarded occurrences
of bound variables. That is, in every sub-formula of the form �X: , where � is
either � or �, each occurrence of X in  falls within the scope of a hai or a [a]
operator. Any mu-calculus formula may be transformed into one satisfying this
restriction. In the remainder of this section we �x a speci�c PLTS L = (S; �; P; I).

4.1 Computing the Measure of Fuzzy Formulas

This subsection sketches a procedure modchk-fuzzy whose task is to compute
ms0(�L( )) for a given fuzzy formula  and a state s0 of the PLTS. The algo-
rithm consists of the following steps.

1. From L, s0 and  , construct a dependency graph.
2. From the graph, extract a system of (non-linear) measure equations.
3. Calculate a speci�c solution to these equations; one of the results will be

ms0(�L( )).

The remainder of this subsection describes each of these steps in more detail,
with intuitive explanations for why the constructions work.
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A graph construction. The �rst step in modchk-fuzzy involves constructing a
graph that describes the relationship between the quantity ms0(�L( )) that we
wish to compute and quantities of the formms(�L( 0)), where s is a derivative of
s0 and  0 a formula derived appropriately from  . This graph will have vertices
of the form (s; F ), where s 2 S and F is a set of fuzzy formulas. The edges from
(s; F ) then provide \local" information regarding ms(�L(^F )).

In order to de�ne the graph formally we need the following notions.

De�nition18. For a closed fuzzy formula de�ne the closure, written asCl( ),
as the smallest set of formulae satisfying the following rules:

{  2 Cl( )
{ if  0 =  1 ^  2 or  1 _  2 then  1;  2 2 Cl( )
{ if  0 = hai 00 or [a] 00 for some a 2 Act, then  00 2 Cl( )
{ if  0 = �X: 00 then  00[�X: 00=X] 2 Cl( ) (� is either � or �)

One may easily show that Cl( ) contains no more elements than  contains
sub-formulas.

The node set N in the graph is the set S � 2Cl( ); that is,nodes have form
(s; F ), where s 2 S and F � Cl( ). We further introduce the following classi�-
cation on nodes.

{ (s; F ) is a true node if F = ; or if every element of F has form [a] 0 and for
every such a, s is incapable of an a-transition.

{ (s; F ) is a false node if there exists a state formula � 2 F with s 6j=L � or if
there exists a formula of the form hai 0 and s is incapable of an a-transition.

{ (s; F ) is an and-node if there exists a formula  1 ^  2 2 F .
{ (s; F ) is an action-node if every formula in F has form hai 0 or [a] 0.
{ (s; F ) is a �-node if there exists a formula  0 2 F containing a top-level
�xpoint sub-formula of form �X: 00; it is a �-node otherwise.

Note that these categories overlap one another.
The edges in the graph are labeled by elements drawn from the set Act [

f�+; ��g (where it is assumed that �+; �� 62 Act). The edge set E � N � (Act [
f�+; ��g)� N is de�ned as follows.

1. If n = (s; F ) is a true node or a false node,5 then n is a sink node;
2. else if (s; F ) contains state formulas then ((s; F ); �+; (s; F 0)) 2 E, where F 0

is F with all state formulas deleted;
3. else if (s; F ) contains a �xpoint formula  0 = �X: 00 (where � is � or �)

then ((s; F ); �+; (s; F � f 0g [ f 00[ 0=X]g)) 2 E;
4. else if  =  1 ^  2 2 F then ((s; F ); �+; (s; F � f g [ f 1;  2g)) 2 E;
5. else if (s; F ) is not an and-node and  =  1_ 2 2 F then ((s; F ); �+; (s; F�
f g[f 1g) 2 E, ((s; F ); �+; (s; F �f g[f 2g) 2 E, and ((s; F ); ��; (s; F �
f g [ f 1;  2g)) 2 E;

5 Determining whether a node is false may require determining if s j=L � for some state
formula. This can be done by (recursively) invoking the model-checking procedure
described in the next section.
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6. else if (s; F ) is an action node, let Fa = f 0 j hai 0 2 F or [a] 0 2 Fg.
Then for any a 2 Act with Fa 6= ; and s0 2 S such that (s; a; s0) 2 �,
((s; F ); a; (s0; Fa)) 2 E.

Intuitively, an edge ((s; F ); `; (s0; F 0)) indicates a \local relationship" between
ms(�L(^F )) and ms0(�L(^F 0)). To see this, �rst note that if (s; F ) is a true
node (false node) then ms(�L(^F )) = 1(0). Now suppose that (s; F ) is an or-
node to which case 5 applies. This means that F = F 0 [ f 1 _  2g, and the
semantics of the logic entails that ^F and (^F 0 ^ 1) _ (^F 0 ^ 2) are logically
equivalent. From Lemma 13 we may therefore conclude the following.

ms(�L(^F )) = ms(�L(^F
0^ 1))+ms(�L(^F

0^ 2))�ms(�L(^(F
0[f 1;  2g)))

This observation is encoded in the �+ and �� edges emanating from (s; F ).
Similar observations hold for the other nodes, with the exception of action nodes,
which we discuss in more detail below.

Generating equations from the graph. We now explain how to generate a system
of equations from the graph described above. The system will contain one vari-
able, Xn, for each node n in the graph and one equation containing this variable
as its left-hand side. The right-hand side of the equation for Xn is generated as
follows, based on the edges emanating from n.

1. If n is a true node then the equation for Xn is Xn = 1; if n is a false node,
the equation for Xn is Xn = 0.

2. If there is an edge of the form (n; �+; n0) then the equation for Xn is

Xn =
X

(n;�+;n0)2E

Xn0 �
X

((n;��;n0)2E

Xn0 :

3. If n = (s; F ) is an action node, let An = fa j (n; a; n0) 2 Eg. Then the
equation for Xn is

Xn =
Y
a2An

X
(n;a;(s0;F 0))2E

(P (s; a; s0) �X(s0;F 0)):

Intuitively, these equations are intended to re
ect relationships among the mea-
sures associated with each vertex. The right-hand side of in the equation associ-
ated with an action node re
ects this intuition. A small example illustrates why.
Suppose that action node (s; F ) is such that F = fhai 1; hbi 2g. Since this is not
a false node, it follows that s has both a- and b-transitions. The question is, what
is the measure of observations rooted at s and satisfying ^F? Each such obser-
vation would select one a-transition and one b-transition from s, with the target
of the a-transition then being the root of an observation satisfying  1 and simi-
larly for the target of the b-transition. For a given combination of single a- and
b-transitions with target states sa and sb, the measure of observations using these
transitions and satisfying ^F is P (s; a; sa)�msa(�L( 1))�P (s; b; sb)�msb(�L( 2)).
Using simple symbol pushing, it is then easy to show that the total measure of
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observations emanating from s and satisfying ^F is characterized by the right-
hand side of the equation above.

We now have the following.

Lemma19. Let E = fXn = Eng be the equations generated above, and let A

be the \vector" fXn = ms(�L(^F ))g, where n = (s; F ). Then A is a solution to

E.

Solving the equations. The previous lemma indicates that the equations we gen-
erate are \faithful" to the measures we wish to calculate in the sense that they
are indeed a solution to the equations. However, in general there will be many
such solutions, and the question then arises as to how we determine which solu-
tion indeed corresponds to the measures we want. The procedure modchk-fuzzy

does so as follows.

1. Compute the strongly connected components of the graph from which the
equations are constructed and topologically sort them.

2. Propagate solutions as far as possible: If a solution has been computed for
a variable, replace all occurrences of the variable in the right-hand sides by
the variable.

3. Beginning at the end of the strongly connected component list, process each
component C as follows.
(a) If C contains a �-node, assign each variable corresponding to a node in

C the value 0; otherwise, assign each variable the value 1.
(b) Repeatedly calculate new values for the variables of C by evaluating each

right-hand side using the old values. Stop when values don't change (or
fall within a tolerance � that is a parameter to the algorithm).

(c) Propagate these values.

In general, this algorithm requires the speci�cation of an \error tolerance" �
because the quantities being manipulated are real numbers. So the algorithm
is approximation-based. However, all the functions being used are continuous,
and hence the iteration process described above converges. We now have the
following.

Lemma20. Let s 2 S and  be a fuzzy formula. Then the quantity calculated

for X(s;f g) converges to ms(�L( )).

4.2 Model Checking and GPL

The procedure modchk-fuzzy may now be used to build a model-checker for GPL.
This model checker engages in a case analysis on the formula � and performs
the obvious operations if the formula is not of the form ��p or �>p . In these
latter two cases, modchk-fuzzy is called to calculate ms(�L( )), and the answer
compared to p appropriately. As modchk-fuzzy is an approximation-based nu-
merical algorithm, the usual numerical issues must be confronted in performing
these comparisons. In particular, if the computed answer is close enough to p to
fall within the margin of error, then only indeterminate answers can be given.

302 Murali Narasimha  et al.



4.3 Discussion about complexity

The algorithm just described relies on the use of numerical approximation tech-
niques. However, in certain cases exact solutions can be calculated. For example,
if the PLTS is in fact a MP then the equation system generated is linear. In ad-
dition, results of [CY88] suggest that this linear system can be converted into
one that has a unique solution. In this case, the equations can be solved exactly.

The non-linearity of the equations we consider, for model-checking PLTS,
is a direct consequence of the program model (which allows di�erent kinds of
actions, i.e., when jActj > 1) and our semantics (where observations are deter-
ministic trees). Consequently, non-linearity in the measure equations is a fact
that any solution technique, we adopt, will have to contend with. Furthermore,
since there can be no direct technique for solving arbitrary polynomial equations
(due to a result of Galois) we will have to depend upon iterative techniques. A
characteristic of iterative techniques, shared by our work, is that the complexity
depends upon the precision of answers demanded. We have been investigating the
use of symbol algebra tools, such as Maple, in implementing our model-checking
procedure and hope to report our experiences in the near future.

5 Concluding Remarks

We have presented a uniform framework for de�ning temporal logics on reactive
probabilistic transition systems. Our approach is based on using the modal mu-
calculus to de�ne measurable sets of observations of such systems. We have shown
that our logic is expressive enough to encode two di�erent existing temporal
logics, and we have also demonstrated that it may be used to rectify an infelicity
in a third. A model-checking procedure for the logic was also presented.

As for future work, we believe that we can improve on the algorithm pre-
sented here by using results similar to those in [CY88] to transform our equation
systems into ones having unique solutions. If this is the case, then we can use
traditional solution techniques for nonlinear equations to compute measures in a
numerically robust manner. We would also like to implement these algorithms.
Another important issue for future work is that of applying our logic to more
general transition systems (for example, the transition systems of [Seg95]) and es-
tablishing its relation to probabilistic automata[Paz71]. Such an extension would
allow translation of pCTL� interpreted over probabilistic non-deterministic sys-
tems into our framework, much like the translation we have shown in this paper,
and provide an e�cient model-checking procedure for the same. It would also be
useful to investigate the adaptation of our techniques to models of distributed
computation in which resources may probabilistically fail, such as the one pre-
sented in [PSC+98].

The work being presented here also has applications to edge-pro�le-driven
data 
ow-analysis [Ram96, BGS98], where the likelihood with which program
properties hold is calculated; such calculation can then be used to perform
pro�le-driven optimization [BL92]. Recent work [Ste91, Sch98] on reducing tradi-
tional data 
ow analysis problems to a model-checking problem can be extended
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to reduce pro�le driven DFA to probabilistic model-checking, and we propose to
investigate this further.

Acknowledgments: Murali Narasimha would like to thank S. Arun-Kumar and
E. Kaltofen for several helpful discussions on this topic.
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Abstract. We study the use of the �-calculus for semantical descrip-
tions of languages such as Concurrent Idealised ALGOL (CIA), combin-
ing imperative, functional and concurrent features. We �rst present an
operational semantics for CIA, given by SOS rules and a contextual form
of behavioural equivalence; then a �-calculus semantics. As behavioural
equivalence on �-calculus processes we choose the standard (weak early)
bisimilarity. We compare the two semantics, demonstrating that there is a
close operational correspondence between them and that the �-calculus
semantics is sound. This allows for applying the �-calculus theory in
proving behavioural properties of CIA phrases. We discuss laws and ex-
amples which have served as benchmarks to various semantics, and a
more complex example involving procedures of higher order.

1 Introduction

Reynolds formalised Idealised ALGOL (IA) as a simple imperative language en-
riched with a procedural mechanism provided by a typed call-by-name �-calculus
[Rey81]. IA combines in an elegant way imperative and functional features, and
since its introduction has been the object of extensive study (cf. [OT97]). Con-
current Idealised ALGOL (CIA) was introduced by Brookes as an extension of IA
with shared variable parallelism [Bro96]. CIA allows parallel composition of com-
mands and features an await operator for imposing atomicity. Brookes [Bro96]
has presented an elegant denotational model for CIA, extending a Kripke-style
Possible Worlds semantics. From a semantical point of view, CIA is a challenging
language, since it combines imperative, functional and concurrent features, and
possesses an atomicity construct.
In this paper we study semantics of CIA given by a translation into the �-
calculus. The main reasons for using the �-calculus are the following. It o�ers a
well-developed theory that we wish to exploit, through the translation, to reason
on CIA terms. We also intend to pro�t from the �-calculus being, syntactically,
a �rst-order language, i.e., values only consist of names (in typed versions, there
may also be basic values such as integers and booleans). In contrast, CIA is
higher-order, thus values may be arbitrary terms. In higher-order languages,
de�ning satisfactory notions of behavioural equivalences|not to mention proof
techniques for them|may be hard. Proofs of process equivalences are compli-
cated by universal quanti�cations over terms. Further, it is in general hard to es-
tablish that a notion of bisimilarity is a congruence. (For higher-order languages,
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this is usually proved using Howe's technique [How96]; attempts to extend this
technique to languages with local state, however, have been unsuccessful so far;
see discussions in [FHJ95].) A further advantage of the �-calculus semantics is
that, as states are represented by processes, no snapback e�ects (reversibility
of state changes, cf. [AM96,AM97,OT97]) can occur; models representing states
by functions|usually denotational models do so|su�er from snapback e�ects,
which are usually removed by means of logical relations [OT97].
Our study is also motivated by the question of how appropriate the �-calculus
is for giving semantics to languages such as CIA. Previous work gives evidence
that the �-calculus can model references, functions and various forms of (non
atomic) parallelism [Wal95,Jon93,KS98,Mil92], but so far only limited forms of
combinations of these have been considered. In the case of imperative languages,
little e�ort has been spent in comparing �-calculus to operational semantics, and
in using �-calculus translations for proving properties of the source languages.
Denotational approaches indicate a strong similarity between local names in the
�-calculus and local references in imperative languages; note that the mathe-
matical techniques employed in modelling the �-calculus [Sta96,FMS96] were
originally developed for the semantic description of local references. Yet names
and references behave rather di�erently: receiving from a channel is destructive|
it consumes a value|whereas reading from a reference is not; a reference has a
unique location, whereas a channel may be used by several processes for both
reading and writing; etc. Hence it is unclear if and how interesting properties of
imperative languages can be proved via a translation into the �-calculus.
Section 2 brie
y introduces an SOS-style operational semantics for CIA along
with a contextual form of behavioural equivalence. Then a �-calculus semantics
is presented, together with soundness results for the encoding (Sections 3 and 4).
The main part of this paper is devoted to the discussion of concrete examples
(Section 5). We prove laws and examples from [MS88,Bro96,MT90a,MT90b], as
well as a more complex example involving procedures of higher order, namely the
equivalence between two CIA descriptions of two-places bu�ers (n-place bu�ers
could be dealt with similarly). Then we show that our semantics is not fully ab-
stract (Section 6). We present equivalent CIA phrases, the translations of which
are not bisimilar. We show how to handle these examples using types, especially
I/O-types. It is unclear whether the type systems we propose already yield full
abstraction (we conjecture they do not). Yet introducing more and more so-
phisticated types deteriorates the applicability to concrete proofs. However, our
experiments have led us to the conclusion that in most cases I/O types su�ce.

2 Concurrent Idealised ALGOL

Syntax, typing and notations for CIA closely follow [Rey81,Bro96]. Data types
consist of integers and booleans; phrase types are constructible from variables,
expressions and commands using arrow type (for simplicity we omit tupling):

� ::= int j bool Data Types
� ::= var[� ] j exp[� ] j comm j (� ! �0) Phrase Types
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Data and variable types are lifted up to expression types via the rules

� ` v : �
� ` v : exp[� ]

and
� ` � : var[� ]
� ` !� : exp[� ]

:

Variables can be declared on data types only, whereas procedure de�nition, recur-
sion and conditional are uniformly applicable to all phrase types. An environment
� is a partial function from identi�ers to types, with domain dom(� ).
The syntax is de�ned according to [Bro96]. However, for de�ning behavioural
equivalences we �nd it convenient to have explicit constructs for input (on vari-
ables) and output (of expressions); alternatively, we could have allowed the ob-
server direct access to the variables (we shall come back to this in Section 7).
Further we allow for the use of conditionals in the body of await statements.
The body of an await statement therefore consists of assignments, sequential
composition and conditionals. Syntax and typing rules are presented in Table 1
at the end of this paper.
We de�ne an SOS-style operational semantics of CIA, using small-step transi-
tion rules (as opposed to a big-step or natural semantics) in order to capture the
nondeterministic behaviour resulting from the interaction of phrases via shared
variables. The rules are quite standard, with the exception of those needed for
modelling the atomicity required by await. Let P and P 0 be phrases of variable,
expression or command type which do not contain free identi�ers; � and �0 are
assignments closing up on all free variables of P and P 0. We call a pair hP; �i
a con�guration, and, if P is a command, we call it a command con�guration. In
the sublanguage without await (CIA-fawaitg), the SOS rules are of the form

hP; �i
outhvi
�! hP 0; �0i; hP; �i

inhvi
�! hP 0; �0i; hP; �i

�
�! hP 0; �0i; hP; �i

p
�! �0;

where outhvi is the output of value v, inhvi the input of value v; � is an invisible
(internal) action; and the tick

p
denotes termination. If P is an expression, the

tick carries the value resulting from its evaluation.
The command await guarantees for an atomic execution of a sequential compo-
sition of assignments and conditionals once its guard has been evaluated to true
(an evaluation to false results in a repetition after some period of busy-waiting).
During the evaluation of the guard and the execution of the body of an await
statement, any other computation has to be stopped. We achieve this by in-
troducing locked con�gurations hP; �i`. The tag ` represents a lock. Whenever
an await statement is executed, the con�guration is marked with the lock `,
and all but the await component are prevented from running (this component
is marked itself so to be distinguishable from its context). The lock is released
either if the guarding boolean expression has been evaluated to false, or other-
wise after the command has been completed. The rules for locked con�gurations
are of the form hP; �i` ��! hP 0; �0i`; further there are rules for introducing and

eliminating the lock from the con�gurations. Relation
�

=) is the re
exive and

transitive closure of
��!, and

�
=) is given by

�
=) ��! �

=) (arbitrarily many in-
visible steps before and after the � transition).
Behavioural equality is de�ned in two steps: We �rst apply the (standard) de�-
nition of bisimilarity in value-passing process calculi to CIA command con�gu-
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rations (De�nition 1); then, by closing it under all (closing) contexts, we obtain
an observational congruence applicable to all phrase types (De�nition 2).

De�nition 1 (Con�guration bisimulation). A binary relationR upon com-
mand con�gurations is a con�guration bisimulation if it is symmetric, andE1RE2

implies,

1. if E1

p
�! �1 then there is �2 s.t. E2

p
=) �2,

2. if E1
��! E0

1 then there is E0
2 s.t. E2

�
=) E0

2 and E0
1RE0

2,

3. if E1
��! E0

1 and � is an output or an input, then there is E0
2 s.t. E2

�
=) E0

2

and E0
1RE0

2.

We write E1 � E2 if there is a con�guration bisimulation R with E1RE2.

We say that a context Con is closed wrt. a phrase P if ; ` Con[P ] : comm (i.e.,
Con[P ] does not contain free identi�ers nor variables).

De�nition 2 (Observational congruence). Let P1, P2 be arbitrary phrases.
Then P1 and P2 are observationally congruent, written P1 �oc P2, if for every
context Con which is closed wrt. P1 and P2, hCon[P1]; ;i � hCon[P2]; ;i.
Observational congruence is the notion of behavioural equality on CIA phrases
we are interested in. It is however hard to prove equalities following its de�nition,
due to the universal quanti�cation over the contexts.
We conclude the section with a useful fact about locked con�gurations. The
behaviour of an await statement is deterministic, both due to the absence of
parallel composition within its body and the incapability of expressions to change
a given assignment.

Lemma 1. hC; �i` ��! hC 0; �0i� with � 2 f`; �g implies hC; �i` � hC 0; �0i� .
Corollary 1. For every con�guration hC; �i` the following holds: Either it di-
verges (i.e., there is an in�nite computation of silent steps starting from hC; �i`)
or there is another con�guration hC 0; �0i such that hC; �i` �

=) hC 0; �0i and
hC; �i` � hC 0; �0i.

3 The �-calculus

We translate CIA into a �-calculus language supplied with a simple type system.
This type system provides integer, boolean, product and channel types; we omit
the typing rules which are quite standard, assuming that all processes and ex-
pressions we write are well-typed. Channels are used to transmit values; they are
ranged over by a; b; : : :; variables are ranged over by x; y; : : :. Together, channels
and variables constitute the names, p; q; : : :. Integer and boolean constants are
denoted by n;m; : : :. Channels and constants are the values, ranged over by v.

 denotes basic operators like addition, subtraction, complement, etc.

e ::= v j x j 
 e j e
 e Expressions
� ::= ph~ei j p(~y) j � Pre�x
R ::= 0 j �:R j R+R j RjR j (� p)R j [x = n]R j [x 6= n]R j !p(~y):P Processes:
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A process is closed if it does not contain free variables. Otherwise it is open. For
the semantics of the �-calculus we adopt a labelled transition system. In contrast
to reduction semantics [Mil91], this allows us to use labelled forms of bisimulation
and to use the associated proof techniques [MS92]. Process transitions (in the

early style) are of the form P
��! P 0, where � is given by

� ::= (� ~b)ah~vi j ah~vi j �:

(� ~b)ah~vi denotes the output of the values ~v on the name a, where ~b are those
channels among the names of ~v which are private to the sender process; ah~vi is
the input of values ~v over the channel a; �nally, � represents an internal action.
We use the standard SOS rules of the �-calculus. As in typed �-calculi (such
as in [Wal95]), there are rules for evaluating an expression to a value, so to be

able to infer transitions like ah2 + 3i:P ah5i�! P . Weak transitions can be obtained
by adding arbitrarily many silent steps before and after a strong transition. We
write

�
=) for the re
exive and transitive closure of

��!, adopting the standard

convention that �̂
def
= �, and �̂

def
= � for all visible labels �.

Bisimilarity is de�ned in the usual way (cf. for instance [MPW89]):

De�nition 3 (Early bisimulation). A binary relation R upon closed pro-
cesses is a (weak early) bisimulation if it is symmetric, and RRS implies

if R
��! R0 then there is S0 s.t. S

�̂
=) S0 and R0RS0.

Two processes R and S are (weakly early) bisimilar, written R �� S, if there is
a (weak early) bisimulation R with RRS.
The de�nition extends to open processes by closing over all substitutions. In the
case of channel variables, however, one can often establish syntactic conditions
to avoid the substitution of all channels for a variable, but simply substitute
one fresh channel for the variable instead [San95a]. This also holds for those
processes which we obtain by translating CIA, in Section 4 (we shall not discuss
this further in this extended abstract). Also, even though early bisimilarity is not
preserved by arbitrary summation, it is preserved by guarded summation, which
su�ces in our case. The bisimulation proof technique can be made more powerful
by combining it with up-to techniques, like \up to expansion" and \up to injec-
tive substitutions" [Mil89,MS92,San95b] (expansion is an asymmetric variant of
bisimulation taking into account the number of internal steps performed by the
processes [AKH92]).

4 Interpreting CIA in the �-calculus

The �-calculus interpretation of CIA is given by the rules in Tables 2 and 3 at
the end of this paper. The storage is modelled by registers of the form (in the
�-calculus, recursive process de�nitions are derivable from replication [Mil91])

Reg�[v]
def
= get�hvi:Reg�[v] + put�(w):Reg�[w]:
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Processes in the scope of fn�
def
= fget�;put�g are allowed to read and modify the

content of Reg�. Con�gurations hC; �i, with � (�) = f�igi, translate to

[[hC; �i]]p
def
= (� fn�1 ; : : : ; fn�n)(

Y
i

Reg�i [�(�i)] j [[C]]p):

CIA-fawaitg
A �-calculus interpretation of CIA necessitates certain care even in the absence
of await, due to the language combining imperative features with higher order.
We translate all phrases P into parameterised processes [[P ]]p; the fresh name

p is used to signal the termination of the execution of [[P ]]p. The sequential
composition of two commands, for instance, is written as

[[C1;C2]]p
def
= (� q)([[C1]]q j q:[[C2]]p):

First only [[C1]]q is able to execute because of name q guarding [[C2]]p. As soon

as [[C1]]q terminates, it signals so on q thus releasing [[C2]]p. Yet another example
of sequentiality are declarations,

[[new [� ] � := E in C]]p
def
= (� q)([[E]]q j q(x):(� fn�)(Reg�[x] j [[C]]p)):

Here parameter q does not only guard [[C]]p, but is also used to transmit the

result of the evaluation of [[E]]q to register Reg�. Suppose E is a value v, then

[[new [� ] � := v in C]]p
def
= (� q)(qhvi:0 j q(x):(� fn�)(Reg�[x] j [[C]]p))

�� (� fn�)(Reg�[v] j [[P ]]p);

where �� is an application of some simple �-calculus laws (precisely the law
(� q)(qhvi:R j q(x):S) �� (� q)(R jSfv=xg) and the garbage-collection law (� q)R
�� R if q is not free in R). Identi�ers are modelled by processes sending along
a speci�ed channel which is used to invoke a copy of the argument they repre-
sent. Both procedural arguments and recursion are translated using replication,
so fresh copies are available at every call (recall that CIA is a call-by-name
language). For instance, if P is a free identi�er, called xP in the �-calculus
translation, then

[[new [int] � := 1 in P (!�)]]p
�� (� fn�)(Reg�[1]| {z }

Declaration

j (� q)(xP hqi:0 j q(v)| {z }
Invoking a copy
of procedure P

: (� x)(vhx; pi| {z }
Communicating
argument and
termination
signal

: !x(r):get�(z):rhzi:0)))| {z }
Procedural
argument

:

There is a close operational correspondence between con�gurations hP; �i and
their encodings [[hP; �i]]p. For the proof that the interpretation is sound, com-

mand con�gurations hC; �i are of particular interest (recall that � is de�ned
exactly upon these). Using �� for the expansion relation (cf. Section 3), we give
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some of the correspondences (the others are similar):

{ hC; �i
p
�! �0 implies [[hC; �i]]p �� (p:0)�

0

;

{ [[hC; �i]]p
p
�! R implies R �� 0 and hC; �i

p
�! �0;

{ hC; �i
outhvi
���! hC0; �0i implies [[hC; �i]]p

outhvi
====) [[hC0; �0i]]p;

{ [[hC; �i]]p
�
�! R implies either R �� [[hC0; �0i]]p such that hC; �i

�
=) hC0; �0i,

or [[hC; �i]]p �� R
outhvi
���! [[hC0; �0i]]p such that hC; �i

outhvi
���! hC0; �0i.

The operational correspondence relates every possible transition of a con�gura-
tion and of its encoding. A similar operational correspondence result holds for
weak transitions. Exploiting the congruence properties of ��, the composition-
ality of the encoding, and the operational correspondence results, we can prove
that the encoding is sound. In the proof we also make use of an auxiliary encod-
ing C0 which yields an even closer operational correspondence with CIA, and is
obtained from C by removing some \administrative" silent steps.
Let ��oc be the observational congruence on CIA-fawaitg de�ned analogously
to �oc on full CIA.

Theorem 1 (Soundness). [[P1]]p �� [[P2]]p implies P1 ��oc P2 for arbitrary
CIA-fawaitg phrases P1 and P2.

The converse (completeness) holds in the case of closed commands, but does not
extend to arbitrary phrases, as we shall discuss in Section 6.

Full CIA

The encoding [[:]]
`
of phrases in full CIA follows the same compositional scheme

as for CIA-fawaitg, for instance
[[C1;C2]]

`
p

def
= (� q)([[C1]]

`
q j q:[[C2]]

`
p):

What is di�erent wrt. the encoding [[:]] is the use of a lock to impose mutual
exclusion on input, output, reading from and writing to a variable, and on await.
Before any of these commands can be executed, the lock has to be acquired; it
is released upon their termination. The lock is implemented by a process `:0.
At any time at most one copy of the lock is available to the whole program.
Acquiring the lock and continuing as R is modelled by `:R (the input \requires"
the lock); releasing the lock and continuing as R is translated by `:0 jR (a new
copy of the lock is released). Reading from a variable, for instance, now becomes:

[[!V ]]`p
def
= (� q)([[V ]]`q j q(gt; pt): `|{z}

Take lock

:gt(x):( `:0|{z}
Release lock

j phxi:0))

The command await is translated following a busy-wait strategy (cf. Table 3).
In fact, its encoding is similar to that of the while loop (modulo the lock, cf.
Table 2), only that a and p change their roles in the bodies of the conditionals.
Our previous example translates to

[[new [int] � := 1 in P (!�)]]`p
�� (� fn�)(Reg�[1] j (� q)(xP hqi:0 j q(v):(� x)(vhx; pi:!x(r):`:get�(z):(`:0 j rhzi:0)))):
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The di�ering compilation rules are given in Table 3. The results of operational
correspondence and soundness are similar to those in CIA-fawaitg except that
now the �-calculus terms contain a lock `. So, instead of [[P ]]p we now work with

processes of the form (� `)(`:0 j [[P ]]`p). (In the operational correspondence, the
con�gurations themselves are not locked, as Corollary 1 allows us to abstract
from those being locked.)

Theorem 2 (Soundness). (� `)(`:0 j [[P1]]
`

p) �� (� `)(`:0 j [[P2]]
`

p) implies P1 �oc

P2 for arbitrary CIA phrases P1 and P2.

The following result relates the two translations, [[:]] and [[:]]
`
, which allows us to

use the simpler encoding in the absence of await.

Theorem 3. [[P1]]p �� [[P2]]p implies (� `)(`:0 j [[P1]]
`

p) �� (� `)(`:0 j [[P2]]
`

p), and
thus P1 �oc P2, for arbitrary CIA-fawaitg phrases P1 and P2.

5 Examples of reasoning

Considering benchmark laws and examples from [MS88,Bro96,MT90a,MT90b],
we demonstrate that the �-calculus semantics yields simple proofs of these well-
known equalities. Further we show by a more complex example how to tackle
procedures of higher order.

� Basic properties of CIA operators, such as associativity of sequential compo-
sition, or associativity and commutativity of parallel composition, are straight-
forward consequences of analogous �-calculus laws (like associativity and com-
mutativity of parallel composition in the �-calculus).

� Suppose that � does not occur free in P 0, and consider the following laws:

(L1) new [� ] � := v in P 0 = P 0

(L2) new [� ] � := v in (P ;P 0) = (new [� ] � := v in P );P 0

(L3) new [� ] � := v in (P 0;P ) = P 0; (new [� ] � := v in P )
(L4) new [� ] � := v in (P k P 0) = (new [� ] � := v in P ) k P 0:

The �-calculus proofs of these laws are all similar, and purely algebraic. As an ex-

ample, we present the proof of L2; recall from Section 4 that fn�
def
= fget�;put�g:

[[new [� ] � :=v in (P ;P 0)]]p �� (� fn�)(Reg�[v] j (� q)([[P ]]q j q:[[P
0]]p)) (1)

�� (� q)((� fn�)(Reg�[v] j ([[P ]]q j q:[[P
0]]p))) (2)

�� (� q)((� fn�)(Reg�[v] j [[P ]]q) j q:[[P
0]]p) (3)

�� [[(new [� ] � := v in P );P 0)]]p:

Line (1) contains the encoding with v already written to Reg�; in Section 4 we
have shown that this process is bisimilar to the original encoding. In (2) the
restriction on q is moved to an outer level, and in (3) the restriction on fn� is
removed from [[P 0]]p.

� The proof of the law (�(x : �): P )P 0 = PfP 0=xg (validity of �-reduction) is an
extension of the proof of the validity of �-reduction in the �-calculus encoding
of the call-by-name �-calculus [Mil92]; it uses distributivity properties of private
replications, and structural induction (in this induction, there are more cases to
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consider wrt. the proof of the call-by-name �-calculus, but the structure of the
proof is similar).

� The law new [int] � := 1 in P (!�) = P (1) (where P is a free identi�er of
appropriate type) is proved algebraically:

[[new [int] � := 1 in P (!�)]]p
�� (� fn�)(Reg�[1] j (� q)(xP hqi:0 j q(v):(� x)(vhx; pi:!x(r):get�(z):rhzi:0)))
�� (� q)(xP hqi:0 j q(v):(� x)(vhx; pi:(� fn�)(Reg�[1] j !x(r):get�(z):rhzi:0)))
�� (� q)(xP hqi:0 j q(v):(� x)(vhx; pi:!x(r):rh1i:0))
= [[P (1)]]p:

� Suppose again that P is a free identi�er of appropriate type. Proving the law

new [int] � := 0 in P (� :=!�+ 1) = P (skip)

essentially consists in showing that for arbitrary non-negative integer values v,

(� fn�)(Reg�[v] j !x(r):[[� :=!�+ 1]]r) �� !x(r):[[skip]]r;

where x denotes the formal parameter of P (owing to P being a free identi�er,
name x is provided by the observer).

� A simple �-calculus bisimulation relation can be used to prove that iteration
is expressible via recursion, i.e., if x is not free in B and C then

while B do C = recx: if B then (C; x) else skip:

� In our last, more substantial, example we show that two implementations
of a two-place bu�er are equivalent (the example can be generalised to n-place
bu�ers). For simplicity we assume that all bu�ers store integer values. The exam-
ple involves both procedures of higher order and the await statement. Procedure
B below de�nes a one-place bu�er; xp represents the clients, xn a value stored
by a client, and xr is a client location, where a value retrieved from the bu�er
is to be stored. We use sugared notation for the declarations and conditionals.

B
def
= �(xp : �c):new [bool]
 := �; ct := 0 in

(xp(�(xn : int): await (!
 = �) then (ct := xn; 
 := tt))) =� put �=
(�(xr : var[int]): await (!
 = tt) then (xr :=!ct; 
 := �)): =� get �=

Analogously one can de�ne bu�ers with two, or even more, places. Bu�er B1

below, e.g., is a two-place bu�er. It possesses local variables ct1 and ct2, for
storing values, and a counter ib to indicate how many values are currently stored.

B1
def
= �(xp : �c):new [int] ib := 0; ct1 := 0; ct2 := 0 in

(xp(�(xn : int): await (!ib � 1) then
(if (!ib = 0) then ct1 := xn else ct2 := xn);
ib :=!ib+ 1))

(�(xr : var[int]): await (!ib � 1) then
xr :=!ct1;
if (!ib = 2) then ct1 :=!ct2;
ib :=!ib� 1)):

n-place bu�ers de�ned like B1 are single monolithic terms. Yet we can also de�ne
n-place bu�ers in a modular way, by connecting n one-place bu�ers. In this case,
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however, it is necessary to distinguish the �rst n�1 bu�ers from the last, which
acts as a barrier bu�er. For the barrier bu�er, we take the term B from above;
the head bu�ers HB are de�ned as follows:

HB
def
= �(xp : �c): �(xpt : int! comm): �(xgt : var[int]! comm):

new [bool]
h := �; [int] cth := 0 in
(xp(�(xn : int): await (:!
h) then (cth := xn; 
h := tt)))

xgt
k recx: (if (!
h) then (xpt(!cth); 
h := �; x) else x)

Again, xp represents the clients; xpt and xgt represent the put and get procedures
of the server bu�er which HB is connected to. The arguments for the clients xp
are a put procedure de�ned in HB itself, and the get procedure of the server
bu�er. The boolean variable 
h indicates whether HB is full (in which case a
value is currently stored in cth). Whenever HB is full, it attempts to transmit
its content to the server bu�er, using the put procedure of the server. We can
then de�ne a 2-place bu�er by

B2
def
= �(xp : �c):B (HB xp):

For proving that B1 and B2 are observationally congruent, i.e., B1 �oc B2, we
translate them into the �-calculus so to be able to exploit the proof techniques
developed for it. First, however, applying the previously validated CIA law for
�-reduction (F1) we infer B2 �oc B

0
2, where

B
0
2

def
= �(xp : �c):new [bool]
 := �; 
h := �; [int] ct := 0; cth := 0 in

(xp(�(xn : int): await (:!
h) then (cth := xn; 
h := tt)))
(�(xr : var[int]): await (!
) then (xr :=!ct; 
 := �))

k recx: (if (!
h) then ((await (:!
) then (ct :=!cth; 
 := tt)); 
h := �); x):

It remains to show that B1 �oc B
0
2. Let B

body
1 and Bbody

2 be the bodies of the
proceduresB1 andB

0
2; they are obtained by stripping o� the leading �. It su�ces

to prove, by \bisimulation up to expansion" (cf. Section 3), that the encodings

of Bbody
1 and Bbody

2 are bisimilar. Due to the presence of await we have to use

locks, hence the encoding [[:]]
`
, and, as required by Theorem 2, close the encoding

processes under the lock `. Roughly, the bisimulation up to expansion R which
we use for the proof is of the following form (we omit those processes resulting
from calls from clients that have not been served immediately):

R
def
= f((� `)(`:0 j [[Bbody

1 ]]`p); (� `)(`:0 j [[B
body
2 ]]`p)); empty bu�ers

((� `)(`:0 j [[Bbody
1 (v)]]`p); (� `)(`:0 j [[B

body
2 (v)]]`p)); one value stored

((� `)(`:0 j [[Bbody
1 (v; w)]]`p); (� `)(`:0 j [[B

body
2 (v; w)]]`p)) two values stored

j v; w : intg;

where (informally) Bbody
1 (v) (resp. Bbody

1 (v; w)) is like Bbody
1 but with a value v

(resp. values v; w) stored in it; similarly for Bbody
2 (v) (resp. Bbody

2 (v; w)).
Consider for instance the �rst pair of the relation; here the bu�ers are empty,

i.e., !ib = 0 in Bbody
1 and !
 =!
h = � in Bbody

2 . In that state the values of
ct1, ct2, ct and cth do not matter, as they cannot be read. With corresponding
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sequences of transitions, s, the bu�ers accept a value v from their client and,
after storing it, signal the termination of that activity, thus

(� `)(`:0 j [[Bbody
1 ]]`p)

s
=) (� `)(`:0 j [[Bbody

1 (v)]]`p)

(� `)(`:0 j [[Bbody
2 ]]`p)

s
=) (� `)(`:0 j [[Bbody

2 (v)]]`p):

Precisely s is a sequence of visible actions consisting of: the client requesting
that a value be stored (xpthri, where r will be used to signal the termination, see
below); the bu�ers asking for a value (action (� q)xnhqi, where xn is a previously
agreed channel to be used for invoking get, and q is a newly created one); the
client providing a value (action qhvi); and, �nally, the bu�er signalling that v
has been stored (action r). During this execution, the bu�ers hold the lock; it is
released at the same time the client is informed of the termination.
Now !ib = 1 in Bbody

1 and !
 = tt in Bbody
2 ; value v is assigned to ct1 and ct,

respectively. We can assume this, despite Bbody
2 �rst storing v in cth, as

(� `)(`:0 j [[Bbody
2 (cth := v)]]`p) �� (� `)(`:0 j [[Bbody

2 (ct := v)]]`p)

(�� denotes expansion as introduced in Section 3). Note that this application
of the \up to" techniques is vital to the proof of the example (otherwise the
relation would yield an extremely large number of pairs).
We do not know how to prove this or the previous examples directly in the op-
erational semantics of ALGOL without going through a universal quanti�cation
over contexts (recall the problems with reasoning directly within the ALGOL
semantics, discussed in the Introduction).

6 Re�nements

For certain open CIA phrases, the ordinary �-calculus (weak early) bisimilarity
turns out to be too discriminating, i.e., there exist observationally congruent
CIA phrases whose translations into the �-calculus yield processes which are
not bisimilar. Re�ning types, however, makes behavioural equivalences coarser
(more process equivalences can be established), simply because the number of
well-typed observers decreases.
In CIA, reading from a global variable does not in
uence the overall behaviour
of a term as long as the value is not used in future interactions. This is not
captured by the usual �-calculus bisimilarity, where all visible actions are treated
identically. As a consequence, the equality (where � is an integer variable)

new [int] � := 0 in (� :=!� k output 5) = output 5; (1)

which is operationally true in CIA, does not yield bisimilar �-calculus encodings;
only the translation of the left-hand term may perform a get� transition.
To overcome this problem, we have adopted two measures. If A and B are
open CIA phrases with free variables fxigi, then instead of requiring that [[A]]
and [[B]] be bisimilar, we demand bisimilarity between

Q
Regi[�(xi)] j [[A]] andQ

Regi[�(xi)] j [[B]] (notice that in contrast to Section 4 the registers are not
made local by a restriction), where � is a function mapping all xi's to some
�xed initial value, e.g., 0 and \false". (Using some �xed initial value is possible
because, intuitively, both program and observer have unlimited access to regis-
ters.) To ensure that|apart from input and output|communication between
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program and observer is only possible via these registers, we use a type system
distinguishing between the capabilities of using a channel in input and output
(I/O types, cf. [PS93,BS98]). So, if � is a free register, we can assign an external
observer only the input capability on get� and the output capability on put�.
The corresponding equivalence on �-calculus processes, for which soundness the-
orems similar to Theorems 1 and 2 hold, is closer to the observational congruence
in CIA than the ordinary bisimilarity; it allows us to prove (1), as well as, e.g.,

while tt do (� := 0 ; � := 1) = while tt do (� := 1 ; � := 0):

Again, this equality is valid in CIA but not in the �-calculus applying its ordi-
nary bisimilarity.
Yet full abstraction is not gained by introducing I/O types. Consider the follow-
ing example, where P is a free identi�er:

new [int] � := 0 in
P (�);
if (!�=0) then skip

else diverge

=

new [int] � := 0 in
P (�);
if (!�=0) then (if (!�=1) then diverge else skip)

else diverge:

This example hinges on the unlimited access the observer has on fn�, in the
�-calculus, once � has been exported by calling P : Suppose the phrases have
been signalled the termination of P , and � is assigned a 0. One would naturally
conclude that both phrases should terminate. Yet, the access the observer has
gained on � at the time P was called, does not cease with the termination of the
procedure (recall that in the �-calculus encoding, P is a free identi�er). Hence,
the observer can write on � even after having signalled the termination of P .
Now, suppose the variable has already positively been tested for 0. In this case
the left-hand phrase is bound to terminate, whereas the right-hand one may still
diverge (if the observer sets � to 1 before the second test).
For validating this example, a re�ned typing would be necessary, which allows
one to express linearity (the observer could use certain names only once) and
sequentiality (the observer could use a given name only as long he/she does not
use another given name) constraints on the use of names. Such a type system
could also be used to force the observer to respect the atomicity of await state-
ments (before accessing a register, the observer should grab the lock; and release
it afterwards). This would allow us to validate equivalences like

await tt then (� :=!�+ 1; � :=!�+ 1) = await tt then (� :=!�+ 2):

We see no technical di�culties in adopting such a type system, as we have done
with the I/O types. Indeed, type systems for the �-calculus of this kind already
exist [Hon96,KPT96,Kob97]; bisimilarity-based equivalences for them, as well
as related algebraic properties, can be given by developing those for I/O types.
However, even this further type re�nement might not yield completeness of the
interpretation. Moreover, our experiments have led us to the conviction that the
I/O types are usually su�cient for reasoning, and that further typing would just
make concrete proofs too complex.

7 Further results and discussion

The approach presented in this paper is applicable to other languages with state.
We have, e.g., modelled a variation of CIA by using call-by-value, instead of call-
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by-name, and by extending variables to higher order (this implies that not only
values but also references and commands are stored in the registers); some of
these modi�cations have been made following the languages in [MT90a,MT90b].
During the execution of an await statement, only one thread of computation is
active (cf. Section 2 and [Bro96]), yielding a purely sequential behaviour. The
degree of parallelism in the presence of an active (i.e., currently running) await
statement can be increased by, e.g., a simultaneous execution of phrases which
do not access variables a�ected by the await statement. This can be modelled,
in the SOS semantics, by locks carrying along information about the concerned
variables; in the �-calculus semantics, multiple locks can be introduced. The
necessary information on the access to variables can be gained by some simple
preliminary static analysis. Of course, such an increase in parallelism changes the
overall semantics; nevertheless there are behavioural correspondences between
the more sequential and the more parallel version: First, if two phrases are bisim-
ilar in the more parallel version, then they are also bisimilar in the sequential one
(cutting o� branches from the transition systems). Second, a phrase may yield a
divergent computation (transition trace) in the sequential semantics if and only
if it does so in the parallel one (transitions occurring interleaved in the parallel
semantics are causally independent, so they can be interchanged resulting in a
computation of the sequential semantics). We have proved both these results by
reasoning on the �-calculus translations.
We have considered as closed only such programs that do not possess open iden-
ti�ers nor variables, using explicit input and output constructs An alternative
approach is to provide the observer with direct access to the global variables:

hP; �i read�(v)�����! hP; �i if � (�) = var[� ] and �(�) = v,

hP; �i
write�(v)�����! hP; �f�  vgi if � (�) = var[� ].

To obtain operational correspondence and soundness (cf. Section 4), the transla-
tion into the �-calculus would have to take into account I/O types (cf. Section 6).
Semantics given to IA and CIA by O'Hearn and Tennent [OT95], Pitts [Pit96]
and Brookes [Bro96], make use of relational parametricity. Comparing proofs
conducted in these theories, with bisimulation-based proofs carried out in the
�-calculus might clarify the relationship between these two notions.
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� ` v : �

� ` � : var[� ] when � (�) = var[� ]

� ` E1 : exp[� ] � ` E2 : exp[� ]
� ` E1 
E2 : exp[� ]


 : � � � ! �

� ` skip : comm

� ` E : exp[� ]
� ` outputE : comm

� ` � : var[� ]
� ` input � : comm

� ` V : var[� ] � ` E : exp[� ]
� ` V := E : comm

� ` C1 : comm � ` C2 : comm
� ` C1;C2 : comm

� ` C1 : comm � ` C2 : comm
� ` C1 k C2 : comm

� ` B : exp[bool] � ` P1 : � � ` P2 : �
� ` if B then P1 else P2 : �

� ` B : exp[bool] � ` C : comm
� ` while B do C : comm

� ` B : exp[bool] � ` C : comm
� ` await B then C : comm

C seq. comp. of ass., cond.

� ` E : exp[� ] �; � : var[� ] ` C : comm
� ` new [� ]� := E in C : comm

� ` x : � when � (x) = �

�; x : � ` P : �
� ` recx:P : �

�; x : � ` P : �0

� ` �(x : �):P : (� ! �0)

� ` P1 : (� ! �0) � ` P2 : �
� ` P1(P2) : �

0

Table 1: Syntax and typing of CIA
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[[�]]p
def
= phget�;put�i:0

[[v]]p
def
= phvi:0

[[!V ]]p
def
= (� q)([[V ]]q j q(gt; pt):gt(x):phxi:0)

[[E1 
E2]]p
def
= (� q; r)([[E1]]q j [[E2]]r j q(x):r(y):phx
 yi:0)

[[skip]]p
def
= p:0

[[outputE]]p
def
= (� q)([[E]]q j q(x):outhxi:p:0)

[[input �]]p
def
= in(x):put�hxi:p:0

[[V := E]]p
def
= (� q; r)([[V ]]q j [[E]]r j q(gt; pt):r(x):pthxi:p:0)

[[C1; C2]]p
def
= (� q)([[C1]]q j q:[[C2]]p)

[[C1 k C2]]p
def
= (� q; r)([[C1]]q j [[C2]]r j q:r:p:0)

[[if B then P1 else P2]]p
def
= (� q)([[B]]q j q(x):([x = tt] [[P1]]p j [x = �] [[P2]]p))

[[while B do C]]p
def
= (� a)(!a: (� q)([[B]]q j q(x): ([x = tt] (� r)([[C]]r j r:a:0) j

[x = �] p:0)) j a:0)

[[new [� ] � := E in C]]p
def
= (� q)([[E]]q j q(x):(� fn�)(Reg�[x] j [[C]]p))

[[x]]p
def
= xhpi:0

[[recx:P ]]p
def
= (� x)(!x(r):[[P ]]r jxhpi:0)

[[�(x : �): P ]]p
def
= (� v)(phvi:v(x; q):[[P ]]q)

[[P1P2]]p
def
= (� q)([[P1]]q j q(v):(� x)(vhx; pi:!x(r):[[P2]]r))

Table 2: Encoding CIA-fawaitg in the �-calculus

[[!V ]]`p
def
= (� q)([[V ]]`q j q(gt; pt):`:gt(x):(`:0 j phxi:0))

[[outputE]]`p
def
= (� q)([[E]]`q j q(x):`:outhxi:(`:0 j p:0))

[[input �]]`p
def
= `:in(x):(`:0 j `:put�hxi:(`:0 j p:0))

[[V := E]]`p
def
= (� q; r)([[V ]]`q j [[E]]

`
r j q(gt; pt):r(x):`:pthxi:(`:0 j p:0))

[[await B then C]]`p
def
= (� a)(!a: (� q)(`:[[B]]q j q(x): ([x = tt] (� r)([[C]]r j r: (`:0 j p:0)) j

[x = �] (`:0 j a:0))) j a:0)

Table 3: Encoding Full CIA in the �-calculus|Modi�cations to Table 2
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